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Abstract

In the present work, the author determine coefficient bounds for functions in certain subclasses of analytic
and bi-univalent functions. Several corollaries and consequences of the main results are also considered.
The results, which are presented in this paper, generalize the recent work of Srivastava et al. [21].
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1. INTRODUCTION

Let
R = (—00,00)

be the set of real numbers, C be the set of complex numbers and
N={1,2,3,---} :NOU{O}

be the set of positive integers.In the usual notation, let A denote the class of the functions of the form
flz)=z+ Zakzk (1.1)
k=2
which are analytic in the open unit disc

D={zeC:z|<1}.

Further, let S denote the subclass of all functions in A consisting of functions which are univalent in D (see
details in [8], [22] ).We know that every univalent function f € S has an inverse f~!, given by

i) =2 (z€0)

and
FUT W) =w. (Jwl<ro(f)iro(f) > §)

The inverse function f~!(w) = g(w) is defined by
g(w) = fHw) = w — ayw? + (243 — az)w® — (5a3 — 5asas + ag)w* + - - - . (1.2)

The Koebe one quarter theorem ([8]) ensures that the image of S under every f from S contains a disc of radius
%. If both of the functions f and f~! are univalent in S, then a function f € A is said to be bi-univalent in S. We
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shall demonstrate by ) the class of bi-univalent functions in S given by the Taylor- Maclourin series expantion
given by (1.1). The familiar Koebe function is not member of >". Many interesting examples of functions which
are in the class Y (or not in >_) can be found in the earlier works in Lewin [10] studied the class of bi_univalent
functions obtaining the bound |as| < 1.51, Brannan and Clunie [5] concectured that |as| < v/2 and Netanyahu ([12])
proved that max |az| = %7 for f € > . In recent years Srivastava et al. ([21]), Frasin and Aouf ([9]) investigated
various subclasses of the bi-univalent function class > and found estimates on the Taylor-Maclourin coefficient |as|
and |as| for functions in these subclasses. But a lot of researcher proved some results within these coefficient for
different classes (see [1-4, 6,7, 11, 17, 19]). The problem of estimating coefficients |a,,| , for n > 2 is still an open
problem. Recently Al-Shagsi and Darus [20] defined a function (G(n; z))~! given by

z

G(n;2) x (G(n;2)) ' = S

(A>-1,neN)

and obtained the following linear operator
D3f(2) = (G(n,2)) " f(2). (1.3)

As it is well known, G(n; z) is the polylogarithm function given by

ok
G(n;z):ZZ—n. (neC,zel) (1.4)
k=1
Forn=-1,G(-1;2) = 1% is Koebe function. For more details about polylogarthms in theory of univalent
-z

functions, see Ponnusamy and Sabapath [15] and Ponnusamy [14]. By using the explicit form of the function
(G(n,z))~1, for A > —1, we obtain

Zk” k‘”‘ 1) (D) (1.5)
Forn,\ € Ny ={0,1,2,3,...} Al _Shagsi and Darus [20] defined that
DR f(= —Z+Zk” k“_l) ab. (el (1.6)
If we take A = 0 in equation(1.6)then we obtain
Dif(z) =D"f(2) =z + i E"agz* (1.7)
which gives Séldgean’s differential operator [18]. Forn =0
DSf(z) =D°f(z) =z + i C(0,k)arz* (1.8)

k=2

where C(0,k) = (k+§_1) , 0 € Ng, which gives Ruscheweyh derivative operator [16]. It is obvius that the operator

DY included two well known derivative operators. Also we have

Dif(z) = DYf(2) = 2f (2). (1.9)

Making use of the polylogarithm functionD?} , we now introduce two new subclasses of 3. We investigate
estimates on the coefficients |as| and |as| for functions in these new subclasses employing the techniques used
earlier by Srivastava et al ([21]) and by Frasin and Aouf ([9]). Let P be the class of functions with positive real part
consisting of all analytic functions P : U — C satisfying P(0) = 1 and R(P(z)) > 0.

To prove our main result, we need the following lemma ([13]).

Lemma 1.1. If h € P then | ¢ |< 2 for each k, where P is the family of all functions h analytic in U for which
Re(h(2)) > 0,h(z) =1+ c12+ 222 +¢323 + ... forz € U.
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2. Coefficient Bounds for the function class H&" (), «)

Definition 2.1. A function f(z) given by (1.1) is said to be in the class Hy" (), «) if the following conditions are

satisfied "
D'ﬂ
fex, arg(/\z(z)> <% O<a<l:A\nueNy:zel) (2.1)
and ,
DY !
arg(>‘i(w)) <% O<a<l,:A\nu€eNgy:wel) (2.2)

where the function g is given by the equality (1.2). In this study, we will find the estimates on the coefficients | as |
and | a3 | for functions in the class H4 (A, ).

Remark 2.1. If we choose n = 0, A = 1 and p = 1 in Definition 2.1, then the class Hy"' (), &) reduces to the class H$
introduced and studied by Srivastava et al.[21] .

Theorem 2.1. Let f(z) given by (1.1) in the class Hy"' (X, @), 0 < o < Land X\, n, u € No. Then
2a

Vo3t A+ 1) (A +2) + 220 (A +1)2u(p — «)
and )
%o} 4o
< + . 24
as |< A+ DA +2)u  227p2(A+1)2 24)
Proof. It follows from inequalities ( 2.1) and (2.2) that
D7 f(2)\" o
({”) = [P(z)]* (z€U) (2.5)
and ()
D%g(w)\* o
(B) oy (wev) 26)
where p(z) and ¢(w) in P and have the forms
p(2) =1+ piz+p22” +psz® +... (2.7)
and
q(z) =1+ qz+ @ +¢2° + ... (2.8)
Now, equating the coefficients in equations (2.5) and (2.6), we find that
2" (A + 1)az = apy (29)
PAT VAL, 4 20Dy 4 1)203 = apy + A0 (2.10)
—2"u(A+ Das = aq (2.11)
and 3TA+1)(A+2 1 1
(A 2)( + );L(Qag —asz) + 7”#27 )22"()\ +1)%a3 = ag + 701(0427 )qf (2.12)
From (2.9) and (2.11), we get
P1=—q (2.13)
and
2(2°"p* (A + 1)%a3) = o®(p? + q7). (2.14)

Also from (2.10),(2.12) and (2.14), we obtain

ala—1)

' A+ DA+ 2)uas + p(p = 1)2"A+ 1)%a3 = alpz+a2) + ——— (T +47)
(o = 1272 (\ + 1)%a3

(07

a(pz + q2) +
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Therefore, we have
2 _ o?(p2 + ¢2)
23+ DA+ 2)ap+ 22 A+ 1)2u(u —a)

Applying Lemma 1.1. for the coefficients p; and ¢z, we have

a

2c
az|< V3P A+ DA+ 2)ap + 220 (A +1)2u(p — )

This gives the bound on |ag| as asserted in inequality (2.3). Next in order to find the bound on |a3|, by subtracting
(2.12) from (2.10), we find that

3"+ 1) (A + 2)uaz — 3"(A + 1) (A + 2)ua3

(2.15)
ala—1
=a(pz —g2) + %(Pﬁ —qi)
It follows from ( 2.13), (2.14) and (2.15) that
n n 042(]7% + QI)Q
thus,we have
n 3" (A + DA+ 2)ua®(pt + qf)
3 (>‘ + 1)(>‘ + 2)#@3 = Ol(pg - Q2) + 22n+1ug()\ + 1)2
or equivalently,
G — a(p2 — ¢2) o (p} + ¢7)
3 3+ DA+ 2 22 p2(A 4 1)2
Applying Lemma 1.1. for the coefficients p1, p2, g1, g2 we get
las| < da n 402
a .
=3+ (A +2)p | 272N+ 1)2
This completes the proof of Theorem (2.1). O

If we choose n = 0, A = 1 and p = 1 in Theorem (2.1), then we reduce the result by Srivastava et al. [21], as
follow:

Corollary 2.1. Let the function function f(z) given by (1.1) in the class H$(0 < o < 1). Then

2
las| < ay )/ ——
a+2

and

3. Coefficient Bounds for the Function Class By" (5, \)

Definition 3.1. A function f(z) given by (1.1) is said to be in the class Bg“ (B8, A) if the following conditions are
satisfied

fex, Re(l)?f(z))ﬂ>5 (0<B <1, A\n,ucNozeU) 3.1)
and . i
Re <Dki(w)> >B  (0<B<1,A\npueNy,wel) (32)

where the function g is given by (1.2).
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Remark 3.1. If we choose n = 0, A\ = 1 and ¢ = 1 in Definition (3.1), then the class By,* (3, A) reduces to the class
Hx(B), (0 < 8 < 1) introduced and studied by Srivastava et al. [21].

Theorem 3.1. Let f(z) given by (1.1) be in the class Bs,(5,\) 0 < g < 1, and X\, n, u € Ny. Then

4(1-5)
oz |< \/|3"(/\+1)(/\+2)u+u(ﬂ—1)2"(/\+1)2 &9
and 41— B) A(1 - B)?
las] < 3PA+1D)A+2)p+ p(p—1)220(A+1)2  220p2(A41)2 G4
Proof. It follows from 3.1 and 3.2 that there exist p and ¢ € P such that
(BLE) —sra-pp ) @)
and n "
<D*fﬁ”)) — B+ (1-Baw)  (weU) (36)

where p(z) and ¢(z) have the forms (2.7) and (2.8) respectively. By equating coefficients of the equations (3.5) and
(3.6), we get

2" (A + Lpaz = (1 - B)ps (3.7)
FAT VAL g, 4 = Doon (s 4 123 = (1 - ) 69
= 2"(A+ Dpaz = (1= B)p (3.9)
3T+ 12)@ +2) (202 — a3) + %2%@ +1)%2 = (1— B)ps (3.10)

From (3.7) and (3.9), we have
P1=—q (3.11)

and

2.227(\ +1)2p2a3 = (1 — B)* (03 + q1)? (3.12)

Also, from (3.8) and (3.10), we find that,
3" A+ DA+ 2)pal + p(p — 122" (A +1)%a3 = (1 - B)(p2 + ¢2)

Therefore, we have
2 (1—75)(p2 + q2)

2T 3T DO 2+ (i 122 (A 1 1) (3.13)

and
(1—8) (|p2| + |g2])

2
<
Jo3] < 30O+ DA+ 2)p + pu(pn — )220 (A + 1)2

Applying Lemmal.l, we get desired result on the coefficient |as| as asserted in (3.3). Next, in order to find the
bound on |as| by subtracting (3.10) from (3.8), we get

(3.14)

3" (A + (A +2)puaz — 3"(A+ 1) (A +2)pa3 = (1 - 8)(p2 — ¢2)
which, upon of the value of a3 from (3.12), yields

(1-8)%@F + i)

A+ DA +2paz =3"A+1)(A+2)u 22n+1(\ + 1)22

+ (1= B)(p2 — q2)-

Then,we have
. (1-B8)(p2 +a2) L (L= B2t +a)
ST A DA+ 2)p 4 p(p— )220 (A +1)2 T 2201 (A + 1)2p2
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Applying Lemma 1.1 for the coefficients p1, g1, p2 and g2 we obtain

lag| < (1 = 8) (p2| + lg2) n (1= B32(pal* + @)
=3+ DA+ 2)p 4 (e — 1227 (A 4 1)2 2201\ 4 1)22

which is the desired estimate on the coefficient |a3| as asserted in ( 3.4). O

If we take n = 0, u = landA = 1 in the Theorem (3.1), then we reduce Hx(5)(0 < 8 < 1) introduced and studied
Srivastava et all , as follow:

Corollary 3.1. ([21]) Let the function function f(z) given by (1.1) in the class Hx,(8)(0 < 8 < 1). Then

ol < 252

and . -
|a3|§( _B); - ﬂ)
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