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Abstract
In this paper, we introduce the Mus-Sasaki metric on the tangent bundle TM , as a new natural metric on
TM . We establish necessary and sufficient conditions under which a vector field is harmonic with respect
to the Mus-Sasaki metric. We also construct some examples of harmonic vector fields.
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1. Introduction
Consider a smooth map φ : (Mm, g)→ (Nn, h) between two Riemannian manifolds, then the energy functional

is defined by

E(φ) =
1

2

∫
M

|dφ|2dvg. (1.1)

(or over any compact subset K ⊂M ).
A map is called harmonic if it is a critical point of the energy functional E (or E(K) for all compact subsets

K ⊂M ). For any smooth variation {φ}t∈I of φ with φ0 = φ and V = dφt
dt

∣∣∣
t=0

, we have

d

dt
E (φt)

∣∣∣∣
t=0

= −
∫
M

h (τ (φ) , V ) dvg, (1.2)

where
τ(φ) = traceg∇dφ. (1.3)

is the tension field of φ. Then φ is harmonic if and only if τ(φ) = 0.

One can refer to [8], [9] , [12] for background on harmonic maps, and [4], [7] for background on generalized
harmonic maps.

The existence and explicit construction of harmonic mappings between two given Riemannian manifolds (M, g)
and (N, h) are two of the most fundamental problems of the theory of harmonic mappings. If M is compact and
N has nonpositive sectional curvature, then any smooth map from M to N can be deformed into a harmonic map
using the heat flow method [Eells and Sampson 1964]. However, there is no general existence theory of harmonic
mappings if the target manifold does not satisfy the nonpositivity curvature condition. This fact makes it interesting
to find harmonic maps defined by vector fields as a map from Riemannian manifold (M, g) to its tangent bundle
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TM . Problems of this kind have been studied when TM is endowed with the Riemannian Sasaki metric see ([2] [10]
[11] [12]) and with the Riemannian Cheeger-Gromoll metric (see [1]).

The main idea in this note consists in the modification of the Sasaki metric. First we introduce a new metric
called Mus-Sasaki metric on the tangent bundle TM . This new natural metric will lead us to interesting results [18].
Afterward we establish necessary and sufficient conditions under which a vector field is harmonic with respect to
the Mus-Sasaki metric (Theorem 3.2 and Theorem 3.3). We also construct some examples of harmonic vector fields
and we give a formula for the construction of non trivial examples of vector fields (Theorem 3.5).

2. Basic Notions and Definition on TM .

2.1 Horizontal and vertical lifts on TM .

Let (M, g) be an m-dimensional Riemannian manifold and (TM, π,M) be its tangent bundle. A local chart
(U, xi)i=1...n on M induces a local chart (π−1(U), xi, yi)i=1...n on TM . Denote by Γkij the Christoffel symbols of g
and by∇ the Levi-Civita connection of g.
We have two complementary distributions on TM , the vertical distribution V and the horizontal distributionH,
defined by :

V(x,u) = Ker(dπ(x,u)) = {ai ∂
∂yi
|(x,u); ai ∈ R}

H(x,u) = {ai ∂
∂xi
|(x,u) − aiujΓkij

∂

∂yk
|(x,u); ai ∈ R},

where (x, u) ∈ TM , such that T(x,u)TM = H(x,u) ⊕ V(x,u).
Let X = Xi ∂

∂xi be a local vector field on M . The vertical and the horizontal lifts of X are defined by

XV = Xi ∂

∂yi
(2.1)

XH = Xi δ

δxi
= Xi{ ∂

∂xi
− yjΓkij

∂

∂yk
} (2.2)

For consequences, we have ( ∂
∂xi )

H = δ
δxi and ( ∂

∂xi )
V = ∂

∂yi , then ( δ
δxi ,

∂
∂yi )i=1...n is a local adapted frame in

TTM .

Remark 2.1. .

1. if w = wi ∂
∂xi + wj ∂

∂yj ∈ T(x,u)TM , then its horizontal and vertical parts are defined by

wh = wi
∂

∂xi
− wiujΓkij

∂

∂yk
∈ H(x,u)

wv = {wk + wiujΓkij}
∂

∂yk
∈ V(x,u)

2. if u = ui ∂
∂xi ∈ TxM then its vertical and horizontal lifts are defined by

uV = ui
∂

∂yi
∈ V(x,u) ∈ H(x,u)

uH = ui{ ∂

∂xi
− yjΓkij

∂

∂yk
}.
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Proposition 2.1 ([17]). Let (M, g) be a Riemannian manifold and R its tensor curvature, then for all vector fields X,Y ∈
Γ(TM) and p ∈ T 2M we have:

1. [XH , Y H ]p = [X,Y ]Hp − (Rx(X,Y )u)V ,

2. [XH , Y V ]p = (∇XY )Vp ,

3. [XV , Y V ]p = 0,

where p = (x, u).

3. Mus-Sasaki metric.

3.1 Mus-Sasaki metric.
Definition 3.1 ([18]). Let (M, g) be a Riemannian manifold and f : M × R→]0,+∞[. On the tangent bundle TM ,
we define a Mus-Saski metric noted gSf by

1. gSf (XH , Y H)(x,u) = gx(X,Y )

2. gSf (XH , Y V )(x,u) = 0

3. gSf (XV , Y V )(x,u) = f(x, r)gx(X,Y )

where X,Y ∈ Γ(TM), (x, u) ∈ TM and r = g(u, u). f is called twisting function.

Note that, if f = 1 then gSf is the Sasaki metric [17].

The notion of Sasaki metric and Gromol-Chegeer was considered in [3], [13], [14], [15], [16], [17].

Lemma 3.1 ([18]). Let (M,g) be a Riemannian manifold, then for all x ∈M and u = ui ∂
∂xi ∈ TxM , we have the following

1. XH(g(u, u))(x,u) = 0

2. XH(g(Y, u))(x,u) = g(∇XY, u)x

3. XV (g(u, u)(x,u) = 2g(X,u)x

4. XV (g(Y, u)(x,u) = g(X,Y )x

From Lemma 3.2, we obtain

Lemma 3.2. Let (M,g) be a Riemannian manifold, F : (s, t) ∈ R2 → F (s, t) ∈]0,+∞[, α : M →]0,+∞[ and β : R →
]0,+∞[ be smooth functions. If f(x, r) = F (α(x), β(r)), then we have the following

1. XV (f)(x,u) = 2β′(r)gx(X,u)∂F∂t (α(x), β(r))

2. XH(f)(x,u) = gx(gradMα,X)∂F∂s (α(x), β(r))

where (x, u) ∈ TM and r = gx(u, u) .

In the following, we consider f(x, r) = F (α(x), β(r)), where F : (s, t) ∈ R2 → F (s, t) ∈]0,+∞[, α : M →]0,+∞[
and β : R→]0,+∞[ are smooth functions.
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Theorem 3.1 ([18]). Let (M, g) be a Riemannian manifold. If f(x, r) = F (α(x), β(r)) and∇ (resp ∇̃) denote the Levi-Civita
connection of (M, g) (resp (TM, gSf ), then we have:

1. (∇̃XHY H)p = (∇XY )Hp −
1

2
(Rx(X,Y )u)V ,

2. (∇̃XHY V )p = (∇XY )Vp +
f(x, r)

2
(Rx(u, Y )X)H

+
1

2f(x, r)
gx(gradMα,X)

∂F

∂s
(α(x), β(r))Y Vp

3. (∇̃XV Y H)p =
f(x, r)

2
(Rx(u,X)Y ))H +

1

2f(x, r)
gx(gradMα, Y )

∂F

∂s
(α(x), β(r))XV

p

4. (∇̃XV Y V )p =
β′(r)

f(x, r)

∂F

∂t
(α(x), β(r))

[
gx(Y,U)XV

p ) + gx(X,U)Y Vp )− gx(X,Y )UVp

]
−1

2
gx(X,Y )

∂F

∂t
(α(x), β(r))(gradMα)Hp .

for all vector fields X,Y ∈ Γ(TM) and p = (x, u) ∈ TM , where R denote the curvature tensor of (M,g).

The proof of Theorem 3.1 follows directly from Kozul formula, Lemma 3.1 and Lemma 3.2.

Lemma 3.3. Let (M, g) be a Riemannian manifold . IfX,Y ∈ Γ(TM) are a vector fields and (x, u) ∈ TM such thatXx = u,
then we have

dxX(Yx) = Y H(x,u) + (∇YX)V(x,u).

Proof. Let (U, xi) be a local chart on M in x ∈ M and (π−1(U), xi, yj) be the induced chart on TM , if Xx =
Xi(x) ∂

∂xi |x and Yx = Y i(x) ∂
∂xi |x, then

dxX(Yx) = Y i(x)
∂

∂xi
|(x,Xx) + Y i(x)

∂Xk

∂xi
(x)

∂

∂yk
|(x,Xx),

thus the horizontal part is given by

(dxX(Yx))h = Y i(x)
∂

∂xi
|(x,Xx) − Y

i(x)Xj(x)Γkij(x)
∂

∂yk
|(x,Xx)

= Y H(x,Xx)

and the vertical part is given by

(dxX(Yx))v = {Y i(x)
∂Xk

∂xi
(x) + Y i(x)Xj(x)Γkij(x)} ∂

∂yk
|(x,Xx)

= (∇YX)V(x,Xx).

Lemma 3.4. Let (M, g) be a Riemannian n-dimensional manifold and (TM, gSf ) be its tangent bundle equipped with the
Mus-Sasaki metric . if X ∈ Γ(T (TM)), then the energy density associated to X is given by

e(X) =
n

2
+
f

2
tracegg(∇X,∇X). (3.1)

Proof. Let (e1, ..., en) be a local orthonormal frame on M , then

2e(X)p =

n∑
i=1

gSf (dX(ei), dX(ei))

Using Lemma 3.3 , we obtain
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2e(X) =

n∑
i=1

gSf (eHi , e
H
i ) +

n∑
i=1

gSf (∇eiX)V , (∇eiX)V )

=

n∑
i=1

g(ei, ei) +

n∑
i=1

fg(∇eiX,∇eiX)

= n+ ftracegg(∇X,∇X).

Theorem 3.2. Let (M, g) be a Riemannian manifold and (TM, gSf ) be its tangent bundle equipped with the twisted Sasaki
metric, such as f(x, r) = F (α(x), β(r)). Then the tension field associated with X ∈ Γ(T (TM)) is given by:

τ(X) = (
1

f(x, r)

∂F

∂s
(α(x), β(r))∇grad(α)X)V + (tracegA(X))V (3.2)

+(tracegB(X))H .

where A(X) and B(X) are a bilinear maps defined by:

A(X) = ∇2X +
β′(r)

f(x, r)

∂F

∂t
(α(x), β(r))

[
2g(∇X,X)∇X − g(∇X,∇X)X

]
B(X) = f(x, r)R(X,∇X) ∗ −1

2
g(∇X,∇X)

∂F

∂t
(α(x), β(r))gradM (α).

Proof. Let x ∈ M and {ei}ni=1 be a local orthonormal frame on M such that ∇eiej = 0 at x and Xx = u, then by
summing over i, we have

τ(X)x =
[
∇̃dX(ei)dX(ei)

]
=

[
∇̃eHi +(∇eiX)V (eHi + (∇eiX)V )

]
=

[
∇̃eHi e

H
i + ∇̃eHi (∇eiX)V + ∇̃(∇eiX)V e

H
i + ∇̃(∇eiXσ)V (∇eiXσ)V

]
by Theorem 3.1 we obtain

∇̃eHi e
H
i = 0

∇̃eHi (∇eiX)V =
f(x, r)

2
(Rx(Xx,∇eiX)ei)

H +
1

2f(x, r)

∂F

∂s
(α(x), β(r))(∇gradMX)Vp

+ (∇ei∇eiX)V

∇̃(∇eiX)V e
H
i =

f(x, r)

2
(Rx(Xx,∇eiX)ei))

H +
1

2f(x, r)

∂F

∂s
(α(x), β(r))(∇gradMαX)Vp

∇̃(∇eiXσ)V (∇eiXσ)V = −1

2
gx(∇eiX,∇eiX)

∂F

∂t
(α(x), β(r))(gradMα)Hp

+
β′(r)

f(x, r)

∂F

∂t
(α(x), β(r))

[
2gx(∇eiX,Xx)(∇eiX)Vp )

− gx(∇eiX,∇eiX)XV
x

]
.

From Theorem 3.2 we obtain

Theorem 3.3. Let (M, g) be a Riemannian manifold and (TM, gSf ) be its tangent bundle equipped with the Mus-Sasaki
metric, such as f(x, r) = F (α(x), β(r)). A vector field X ∈ Γ(TM) is harmonic if and only the following conditions are
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verified

0 = traceg

{
∇2X +

β′(r)

f(x, r)

∂F

∂t
(α(x), β(r))

[
2gx(∇X,X)∇X − gx(∇X,∇X)X

]}
+

1

f(x, r)

∂F

∂s
(α(x), β(r))∇grad(α)X

and

0 = f(x, r)tracegR(X,∇X) ∗ −1

2

∂F

∂t
(α(x), β(r))traceggx(∇X,∇X)gradM (α).

where r = g(Xx, Xx) = ‖Xx‖2.

Corollary 3.1. Let (M, g) be a Riemannian manifold and (TM, gSf ) be its tangent bundle equipped with the Mus-Sasaki
metric. If X ∈ Γ(TM) is a parallel vector field (i.e∇X = 0), then X is harmonic.

Theorem 3.4. Let (M, g) be a Riemannian compact manifold and (TM, gSf ) be its tangent bundle equipped with the Mus-
Sasaki metric. Then X ∈ Γ(TM) is a harmonic vector field if and only if X is parallel.

Proof. . If X is parallel, from Corollary 3.1, we deduce that X is harmonic vector field. Inversely:

Let Xt be a compactly supported variation of X defined by Xt = (1 + t)X . From Lemma 3.4 we have

e(Xt) =
n

2
+ f(x, r)

(t+ 1)2

2
tracegg(∇X,∇X).

If X is a critical point of the energy functional, then we have :

0 =
d

dt
E(Xt)|t=0

=
d

dt

[ ∫
M

(n
2

+ f(x, r)
(t+ 1)2

2
tracegg(∇X,∇X)

)
dvg

]
t=0

=

∫
M

f(x, r)tracegg(∇X,∇X)dvg

then
g(∇X,∇X) = 0

Example 3.1. Let S1 = {(x, y) ∈ R2} endowed with the natural metric dx2 + dy2 and X : (x, y) ∈ S1 →
(x, y,−y, x) ∈ T 2S1, we have: ∇S1

X = 0. From Corollary 3.1 we deduce that X is harmonic section.

Example 3.2. If S2 × R is endowed with the product of canonical metric, then the vector field X = ∂
∂t is harmonic.

Example 3.3. If Rn is endowed with the canonical metric, then any constant vector field X on Rn is harmonic.

Remark 3.1. In general, using Corollary 3.1 and Theorem 3.4 we can construct many examples for harmonic vector
fields.

From Theorem 3.3 we deduce

Theorem 3.5. Let (Rn, <>) the real euclidian space and TRn its tangent bundle equipped with the Mus-Sasaki metric, such
as f(x, r) = F (α(x), β(r)). If X = (X1, ..., Xn) is a vector field on Rn, then X is harmonic if and only if

0 =
∑
i

[ 1

f(x, ‖X‖2))

∂α

∂xi
∂Xk

∂xi
∂F

∂s
(α(x), β(‖X‖2))) +

∂2Xk

∂x2i

]
+
β′(‖X‖2)

f(x, ‖X‖2)

∂F

∂t
(α(x), β(‖X‖2)))

∑
ij

[
2Xj ∂X

j

∂xi
∂Xk

∂xi
−Xk(

∂Xj

∂xi
)2
]

0 =
∂α

∂xk
(x)

∂F

∂t
(α(x), β(‖X‖2))

∑
ij

(∂Xj

∂xi

)2
.
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for all k = 1, ..., n.

Corollary 3.2. Let (Rn, <>) the real euclidian space and TRn its tangent bundle equipped with the Mus-Sasaki metric. If α
and β are constant functions, or F is a constant function, then X = (X1, ..., Xn) is a harmonic vector field on Rn if and only
if for all i = 1, ..., n., Xi is a real harmonic function on Rn.

Corollary 3.3. Let (Rn, <>) the real euclidian space and TRn its tangent bundle equipped with the Mus-Sasaki metric. If
(gradα 6= 0) and (∂F∂t 6= 0) then X is a harmonic vector field on Rn if and only if X is constant.

Corollary 3.4. Let (Rn, <>) the real euclidian space and TRn its tangent bundle equipped with the Mus-Sasaki metric. If α
is a constant function then X = (X1, ..., Xn) is a harmonic vector field on Rn if and only if X verifies the following system of
equations ∑

i

∂2Xk

∂x2i
+

β′(‖X‖2)

f(x, ‖X‖2)

∂F

∂t
(α(x), β(‖X‖2)))

∑
ij

[
2Xj ∂X

j

∂xi
∂Xk

∂xi
−Xk(

∂Xj

∂xi
)2
]

= 0

for all k = 1, ..., n.

Remark 3.2. Using Corollary 3.4, we can construct many examples of nontrivial harmonic vector fields.

Example 3.4. If Rn is endowed with the canonical metric and TRn its tangent bundle equipped with the Mus-Sasaki
metric, such as F (s, t) = t (i.e : f(x, r) = β(r)). From Corollary 3.4, we deduce that X = (h(x1), 0, ...., 0) is a
harmonic vector field if and only the function h is solution of differential equation:

h′′ +
β′(h2)

β(h2)
h(h′)2 = 0

or

h′′ +
(β(h2))′

2β(h2)
h′ = 0 (3.3)

when β(t) = t, the solution of differential equation (3.3) is given by h(x1) =
√
ax1 + b.

when β(t) = 1
t , the solution of differential equation (3.3) is given by h(x1) = b exp(ax1).
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