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Abstract

This work is devoted to the study of some new families of matrix functions which provide a further
extension of the extended Bessel matrix functions. In the sequel, some new and interesting properties of
these families of k-Bessel matrix functions have been investigated and the connections between k-Bessel
matrix functions and k-Laguerre matrix polynomials are indicated in the concluding section of the paper.
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1. Introduction

It is well known that the Bessel functions play a major role in mathematics and physics. While on the one hand,
they are among the most widely used tools for the application of the theory of complex functions, on the other
hand, they are used for solving various problems in mathematical physics, hydrodynamics, electromagnetics and
nuclear physics. Bourget’s functions are the generalization of Bessel functions, so they are potentially applicable
(see [4, 5, 18]).

In the scalar case, we recall that the function J,, x(z) which can be defined as a generalization of the integral
representation of the Bessel functions

1 ! —n—1 1 b 1 1
Ini(z) = %/0 t (t+ t) exp [2z<t - t)]dt

where n is an integer and k is a positive integer.

As usual, I and O will denote the identity matrix and the null matrix in CV*¥, respectively. The author has
earlier studied the Laguerre, modified Laguerre, Legendre and Konhauser matrix polynomials in [12, 13, 15, 16]. In
[6, 7], the Bessel matrix function J4(z) of the first kind of order A satisfies Bessel’s matrix differential equation

2
{ZQCizI—FzCZI—i—zQI—AQ} Ja(z) =0 (1.1)
where A is a matrix in CV*" and J4(z) is a CV*!-valued matrix function. Motivated by previous works Jodar et. al.
[6, 7], Cekim and Altin [1], Cekim and Erkus-Duman [2], Sastre and Jédar [11], and Shehata [14, 17], we introduce
and study the extended Bessel matrix function in this paper. The important properties, matrix recurrence relations
and matrix differential equations of fourth order for the extended Bessel matrix function have been worked out in
this paper by employing a novel technique in Section 2. In Section 3, the definitions of the extended modified Bessel
and Tricomi matrix function are introduced as a new family of matrix functions and a new generalization of the
extended Bessel matrix functions has also been introduced. Finally, we introduce and study to extend the concept
of a new k-Bessel matrix functions, and we give the connections between k-Bessel matrix functions of the first kind
and k-Laguerre matrix polynomials in Section 4.
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1.1 Preliminaries

First of all, we recall briefly the theorems and definitions for some classes of special matrix functions that have
been employed basically throughout this paper. All over this work unless otherwise stated, we assume that Ais a
matrix in CV*¥  its spectrum is denoted by o(A) where o(A) is the set of all the eigenvalues of A.

Theorem 1.1. Following [3], if f(z) and g(z) are holomorphic functions defined in an open set Q) of the complex plane, and A,
B are matrices in CN*N with o(A) C Qand o(B) C Q, such that AB = BA, then

f(A)g(B) = g(B)f(A).
Definition 1.1. (Jédar and Cortés [8]) If A is a positive stable matrix in CV*¥ such that
Re(p) >0, Ypeao(A). (1.2)
Definition 1.2. (Jodar and Cortés [9]) For A € CV*¥, the Pochhammer symbol or shifted factorial is defined as:
(A)y =AA+D)(A+2D)...(A+(n=DI);n>1, (A)y=1. (1.3)

Definition 1.3. (Jédar and Cortés [9]) Let A be a positive stable matrix in CV*¥, then the Gamma matrix functions
I'(A) is defined as

T'(A) = / h e~ a4 = exp <(A -1 lnt> (1.4)

0

where A is a matrix in CV*¥ such that A + n[ is an invertible matrix for all integers n > 0, then it follows that
(A), =T(A+nDTHA); n>1, (A)g=1. (1.5)
Definition 1.4. Let us take A € CV*¥ such that
w is not a negative integer for every u € o(A). (1.6)

Then the Bessel matrix function J4(z) of the first kind of order A is defined as follows [11]:

oo (_1>k . A+2kT
2 A_ 2 (1.7)
(;) Fl(A+I)oF1(%A+I;Z4>§ 2] <00 larg(z)| <.

Definition 1.5. [19] If k € N and A is a positive stable matrix in CV*¥. Then the k-gamma matrix function is given

by
Tw(A) = / e A gr. (1.8)
0

Definition 1.6. [19] For A € CV*¥ and k € N, the Pochhammer matrix k-symbol is defined as:

(A)n,k:{ }4(A+kl)(A+2kI)...(A+(n—1)k]):Fk(A_f_nkI)l—\;(A)’ Zi1§

where A + nkI is an invertible matrix for all integers nk > 0 withn € Ny = {0} UNand k € N.

(1.9)

)

Lemma 1.1. [19, 20] Let A be a matrix in CN*N satisfying Re(z) > 0, for every eigenvalue z € o(A), n > 1 be an integer,
and k > 0, then by application of matrix calculus, we have

Ti(A) = Lim n'k"[(A)ns] " (nk)F4~! (1.10)

n— oo

where (A),, 1, is defined by (1.9).
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2. Extended Bessel matrix functions

Throughout this section we assume that A and B are commuting matrices in CV*%.

Definition 2.1. Let us suppose that A and B are matrices in CV*¥ satisfying the conditions

Re(p) is an integer for every eigenvalue y € o(A), @.1)
Re(v) is a positive integer for every eigenvalue v € o(B). '

Then, we define the extended Bessel matrix functions by the integral representation:

1 B
JaB(z) = i/o At (t + 1) exp [;z(t — 1)](115. (2.2)

Moreover, from (2.2), it is evident that
Ja0(z) = Ja(2),
and we take B = [ in this formula
zJa1(z) =2AJa(2).

Remark 2.1. For B = 0, (2.2) reduced to J (%) Bessel matrix functions defined in [11].
Corollary 2.1. Let A and B be matrices in CN*N satisfying the condition (2.1). For the extended Bessel matrix functions,

Joap(z) = (=) PJsp(z) =B Dy p(2) (2.3)
is satisfied.
Proof. From (2.2), we obtain (2.3). O

Now, we obtain some matrix recurrence relations for the extended Bessel matrix functions.

Theorem 2.1. The extended Bessel matrix functions Ja p(z) given by the integral representation (2.2) satisfy the following
matrix recurrence relations

Jap(z) =Ja—rp-1(2) + Jay1B—1(2), (24)
2‘]‘,4,B(Z) =Ja-1,B(2) = Jayr,B(2) (2.5)

and
4J% p_or(2) = Ja,B(2) — 4Ja,B—21(2) (2.6)

where A, A— I, A—2I, B, B— I and B — 2I are matrices in CV*N satisfying the condition (2.1).

Proof. Using (2.2) in the right hand side of (2.4), we have

% /01 g AT <t+ 1)31 exp Ez(t - 1>}dt

+ % 01 g A-I-T <t + 1)B1 exp Bz(t - 1)} dt
:% OltAI (t+ 1>(t+ %)B’I exp Bz(t— 1>}dt
Z% Olt_A_, (H DB . [;z(t_ 1)]@ — Jan(2),
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which proves (2.4), now differentiating (2.2) with respect to z, we have

d 11 [t 1\” 1 1 1
— ——— [ A+ o) (t-= —z(t—=)|dt
e =gg [ () (7)o [52(- )]

1

=3 (JA_I,B(Z) - JA+I,B(Z)> :

Using (2.2) and differentiating with respect to z, we have

d? 11 [t 1\ 7~ 1\° 1 1
—Japoar(z) ==— [ AT (t4+= t—= —z(t—=)|dt
gt =ig [ (10)(124) oo gt )]

1
=1 (JA—QI,B—QI(Z) + Jatyorp—21(2) — 2JA,B—2I(Z)>

and in view of (2.5) leads to
Ja—1,B—1(2) = Ja—ar,B—21(2) + Ja,B—21(2),

Jatr,B-1(2) = Ja p—21(2) + Jay1,B—21(%),
Ja—1,8-1(2) + Jat1,B—1(2) = Ja—or,B—21(2) + Jat1,B—21(2) + 2J 4, 5—21(%),

and
Ja—or,B—21(2) + Jat1,B—21(2) = Ja,B(2) — 2J4,B—21(2).
According to the last expression, we get

d2

1
@JA,B—ZI(Z) =

(JA,B(Z) - 4JA,B—21(Z)) = ZJA,B(Z) — Ja,p—21(%).

1=

In a similar manner as in the proof of Theorem 2.1, one can easily obtain the next results.

Theorem 2.2. Let A, A — I and B are matrices in CN*N satisfying the condition (2.1). Then the extended Bessel matrix
functions J4 p(z) given by the integral representation (2.2) satisfy the following pure matrix recurrence relation

ZJA’B+2[(Z) = 2AJA’B+I(Z) - 2(B + I) (JA[’B(Z) — JAJ’»[’B(Z)) . (2.7)
We give the matrix differential equation of extended Bessel matrix functions. This result is contained in the
following.
Theorem 2.3. The extended Bessel matrix functions J 4 (=) satisfy the matrix differential equation of the fourth order:
d* d3 d?
22——T+ (2B +50)z— + <222I +(B+2I)* - A2) —

dz* dz3 dz?
z z z 2.9)

+(2B + 51)zd% + <z2I +B+2I - AQ)] Jap(z)=0.

Proof. Let us denote by (1.1) the differential operator ® = 22 %I + 24T + 22] — A% Turning now to the Bessel’s
differential operator, we obtain

1ot 1\” 1 1
¢JA,B(Z)—(I)% ; t <t+t> exp [QZ(tt)]dt
1 1 1 1\ 2 1",
gr oo (=) [ D)o ()
1 LAl 1 1 1\ z 1 1\ -1
ot [ e ()| (e F) 5t oA () (e g) e
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where we put in the integrated part the limits of the integration. If the limits are such that the integrated part
vanishes, then

d 1 1 1 1 1 B-1I
P = —2Bz— —B|t™4 Zz(t=2 )| (t=2)(t+= !
Ja B(2) deJA,B(z) + 5 [t exp {2z<t t)} ( t) < + t) B

_ 2;3/011&—“—1 exp Ez(t— 1)] [B(H— DB —4(B—I)<t+ 1)3_21}&.

Putting in the limits the integrated part again vanishes, we have
d
® Jap(2) = —2:Bo-Jap(2) = B*Jap(2) + 4B(B = I)Ja,p-21(2).
Operating on this equation by % + 1, we get

d? d
(dZQ + 1) |:(I> JA,B(Z) + 223@1473(2) + BQJA,B(Z):|

2

_4B(B-1) {;;JA,B_M(Z) ; JA,B_QI(Z>] .

Using the recurrence formula (2.6), we obtain

(45 +1) [0 J08) + 2822 7 00+ Ban(2)| = BB - Dan(a)

Therefore, the equation (2.8) is established. O

Finally, let A and B be matrices in CV* satisfying the condition (2.1). We define the extended modified Bessel
matrix functions by the relation link with extended Bessel matrix functions

Ly p(z) =i 4 Jap(iz) = e A0 Jy 5(iz)

1ttt 1 1 (2.9)
e “z(t+ =) |at.
2ir J, <i+t) P 2Z< +t>

Next, we define the extended Tricomi matrix functions by the following link with extended Bessel matrix function

CA7B(Z) = ZiéA JA,B(Q\/E)
) 1 B (210)
= iz_iA/ At (t + 1) exp [ﬁ(t - 1>}dt
2im 0 t t

where A and B are matrices in CV*¥ satisfying the condition (2.1).
As a similar matrix function, we define the matrix function J(z; 4, B) by the series

J(2; A, B) :i <71)kF*1(A+2B+kI) z
P LT 2

2A(A+2B —2I) Y (A+2B) " Y(A+ 2B+ 2kI +2I)~".

) A+2B+2kI

(2.11)

where A and B are matrices in CNV*¥ such that (1.6), and A + 2B — 21, A + 2B and A + 2B + 2I are invertible
matrices.

Theorem 2.4. Let A and B are matrices in CN*¥ such that (1.6) holds for these two matrices. For the matrix functions
J(z; A, B) the following relation holds:

(A+2B -20)(A+2B+2I)|J(2;A,B) — J(z; A,B+1)| =2AJa128(2). (2.12)

Proof. By (2.11) and (1.7) the equation (2.12) follows directly. O
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3. Generalized Bessel matrix functions

Definition 3.1. If A and B are matrices in CV* satisfying the conditions Re(p) > —1 for u € o(A), Re(v) ¢ Z~
forv € 0(B), and AB = BA, then

Jap(z) = /1(1 —12)BtAH T4 (2t)dt. (3.1)
0

When B = 0, we have

1
JA70(Z) = ;JAJ’_[(Z)-

By (3.1), we have

1
Jap(z) = / (1- t2)Bd(itA+I JA-H(Zt)) (3.2)
0
and hence, after integrating by parts
2
Jap(z) = ~B Jav1p-1(2) (3.3)

where Re(v — 1) ¢ Z~ forv — 1 € o(B — I). Applying the mathematical induction, we get

B
Jap(z) = (i) T(B+1) Jaypo(2). (3.4)

4. k-Bessel matrix functions: Definition and properties

In this section, we give definitions of the k-hypergeometric matrix functions and k-Bessel matrix functions and
their properties. Furthermore, we give the extended forms of these Bessel matrix functions in [1, 2, 14].

Definition 4.1. Let A be a matrix in CV*¥ where A + nkl is an invertible matrix for every integer nk > 0 with
n € Ny and & € N. Then we define the k-hypergeometric matrix functions by the following series

o5 Ai2) = Y (ANl 1)
n=0 :

Theorem 4.1. Let A be a matrix in CN*N such that the matrix A + nkI is an invertible matrix for every integer nk > 0
withn € Ng and k € N. Then k-hypergeometric matrix functions oFi (—; A; z) is a solution of the k-hypergeometric matrix
differential equation of second order

{a(kef +A—KI)— zI} oFi k(= A;2) = 0. (4.2)

Proof. From (4.1), we find that

Z knl+A—kI _ S _
ROKOT + A — kI) oFp (3 452) = Y 2 Pom(A) ] = S o [(A) i

o n! — (n—1)!
By shifting index, we obtain that
k@(k@] + A-— k]) OFl,k'(_; A, Z) =kz Z %[(A)n’k]il =kz OFl,k'(_;A; Z)
n=0

i.e, equivalently

9(k9[+A— ]ﬂ]) - ZI:| OFl,k(_§A§ Z) =0.
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Since
OW = W', 660 — )W = 22W", (4.3)

has W = (Fy 1 (—; A; ) as one solution of the matrix differential equation. This Eq. (4.2) can also be rewritten in
the form

kW' + AW — W = 0. (4.4)
0

Definition 4.2. For A is a matrix in CV*V gatisfying the condition (1.6), we define the k-Bessel matrix function
xJa(z) of the first kind as:

A 2
z z
kJa(z) = 2) F;l(A+I)OFLk.<;A+I;4)
oo 5 A42nl
=T, (A+1) Z n' [(A+D)nk]” <2> (4.5)
k=0

:i n' CHAA (kn 4+ 1T )<;>A+M.

=0
where the Pochhammer k-symbol (A), i is given in (1.9) and the k-gamma matrix functions I';(A4) is given in (1.8).

Theorem 4.2. The extended k-Bessel matrix functions hold the matrix differential equation of second order

2

kz % kJa(z) + {2(2 — k) +2Az(1 — k)} diz kJa(z)

+ {(k: —2)A% +2kA - 2A + 221] kJa(z) = 0.

Proof. From (4.3), we now puty = —% and A = A + I, therefore to obtain

aw. - 2dwW d*w 4 dW 4 dPW

dy 2z dz’ dy27753+272dz2’

in which primes denote differentiations with respect to z. One a solution of (4.3)is W = ¢Fy ( A+T;— ) in the
form

kW' + (2A 421 — k)W’ + 2W = 0. (4.7)

We seek an equation satisfied by U = z4W. Hence in (4.7) we now put W = z~4U and arrive at the matrix
differential equation

kz2U" 4 |2(2 — k)T +2A2(1 — k)} U+ {(/c —2)A% 4 2kA - 24+ 22T|U =

of which one solution is U = z4W = 24 0F17k< A+1T;— ) Eq. (4.6) is k-Bessel matrix differential equation. [

Definition 4.3. Let A be a matrix in CV*¥ such that
—r ¢ o(A) for every integers r > 0, (4.8)

and A is a complex number with Re()) > 0. Then we define the k-Laguerre matrix polynomials by

LE:EA) (z) = Z (_n)nk(A + I)n,il[ff + I)T,k}_ (Az)" _

4.9)

r=0
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Theorem 4.3. Let A be a matrix in CN*N satisfying the conditions (1.6), (4.8) and Re()\) > 0. Then connection between
k-Bessel matrix functions and k-Laguerre matrix polynomials is the following relation

— %A
lim [n~ALAN (I = (A pJA(2VA2). (4.10)
n— 00 n.k n
Proof. Using (4.9), (4.5) and (1.10), respectively, we obtain

lim [k—"(nk)f—<A+I>L(Ak”< )]
n

n—o0 ’

)1~k A+ o Colias Dol (33)
=% [%(A”)"»’cz r ( > ]
' r=0 ’

roigay S EDIAS QTW(M)T

Z(/\.’L‘) 34 kJA(Q\/E).
O

Theorem 4.4. If A is a matrix in CN*N satisfying the conditions (1.6) and (4.8). Then the k-Bessel matrix functions of the
first kind and k-Laguerre matrix polynomials satisfy the following relation

Z T (A + (kn+ DL ()" = ¢ (hat) 2™ Ta(2VAa). (4.11)

Proof. Using (4.9),(4.5) and (1.10), we have

i 1-‘];1(14 + (kn + 1)])[/5;4];)) (x)t" _ i - (*n)nkI‘;l(A ::;?KA + I)r,k}71 (}\.’E)Ttn
n=0 n=0r=0

) Y CUID At (b4 )D(VAR) 2

—et (hat) 7 T2V at).

O

Definition 4.4. For A and B € CV*¥ which A satisfy the condition (1.6), we define the k-Bessel matrix function
kJa,B(2) of the first kind as:

00 n A+2nl
kJa,B(2) = Z M A+ (n+ 1)) (;) (4.12)

where B + nkl is an invertible matrix for all integers nk > 0 with £ € Nand n € Nj.
Now, we show that some elementary properties.
Theorem 4.5. For the k-Bessel matrix function i,.J 4 p(2), we obtain the following matrix recurrence relation

B 1 d
? k;JA’BJrkI(Z) 2/{: (23 k‘A) kJA B( ) g? kJA B( ) (413)
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Proof. Using the relation

1 1

(B)pnt1,k = (B+nkl)(B)pr = B(B+ k) k,

n(B)nk = B(B)n,ka

we get
1
n(B)n,k = EB |:(B + kl)n,k - (B)n,/{|.

Using (4.12) and differentiating with respect to z, we have

diz {z—A kJa,B(2) ] = 22 m LA+ (n+ 1)I)z2n=11

B Z 2A+2n1 [(B +kI)p i — (B)n, k] YA+ (n+ 1))@= D1

"(B+kI) kp
_ —A-1TI n, A+2nT
- Z 2A+2n1 n!)?2 (A +(n+ D)z

2 B n n
- B 122,432”(1().)'“ YA+ (n+1)1)AT

2 2
= %Bzf AT Ta ki (2) — EBfA*I kJa,B(2).

Thus, for k-Bessel matrix functions, we give the property

ad
dz

Multiplying (4.14) by 124!, we have

2 2
wJap(z) — Az L JaB(2) = EBZ_A_I kA ByRI(2) — %BZ_A_I kJa,B(2). (4.14)

z d 1 1
2d k:JAB( ) %B kJA,B+IcI(Z)_2]€<2B_kA) IcJA,B(Z)-
O
Theorem 4.6. If A and A — kI are matrices in CN*¥ which satisfies the condition (1.6), and k € N. Then
d
= [Z’;A kJA,B(\/g)] — 9k (ATRDI kJa—kr,B(Vz). (4.15)
Proof. Using (4.12) and differentiating with the respect to z, we have
d 14 > n k(A + nI) _ n—
dz|:2’2 kJAB :| = Z 2n+2k n') kl(A—i-(n-i-k)I)zAH DI
A+(2n—1)1
1(a-n) vz
Z AT n1)< ; )
=2 Zz(AHd) ! kJAka,B(\/EL
which is the required proof. O

Theorem 4.7. For the k-Bessel matrix function ,Ja g(z), we have the following matrix recurrence relation

z d

k
1 z
A+1T - §(A +kI)| kJatkrB(2) + §d7 kJavkrB(z) = <2> kJa,B(2). (4.16)
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Proof. To prove the theorem, it is enough to use the definition (4.12) details are therefore omitted. O

Definition 4.5. For A and B € CV*¥ which A satisfy the condition (1.6), we define the k-modified Bessel matrix
functions of the first kind by

o0

A+2nl
Wan(z) =) Bk » A+ (n+1)I) (;) 4.17)

oy (n!)2

where B + nkl is an invertible matrix for all integers nk > 0 with £ € Nand n € Ny.

Theorem 4.8. The k-modified Bessel matrix functions of the first kind of order A. Then holds

d 1 .1 Ty
dZ[Z‘ZA kHA,B(\&):| — 9y (ATkD-I wla—kr,B(Vz) (4.18)

where k € N, Aand A — kI are matrices in CN*N satisfy the condition (1.6).

Proof. From definition (4.17), we have

d| 14 — nk(A+nl) -1 A+(n—1)I
dz[zz ka5 ( } ;W w (A4 (n+k))z

A+(2n—1)I
YA +nI) (*f)

=2 22(A+M) kHAka,B(\/g)'

5. Conclusions

A new approach has been introduced in this paper for studying some important properties of certain matrix
special functions viz matrix recurrence relations, matrix differential recurrence relations and matrix differential
equation. The method developed in this paper can also be used to study some other special matrix functions which
play a vital role in Mathematical Physics.
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