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Abstract

In this paper we give geometric definitions of the Lorentzian ellipse, Lorentzian hyperbola, and Lorentzian
parabola as plane curves in Lorentzian plane. Moreover we obtain the equations of Lorentzian revolution
ellipsoid, Lorentzian revolution hyperboloid and Lorentzian revolution paraboloid respectively.
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1. Introduction

In Euclidean 2-space R?, the graph of the equation y = az? + bx + ¢ is a curve called a parabola. It is given
general definitions for this and two closely related curves called, respectively, the ellipse and hyperbola. These
curves, the ellipse, hyperbola, and parabola, have been known and studied by mathematicians since ancient times
long before they were identified as graphs of second degree equations. Collectively, along with circles and certain
combinations of two straight lines, they are called the conics or conic sections, because they were first studied by
the ancient Greeks as the curves of intersection of a plane with a cone. These standart equations are special cases of
the general equation of second degree in = and y; that is, they are special cases of the equation

Az? + Bry +Cy* + Dz + Ey+ F =0,

in which some of the coefficients will be zero. The cone can be tought of as the surface generated by rotating a line !
about a fixed line [’ called the axis of the cone, in such a way that the angle between / and I’ remains constant and is
not zero. The point V' in which the lines intersect is called the vertex of the cone. Any line through V' lying in the
surface is called a generating line or a generator of the cone. The cone consists of two parts or nappes having only
the vertex in common. If a plane, not containing the vertex and not parallel to a generator, intersects both nappes of
the cone, the curve of intersection is a hyperbola, a curve consisting of two disconnected branches. If such a plane
intersects only one nappe, the curve of intersection is an ellipse. If the plane is perpendicular to the axis of cone,
the ellipse becomes a circle. If the plane is parallel to a generator, the curve of intersection is a parabola. It is clear
that a plane through the vertex can intersect the cone either in the single point V, in two intersecting straight lines
through V, or in a single generating line if the plane is tangent to the cone.

But, to our knowledge, there has been no study on the conics and quadrics in Lorentzian space. In this paper,we
shall not adopt this historic point of view in discussing the conics. Instead we give geometric definitions of the
Lorentzian ellipse, Lorentzian hyperbola, and Lorentzian parabola as plane curves in Lorentzian plane. Moreover
we obtain the equations of Lorentzian revolution ellipsoid, Lorentzian revolution hyperboloid and Lorentzian
revolution paraboloid respectively.

But before this, we will survey briefly the fundamental concepts and properties in the Lorentzian space. We
refer mainly to O’Neill and Ratcliffe [1, 3].
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Let R? be the 2-dimensional the Lorentzian space with Lorentzian metric <, >: dz? — dz3 and let R} be the
3-dimensional the Lorentzian space with Lorentzian metric <, >p: dz? + dz3 — dz3. It has been known that in R}
there are three categories of curves and vectors, namely, spacelike, timelike and null, depending on their causal
character. Let 7’ be a tangent vector of Lorentzian space. Then ? is said to be spacelike if <? ?} >0o0r 7 = O
timelike if (27, ) < 0, null (lightlike) if (7, ) = 0 and 7’ # T.Leta:ICR— R? be a regular curve in R3.
Then, the curve « is spacelike if all its velocity vectors are spacelike. Similarly, it is called timelike and null curve 1f
all its velocity vectors are timelike and null vectors, respectively.

2. The Conic In Lorentzian Plane R?

In this section we shall study three curves that belong together from several points view. These are the Lorentzian
ellipse, Lorentzian hyperbola, and Lorentzian parabola; they are called the Lorentzian conic section curves, or
Lorentzian conic sections. Our approach will be to define each curve by a geometric property, obtain an analytic
representation for the curve.

2.1 The Lorentzian Ellipse

We assume that all points considered lie in the Lorentzian plane . Let F; and F; be points and the length of the
segment F} F» be denoted by 2c. If a is any number greater than ¢, the set points P such that d(F1, P)+d(F», P) = 2a
is called Lorentzian ellipse.

Definition 2.1. A Lorentzian ellipse is a set of points P in the Lorentzian plane such that the sum of the distances
of P from two fixed points F; and F5 is constant. Each of the points F} and F is called a focus of the Lorentzian
ellipse. The plural form of focus is foci.

Choose a coordinate system with the line through F; and F; as —axis and perpendicular bisector of the segment
F\ F» as y—axis. If d(F, F») = 2¢, the coordinates of the foci are Fj(c,0) and Fy(—c, 0). In this case the foci are on
the spacelike axis. If P(x,y) is any point on the ellipse, the defining property

d(Fy, P) 4+ d(F», P) = 2a,

can be written in the form

Ve —c)?2—y2+/(z+¢)?—y?=2a. (2.1)
It is clear that d(Fy, P) + d(F,, P) > d(F, F») and hence we must have 2a > 2¢. If a = ¢, P could only lie on the
line segment F; F. This case is not interesting and will be excluded. We assume therefore that a > ¢. Equation (2.1)
may be written

(x—c)2—y?2=2a— /(x4 )% —y>
Taking the square of each side and simplifying yields

(x+¢)2 —y2 =a® + ca. (2.2)
Taking the square of each side again and simplifying we get
(02 - a2) 22 +a*y? = —d*(a® - A). (2.3)
Since a > ¢, a® — ¢? is positive and there is a positive real number b such that b* = a? — ¢*. Equation (2.3) therefore
takes the form
B2? — a2y? = a2b?

or, upon dividing by a?b?
22 2
We called equation (2.4) as the standart equation of the Lorentzian ellipse with center at the origin and foci on the
spacelike z—axis.
If the foci are F} (0, ¢) and F»(0, —c), which are on the timelike axis, then the standart equation of the Lorentzian

ellipse with center at the origin and foci on the timelike y—axis, can be easily found

Thus we give the following theorem:
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Theorem 2.1. A point P(x,y) is on the Lorentzian ellipse determined by the number a > 0 and the foci Fy(c,0) and
F5(—c,0), which are on the spacelike axis (or respectively Fy (0, c) and F»(0, —c) , which are on the timelike axis ) if and only

1f§—§ — Z—j = 1 (or respectively —”g—; - Z—i = 1), where a, b, and c satisfy a* = b* + ¢*.

2.2 The Lorentzian Hyperbola

The definition and many of the properties of the hyperbola are so closely analogous to the ellipse. Let two
points F} and F; be given and their distance apart be denoted by 2c. If 0 < a < ¢, the set of points P for which
|d(Fy, P) 4+ d(Fy, P)| = 2a is called a Lorentzian hyperbola.

Definition 2.2. A Lorentzian hyperbola is a set of points P in the Lorentzian plane such that the difference of the
distances of P from two fixed points F; and F3; is constant. Each of the points F; and F; is called a focus of the
Lorentzian hyperbola.

Choose coordinate axes as for the hyperbola with the line through F F; for x—axis and perpendicular bisector
of F} F; for y—axis. If d(F}, Fy) = 2¢, the coordinates of the foci are Fi (¢, 0) and F»(—c,0). In this case the foci are
on the spacelike axis. Then if P(z,y) is any point on the hyperbola, the defining property

|d(Fy, P) — d(F, P)| = 2a,

can be written in the form

Ve —e)2 =92 —/(z+ )2 —y2 = +2a. (2.5)
By transposing one radical, taking the square, simplifying, and taking the square of each side again we get the
equation
(* —a?) 2® + a®y® = —d*(a® — ).
Since a < ¢ we can replace ¢ — a? by b? and this equation becomes
B2? + a2y? = a®b?,

or, upon dividing by a?b?,
x2 g2
2t = 1. (2.6)
We called equation (2.6) as the standart equation of the Lorentzian hyperbola with center at the origin and foci on
the spacelike z—axis.
If the foci are F;(0, ¢) and F5(0, —c), which are on the timelike axis, then the standart equation of the Lorentzian

hyperbola with center at the origin and foci on the timelike y—axis, can be easily found

Thus we give the following theorem:

Theorem 2.2. A point P(xz,y) is on the Lorentzian hyperbola determined by the number a > 0 and the foci F(c,0) and
F5(—c,0), which are on the spacelike axis (or respectively F (0, c) and F(0, —c) , which are on the timelike axis ) if and only

1]“;—2 + Z—j = 1 (or respectively If—z + Z—z = 1), where a, b, and c satisfy a® + b* = 2.

2.3 The Lorentzian Parabola
The definition of a parabola involves distances from a point and a line.

Definition 2.3. Given a fixed point F), the focus, and a fixed line [, the directrix, a Lorentzian parabola is the set of
points P that are equidistant from F' and /.

Given a directrix [ and focus F', we choose for z—axis the line through F perpendicular to [. If this line cuts
[ in the point D, we find the simplest equation for the Lorentzian parabola results from choosing for origin the
midpoint of the segment DF.

If we assume that the coordinates of F' are (p, 0), which is on the spacelike axis, the equation of the directrix [ is
then = —p. The point P(z,y) is then on the Lorentzian parabola if and only if d(F, P) = d(M, P) where M is the
projection P on [. This yields

2

(x—p)" —y?=lz+pl,
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or taking the square of each side and simplifying,
y? = —dpz,

for an equation of the Lorentzian parabola relative to the chosen coordinate system.

In a similar vein, we note that we would have taken the focus F' on the y—axis at F'(0, p), which is on the timelike
axis, and the directrix perpendicular to the y—axis, i.e., y = —a. This interchange of the roles of 2 and y-axes would
obviously produce the equation

z? = —dpy.
Thus we give the following theorem:

Theorem 2.3. A point P(z,y) is on the Lorentzian parabola determined by the focus F' (0, p) (or respectively F(p,0) ) and
the directrix | : & = —p (or respectvely y = —p) if and only if y> = —4px (or respectively x* = —4py ).

3. Revolution Quadric Surfaces in Lorentzian Space R?

We conclude this study of surfaces with a description of some revolution quadric surfaces the three-dimensional
analog of the conic section curves Lorentzian space.

From an analytic point view the relation between the conic section curves and the quadric surfaces is very strong:
the former are the curves obtained from the general equation of second degree in  and y; the latter are the surfaces
represented by the general equation of second degree z,y, and z. As we shall see, there are close geometric ties
between the two families. In particular the traces of the quadric surfaces in the coordinate planes are conic section
curves.

As we know, the Lorentzian sphere which is the locus of a moving point remains at a constant distance from a
fix point. The constant distance is the radius and the fixed point the center. The equation of a Lorentzian sphere and
hyperbolic sphere of radius 1 in R} are given by

ST ={X = (z1,29,23) : <X, X >p=1},
and
Hg:{X:(I17x27I3): <X7X >L: 71}’

respectively, [1].
Now we want to obtain the equations of Lorentzian revolution ellipsoid, Lorentzian revolution hyperboloid and
Lorentzian revolution paraboloid respectively.

3.1 The Lorentzian Revolution Ellipsoid

We assume that all points considered lie in the Lorentzian space. Let F; and F» be points and the length of the
segment F ' be denoted by 2c¢. If a is any number greater than c, the set points P such that d(Fy, P)+d(Fs, P) = 2a
is called Lorentzian revolation ellipsoid.

Definition 3.1. A Lorentzian revolution ellipsoid is a set of points P in the Lorentzian space such that the sum of
the distances of P from two fixed points F; and F? is constant. Each of the points F; and F3 is called a focus of the
Lorentzian revolation ellipsoid.

If d(Fy, F3) = 2¢, the coordinates of the foci are F(0,¢,0) and F5(0, —c,0). In this case the foci are on the
spacelike axis. If P(z,y, z) is any point on the revolution ellipsoid, the defining property

d(Fl,P) +d(F2,P) = 20,,

can be written in the form

Va2 + (y—c)2 — 224+ V22 + (y+ ¢)2 — 22 = 2a. (3.1)
It is clear that d(Fy, P) + d(F», P) > d(Fl, F5>) and hence we must have a > ¢. Equation (3.1) may be written
Va2 4+ (y—c)? — 22 =2a— /22 + (y +¢)? — 22

Taking the square of each side and simplifying yields

a2 + (y+0)2 — 22 =a’ + cy. (3.2)
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Taking the square of each side again and simplifying we get
a’z?® + (a2 - 02) y? —a’2? = a?(a® — &?). (3.3)

2 2

Since a > ¢, a® — ¢? is positive and there is a positive real number b such that b? = a? — ¢2. Equation (3.2) therefore
takes the form
202 4 022 — 222 = a2,
or, upon dividing by a?b?
2y 2
a2 b
We called equation (3.4) as the standart equation of the Lorentzian revolution ellipsoid with center at the origin
and foci on the spacelike axis.
If the foci are F1(0,0,c¢) and F»(0,0, —c), which are on the timelike axis, then the standart equation of the

Lorentzian revolution ellipsoid with center at the origin and foci on the timelike axis, can be easily found

=1 (3.4)

IQ y2 22

2 + 2 + o) =1
Thus we give the following theorem:

Theorem 3.1. A point P(z,y, z) is on the Lorentzian revolution ellipsoid determined by the number a > 0 and the foci
F1(0,¢,0) and F5(0, —c,0), which are on the spacelike axis (or respectively Fl((), 0,c) and F»(0,0, —c) , which are on the
timelike axis ) if and only gf’l;—z + (yl—z - iQ = 1 (or respectively — %z + % vz 2 = 1), where a,b, and c satisfy a® = b* + 2.
3.2 The Lorentzian Revolution Hyperboloid

Let two points F; and F5 be given and their distance apart be denoted by 2¢. If 0 < a < ¢, the set of points P for
which |d(F1, P) + d(Fs, P)| = 2a is called a Lorentzian revolution hyperboloid.

Definition 3.2. A Lorentzian revolution hyperboloid is a set of points P in the Lorentzian space such that the
difference of the distances of P from two fixed points F; and F5 is constant. Each of the points F; and F} is called a
focus of the Lorentzian revolution hyperboloid.

If d(Fy, F5) = 2¢, the coordinates of the foci are F;(0,¢,0) and F»(0, —c,0). In this case the foci are on the
spacelike axis. Then if P(z,y, z) is any point on the revolution hyperboloid, the defining property

|d(Fy, P) — d(Fy, P)| = 2a,

can be written in the form

Va2 + (y —c)? — V22 + (y +¢)? — 22 = +2a. (3.5)
By transposing one radical, taking the square, 51mphfy1ng, and taking the square of each side again we get the
equation
0222 — (¢ — a?) y? — a22% = —a?(c® — a?).
Since a < ¢ we can replace ¢ — a? by b* and this equation becomes

22 b22 2.2 2b2

a a " z- = —a

or, upon dividing by —a?b?
S N — (3.6)

We called equation (3.6) as the standart equation of the Lorentzian revolution hyperboloid with center at the origin
and foci on the spacelike axis.

If the foci are F3(0,0,c) and F3(0,0, —c), which are on the timelike axis, then the standart equation of the
Lorentzian revolution hyperboloid with center at the origin and foci on the timelike axis, can be easily found

22 2 22
Thus we give the following theorem:

Theorem 3.2. A point P(z,y, z) is on the Lorentzian revolution hyperboloid determined by the number a > 0 and the foci
F1(0,¢,0) and F5(0,—c,0), whzch are on the spacelike axis (or respectwely Fl(O 0,c) and F»(0,0, —c) , which are on the

timelike axis ) if and only if — b2 + % + 23 =1 (or respectively ¥z + % + 2 = 1), where a,b, and c satisfy a® + b* = ¢?
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3.3 The Lorentzian Revolution Paraboloid
The definition of a revolution paraboloid involves distances from a point and a line in the Lorentzian space.

Definition 3.3. Given a fixed point F, the focus, and a fixed line [, the directrix, a Lorentzian revolution paraboloid
is the set of points P that are equidistant from F' and /.

If we assume that the coordinates of F' are (0, p,0), which is on the spacelike axis, the equation of the directrix {
is then y = —p. The point P(z, y, z) is then on the Lorentzian revolution paraboloid if and only if d(F, P) = d(M, P)
where M is the projection P on [. This yields

Va2 —p) - 22 = ly+pl
or taking the square of each side and simplifying,

z?— 22 = 4dpy
for an equation of the Lorentzian revolution paraboloid relative to the choosen coordinate system.

In a similar vein, we note that we would have taken the focus F'(0, 0, p), which is on the timelike axis, and the
directrix perpendicular to the z—axis, i.e., z = —p. Thus we can get easily,

2® +y? = —dpy.
Thus we give the following theorem:
Theorem 3.3. A point P(z,y, z) is on the Lorentzian revolution paraboloid determined by the focus F'(0, p, 0) (or respectively
F(0,0,p) ) and the directrix 1 : y = —p (or respectvely = = —p) if and only if 22 — 22 = 4py (or respectively x°® +y* = —4dpy).
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