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Abstract

In this article, the author extends the application of exponential operators to solve certain non-linear
fractional differential equation, space fractional partial differential equation and two dimensional Lamb-
Bateman singular integral equation. Numerous constructive examples and exercises presented through-

out the paper. The main purpose of this work is to present mathematical results that are useful to
researchers in a variety of fields.

Keywords: Laplace transforms; Caputo fractional derivative; Parabolic Cylinder function; Riemann-Liouville fractional deriva-
tive; Lamb- Bateman singular integral equation.

AMS Subject Classification (2010): Primary: 26A33; Secondary: 44L05, 43A50

1. Introduction

In this study, the author present a general method of operational nature to obtain solutions for several types of
singular integral equation, fractional differential equation, and partial differential equations with non - constant
coefficients. Until now, two methods, have been more extensively used for solving PDEs, Laplace and Fourier
transforms on the one hand and separation of variables on the other hand. Let us mention also solution in the
form of a series of functions.

Definition 1.1. The Laplace transform of function f(¢) is defined as in [3]

LU0} = / T et f (1)t =: F(s).

If L{f(t)} = F(s), then L7'{F(s)}, is given by

10 =5 [ T et p(s)as,

N Tm —100
where F(s) is analytic in the region Re(s) > c.

Let us recall some important properties of the Laplace transform and useful Lemmas, that will be considered
in the next part of this article.

Lemma 1.1. Let L{f(t)} = F(s) then, the following identities hold true.
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3 o _pe_ k2
L £ e = b [ g,

2. emws” = %fooo =" (wcos f) sin(wr? sin Brr) (fy° =¥ ""dr)dr,

3. L~ %) =1 fo (u) fooo e~ tr—ur® cosam i (ur® sin o) drdu,
4. L7YF(Vs5) = ﬁ JoS ue™ 5 f(u)du
Proof. See [1,2]. O
Definition 1.2. The left Riemann-Liouville fractional derivative of order 0 < a < 1 is defined as following [2]
1 d [t &)
DRL,a —_ el d
o "9@) rl—a)dz /a (t—&) &

it follows that DEL:@¢(x) exists for all ®(¢) belongs to Cla,b] and a < t < b.

Note: A very useful fact about the R- L operators is that, they satisfy semi-group properties of fractional integrals.
The special case of fractional derivative when o = 0.5 is called semi-derivative.

Definition 1.3. Let 0 < o < 1, the left Caputo fractional derivative of order « of ¢(t) is defined as

Daott) = r(ll— a) /a (t _1£)a¢’(g)d§.

Example 1.1. By using an appropriate integral representation for the modified Bessel function of the second kind
of order v, K, (s), we show that

2 b2
— A= e~ Vt—T

L Y Ko(aVs + N Ko(by/s + 1 * -,

2t

where x denotes the convolution operation, and

t bt—2m— it
An(t —mn)

Solution. It is well known (see [3]) that K, (a+/s) has the following integral representation

v azs d
Ku(a@:(z\ff /0 et gyfl

dn.

KRBV T 9)) = /

At this point, using complex inversion formula for the Laplace transforms and the above integral representation
we have

ct+ioo _ts ) 2a0n
“YUEKy(aVs + X L £ e d ds.
{FKo(

~ 2in —ico 2 Jo g+l

Changing the order of integration and simplifying to get

Ooe,E,aZTA 1 ctioco e(tf%)s
UK = — ds | d€.
e R = [ (2m | s

The value of the inner integral is § (t - 45) we arrive at

B oo 6—5—% a2
LY EKy(aVs+ )} = /O : 5 <t - 45) de.
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making the change of variable ¢ — {7 = u, and using elementary properties of Dirac delta function, we get the
following result

2

L {Ko(aVs TN} = S

2t
Finally, we obtain
e g2
e at e at
1{K0(CL S+ KO b\/S+ = o * o
t A=) =iy —vn—%
= / dn,
0 2(t —n) 2n
after simplifying , we arrive at

t )‘t n(A+v)— 4(f 7,) %2,
L7HKo(av's + N Ko(by/s + 9 /

dn.
An(t —n) !
Note: Let us consider the special case a = b = § and X\ = 1, we get the following relation

1572 \/; K ewt—wn—%
LTHEKZ(Bs+)) = / —aG—y
{ Ko ( )} o dn(t—mn)

Lemma 1.2. Let us assume that L{f(t)} = F'(s), then we have the following relations

1 LU} = 57 B RO,
2. LD = f°/Sn Vs F (e de

3. LU} = fi7 \JeK ()}

)3)E(€)dE.
Proof. See [3].

The above Lemma has immediate interesting applications as follows
Lemma 1.3. The following integral relations hold true

L. fo K1 3\[)%)(35\[\[)‘%_1

2. fooo \/gjl(Q\/E)KO(z\/@)dgzm,

3. Iy \/4 € 4§7+§1n£d§:27

Proof. (1) Let us take f(t) = V/t, then we get F(s) = 33*%I‘(%), on the other hand we have

LU} = L1} = 5.

By setting all of the information of (3) from the Lemma 1.2, we infer

anen-2 o () e
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Now, by choosing s = 1 and after some simple manipulations we arrive at

/ooo s <(3\1/€>> 3;;&% ;

(2) Let us take f(t) = <5-, (s) = Ko(2v/as) . On the other hand Lf(}) = L(3te™") = 512y
using (2) from Lemma 1.2, we obtain
= 2/8&)Ko(2 —_—
L'{f )} = / \/>J1 (2v/88)Ko(2Va s+a)
Now, by choosing s = 1 and after simplifying, we arrive at
/ \/>J1 2\/>K0 2\/ dg_Ta)
(3) Let us take f(t) = Int, then we have F(s) = 'H'ln *, using (2) from the Lemma 1.2, we obtain
/ 1 1
LI / ,f’y+ nﬁdg__2<7—|— ns)
47r
Now, by choosing s = 1 and after simplifying, we arrive at
Lt ln§
/ W — 47r ———df =2y
O
Lemma 1.4. Let us assume that L{f(t)} = F'(s), then we have the following relation
LT = o [ € F DR (e
ATy 262
Proof. See [3]. O

The above Lemma has immediate interesting applications as below

Example 1.2. The following integral identity holds true

1 ® o 7§72% |
ﬁ/o 2T TR, ()t = e

Solution. Let us take f(t) = %, then we have

ﬁﬂm:F@:g<%>:

At this point, we can evaluate £(tV,/+), in two different ways as follows. First, by definition of the Laplace

transform we have
1 oo I
LA\ =)= / e—stpr=1gp — LW,
t2 0 sv

Second, by using the Lemma 1.4 and denoting by D, the parabolic Cylinder function of order v, we get

s
S

E(t”é(t—z—/\ 4f/ gr=2 _TD (s§)e” 252d§

Consequently, we obtain the following result

L0 ) 4f/ €% F D, (s)e g = A F e,
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after simplifying, we get the following relation

In the above, let us choose s = A = 1, after simplifying, we obtain

$2¢2
2

1 .
D, (s€)e 222dg:§x e r,

1 0 g —E_ 1 3
e [ e TR ga =
Lemma 1.5. The following exponential identities hold true
1. exp(FAL)D(t) = B(t+N),
2. exp(£AtL)D(t) = D(tet?),
3. exp(Aq(t) )2 (t) = ®(Q(F(t) + ).
Where F'(t) is a primitive of ﬁ, and Q(t) = F~1(¢).
Proof. See [5, 6].

Lemma 1.6. The following exponential identity holds true

2 d nt
+—)P(t)=d | —— ).
P ndt) () (tﬂFn)

Proof. Let us take t~! = ¢, then we have the following sequence of relations

t2 d 1d 1

eXp(ig%)‘I’(t) = eXP(:F;dfg)‘I’(g)
1
= qb(if - %,)
_ Lo mt
=) = )

Lemma 1.7. The following exponential identity holds true for 1 <k <m —1

i

d\ _ 1 +oo k1 e t
<)\_t2dt> o(t) = F(k)/o gmle ¢(q)df-

m

Proof. In order to show this identity, let us recall the following elementary integral relation

—« 1 e a—1_—s&
s =—— E¥ e dE.

I'(e) Jo
Let use the above integral with s = A — t?4 o = £ we get
d "%% 1 +o0
A t?) o0 = [ GO B g
(-e) 0= 5z

Using the Lemma 1.6, we get

2 AN T L [P e,
(Atdt) ¢<t)r(k)/0 il ¢<1_t€>d£.

m
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Example 1.3. Let us consider the following nonlinear fractional differential equation

{8 - 2 Sy(t) = o(0)

The above fractional differential equation has the following formal solution

+oo
y(t) = F(ll) /0 emleteg(— g,

m

Solution. We can rewrite the above equation as follows

1 d\
) = (ot = (525 ) " 000,
m /3 _ tQ%
at this point, let us recall the following well - known identity
S R
a’ = —= e~ g rdg,  forv > 0.
L) A

Now, in the above integral we set a = 8 — t>4 and v = 1 and infer

+oo
- L= (B—t* )¢
Ead At 8(1))de.

m

,d . . 1

(8- 220" Fo(t) =

Using again the Lemma 1.6 and after simplifying, we obtain the solution as follows

1 too
y(t) = F(l)/o gmle %o (1tt§) d€.

m

2. Main Results

In this section, we implement the exponential operator method to solve two partial differential equations with
variable coefficients.

Problem 1. Let us consider the following initial value problem with the given initial condition

% + wlﬁg;i =-—ptP Ty,  0<aB A<l
u(z,0) = ¢(z).
fort>0and z € R.

Solution. The above partial differential equation can be written as follows

% = —(AtA_l(xzaia) + BtP 1y, 0<a,B,A<1.

At this point, we solve the above first order differential equation with respect to variable ¢ and using initial condi-
tion to obtain

(63

22 a
u(z,t) = e_tgef(ﬁii"‘%(:v).

By using the second part of the Lemma 1.1, we find the result of the action of the exponential operator over the
function. Therefore, we get the solution to PDE given as below

e‘tﬁ o a2 & )
u(z,t) = e~ 7" (a7 cosam) gin (1A 224 sin aurr) e "Te "oz p(x)dT | dr
T Jo 0
48

— / e (7a? cosam) sin(t*z2r® sin ar) </ e "Mo(x — T)dT) dr.
0 0

™
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Note. Let us consider the special case a = 0.5, 3 = 2 and ¢(z) = §(xz—c) with c € R, we get the following boundary
value problem for ¢ > 0 and z € R
ou NPy LY
= — =2 . 21
8t+)\t max% tu, A>0 (2.1)

u(x,0) = d(z — ).

Using the relation (2.1), we get the following formal solution

—¢2 00 0o
u(z,t) = e7r /0 sin(t*22r05) (/o e "o —T — c)dr) dr.

After simplifying, we obtain

4,20

T tte
ua,t) = —— =g
2/m(x — ¢)2
Problem 2. Let us consider the following generalized Lamb—Bateman singular integral equation in two dimensions where ¢
is the unknown function
+o0 +oo —x2 2 )
/ / —————‘dady = g(&). (LBSIE)
27r :132 + y2

The Lamb—-Bateman singular integral equation was introduced to study the solitary wave diffraction and its solution was
written in terms of an integral transform (see [4]).

Solution. Let us introduce the change of variable x = rcosf,y = rsin6, then (LBSIE) can be rewritten in the

following form
+oo 27 )
/ / HE—r) rdrdd = ¢(€).
—0 Jo 2my/(rcos0)? + (rsinf)?

+oo
/ o(€ — r2)dr = g(©).

— 00

(f N e kar ) o(6) = g(6).

The evaluation of the above integral leads to the following

or

Equivalently, we have

™

5£¢(€) =9(&)

in view of the Lemma 1.5, we arrive at the following relation

At this point, in order to find the result of the action of fractional operator, we may re-write the above relation as

follows
9(6) = \f (06)(9e) ™ 9(6).

finally we get

+oo
o) = =06 (= [ e at0).
The above is equivalent to
1o
o0 =17 | 7 (€ =m)dn

Let us introduce the change of variable { — n = w, we get

1 /¢ 1,
0= L=

Ydw.
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Example 2.1. Let us solve the following two dimensional Lamb-Bateman singular integral equation with the given

initial condition
too poo g 422 -9
/ / i v) dady = Jo(€).

27 4x2 + 9y
Solution Using the change of variable x = 5 cos ),y = % sin 6, the above equation rewrites as
/+Oo /% _ 7"2) rdrdf = Jo(€)
12m/( rcos9 + (rsinf)? o

or
/_ o(€ — r2)dr = 6. (E).

Solving the above singular integral equation yields

6 (¢ 1 ,
S

Such that one gets finally

[ ),
=7 | e

Remark. We can generalize the integral equation (LBSIE) to the form
+o0o  ptoo +oo T A
/ / / (€ —x" Ax) T dzidxs...... dx, = g(§),
XTX n—1

where x = (21, 2, ...... ,z,)T and A is positive-definite.

3. Conclusion

Operational methods provide fast and universal mathematical tools for obtaining the solution of PDEs or even
FPDEs. Combination of integral transforms, operational methods and special functions give more powerful ana-
lytical instruments for solving a wide range of engineering and physical problems. The paper is devoted to study
exponential operators and their applications in solving certain boundary value problems. The main purpose of
this work is to develop methods for solving two-dimensional Lamb-Bateman singular integral equation. We note
that within such a new framework as we have described and developed in this article, the extensive usage of the
integral transforms and exponential operator method opens up new and powerful possibilities, which be more
deeply explored in the future publications.
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