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Abstract
We study in this work a class of h-Fourier integral operators with complex phase. These operators are
continuous on S (R"”) and on S’ (R™).
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1. Introduction

A Fourier integral operator is an operator that can be written in the form

@@= [ [ = w0.)f () duas )

f € S (R") (the Schwartz space). The function a (z,6,y) € C> (R" x RY x R™) is called the amplitude, the function
¢ (z,y,0) € C™ (]R” x RN x R”; R) is called the phase function. The study of these operators, which are intimately
connected to the theory of linear partial differential operators, has a long history and there is a large body of
results made by a several authors (see, e.g.,[2, 5-12]). The first works on Fourier integral operators deal with local
properties. We note that, K. Asada and D. Fujiwara [2] have studied for the first time a class of Fourier integral
operators defined on R".

In this paper we consider one of the most important problems in the theory of differential equations which is
the study of the h-Fourier integral operators with a complex phase, this type of operator is represented by formula
of the type

Caom = [ [ eo0aw,0.0) 1 ) dyas, 12

in which appear two C*°-functions, the phase function ¢ (z,y,0) € C> (R" x RN x R") and the amplitude
a(z,0,y) € C* (R" x RY x R") and a semiclassical parameter h € ]0, ho).

The purpose of this work is to generalize the notion of h-Fourier integral operators defined in [8] by considering
the phase function ¢ with complex values, and appling the same technique of [2] to show that the h-Fourier integral
operators with complex phase are well defined and they are continuous on S (R") and on S’ (R") ( the space
of tempered distributions). We give also a result where it is shown that these types of operators are stable by
composition.

When the phase function ¢ (z,y,6) = S (z,0) — yd, where S € C> (R? x R};C), the operator (1.2) will be a
particular case of h-Fourier integral operators with complex phase. In this case we will also give some hypothesis
on the phase function ¢ and the amplitude a.

Let us now describe the plan of this article. In the second section we recall the continuity of some general class of
Fourier integral operators on S (R") and on S’ (R™). The composition of h-Fourier integral operators with complex
phase is given in the third section. The last section is devoted to study the particular case.

Received : 26-09-2017, Accepted : 20-03-2018



78 C.A. Aitemrar & A. Senoussaoui

2. A general class of h-Fourier integral operators with complex phase
In this section we define the class of integral transformations of type
(i) ) (@) = [ [ eF0a(0,0,5) f 4) dya, 1)
Rn RN

where f € S(R"), 2 € R", h €]0,ho],and ¢ : R x RY x R" — C.
In general the integral (2.1) is not absolutely convergent, so we can use the technique of oscillatory integral
developed by Hormander in [10].

Notation 2.1. For (x,60,y) € R® x RN x R", we set

1/2
A@,0.y) = (1+1al® +Iyl* +1017)

The phase function ¢ = ¢ + i1 and the amplitude a are assumed to satisfy the following conditions:
(H1) ¢ :R" x RN x R" — C is a C* application.
(H3) V(a, B,7) € N* x NV x N* 3C,p5, > 0:

0207056 (2,0, 9)| < Cagy [X (a0, )7~ DD,

(H3) There exist real numbers K5, K2 > 0 such that

KX (2,0,y) < X(0y¢,090,y) < KaA(2,0,y),V (2,0,y) € RT x RY x R

(H3) There exist real numbers K7, K5 > 0 such that

KiX(z,0,y) < X(2,000,0:0) < K3\ (2,0,y) .V (2,0,y) € R} x Ry x Ry.

(Hy) V(2,0,y) € R* x RN x R : 1) (z,6,y) > 0.

For any open subset 2 of R x R}’ x R, u € Rand p € [0, 1], we set

Iy (Q) = {a € C™(Q): 102000 a| < Capy [N (x,a,y)]u%lauwwwn}'

For O = R} x R} x R, we denote e (Q) =1%.

Now if ¢ satisfies (H1), (Hz2), (Hs), (Hy) and a € T, we can give a meaning to the right hand side of (2.1), so
we consider g € S (R x RY’ x R), g (0) = 1.If a € I'f;, we define

xz 0

g2 Y

Qg ($797y) - g (0_7 0_7 O’) a(w,@,y), o> O
We have the following result concerning the boundedness of h-Fourier integral operators with complex phase

on S (R™) and on S’ (R™).

Theorem 2.1. If the phase function ¢ satisfies (H ), (Hz) , (Hs) and (H4) and if a € T}, then

1. Forall f € S(R™), limp_o [(I (ap,; h), f)] () exists for every x € R™ and is independent of the choice of the
function g. We set then
(I (a,¢;h), f) = lim (I (ap,¢;h), f)

p—ro0
2. I(a,¢;h) is a linear continuous operator from S (R™) into itself.

3. Furthermore, if ¢ satisfies (H3 ), s0 I (a,¢;h) € L (S (R™)) (here S’ (R™) is the space of all tempered distributions on
R")
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Proof. Let § € C§° (R™) such that suppd C [-1,2] and 6 = 1 on [0, 1].
Forall ¢ > 0, we set
2 2
e (a.0,y) = (12210001
ex(z,0,y)

From (H3) there exists C' > 0 for which we have on the support of w,

Aw0.) <€ (14 1) 4 i)

Choosing ¢ small enough we get that there exists a constant Cj, such that the inequality

Ma ) < Co (14 19P)°

holds in the support of w,.
From this inequality we can see that I (w.a,, ¢; h) f is an absolutely convergent integral and we have

lim [ (wsapv ®; ) f=1 (wsaa ?; h) f (2.2)

pP—>00

The continuity of the operator I (w:a, ¢; h) f from S (R™) into itself follows from (Hs) .
Next we study the limit lim,,_,o, I ((1 — we) ap, ¢; h) f. Consider the operator

ﬁ (Z?:l (ayj ¢’) aiyj + Zjvzl (89.7‘ d)) a%j)
i 10,61 + 000" '

One can show easily that ‘ ‘
L () = ¢, (2.3)

Let Q) be the open subset of R" x RY x R" defined by

£
Q= {(@.0.9).10,00" +|969]" > S\ (2.60,9)°}.

By recurrence we prove that:
For all integers ¢ > 0, and b € C> (R} x Rj’) , we have

(L) (A—w)b)= > gl ,000) (1—w)b), (2.4)

|l +[B]<q

where the gg, gareinl'y 7 (o) and depend only on ¢. In particular for ¢ = 0, we have

L= ZFja +ZGJM+H (2.5)

where F; € Ty (Q0), G € Tyt (Qo), H € T5%(Q) .
From (2.3) we have also for all integer ¢ > 0,

I((l—fa%)ap,¢;h)f(x>::J/ t/“ en 00 (L) (1~ we) ay, f) dydd. (2.6)
n IRN
But
("L)? (1 — w.) apf) described (when p varies) a bound of Iy ™7, (2.7)
and
T ()" (1 - w0) 0, ) (@.0.) = (L) (1 ) o) (2.0,3). 29)

forall (z,0,y) € R* x RN x R".
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To finish, we have forall s > n + N

/ / S (z,0,y) dydd < 4 A"V (2). (2.9)
n RN

From (2.6)-(2.9) and using the Lebesgue’s theorem we obtain

p—o0

lim T ((1—w.) ap, 6 h)f(x):/n /RN OO (\L)T (1~ w,) a, f; h) dydd, 2.10)

where ¢ satisfies ¢ > n+ N + pu.
The first assertion of the theorem can be proved from (2.2) and (2.10) .
Now let’s show the continuity of I ((1 — w,) a, ¢; k). From (2.5) and (2.10), we have

[((1—w)a,dh) f (2) = / / FO@ODYD (19, 4) B f (1) dydb, 2.11)
RN

IvI<q
with b € T#~%. On the other hand, we have
0P (e%‘bb(f) (sc,G,y)) € TeatlaltAl (2.12)
This property and (2.11) imply that, for all ¢ > n+ N + p + |a| + | 3], there exists a constant C,, g 4 such that
‘maafl((l —we)a,¢;h) f (x)‘ < Capyg suﬂg) |07 f (2)],
z€R™
l7I<q

which proves the continuity of I ((1 — w:) a, ¢; h).
The last assertion of the theorem is an immediate consequence of the second one, indeed the matter is to show

that the operator ‘ F' is continuous from S (R") to itself, where F' = I (a, ¢; h) . But 'F = I (?i, 5; h) , with

(E(l‘,@,y) = qb(y,e,m),
a(z,0,y) = a(yb,2).
Since ¢ satisfies (H3), then ¢ satisfies (Hs) , so we can deduce the result. O

Remark 2.1. We can obtain the same result if the hypothesis on ¢ are fulfilled only on the support of the amplitude a.

3. Composition of two h-Fourier integral operators with complex phase

In this section we prove that the composition of two h-Fourier integral operators with complex phase, have a
meaning, and give an operator of same type.

Theorem 3.1. Assume that the phase functions ¢, and ¢ satisfy (H1) , (Hz) , (Hs) and (Hy) . Set

¢($7072):¢1 (x7917y)+¢2 (y7927'z)’ (31)

with 6, € RM 0y e RNz € R" y € R", 2 € R, 0 = (01,y,02) . Then ¢ verifies (H), (Hz) , (Hs3) and (Hy), and for all
a1 € T, ax € T'G?, we have

I(ar, ¢13h) I (az, ¢23h) = I (a1 X a2, 3 h), 3.2)
where

(a1 X az) (2,0, 2) = a1 (x,01,y) az (y,02,2) .
Proof. We first observe that (H,), (H2) and (H,) are trivial. So we have to prove the condition (H3) .

We can see that the first inequality is evident, so it suffices to show that ¢ satisfies the following property:
there exists K > 0 such that

)‘(mvelay762az) S KA (z7az¢27ay¢l + ay¢27891¢1a892¢2) . (33)
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Applying (H3) to ¢1 and ¢, we get that there exists C' > 0 such that

A (l’, 913 Y, 927 Z) S CA (ayd)h 801¢1a Y, 892 ¢2a 8Z¢27 Z) ) (34)
but we have also
A(y) < C'X (99,602,022, 2) (3.5)
from (H3) applied to ¢, and
|ay¢2| < CU}‘ (yv 027 Z) < OW ()\ (892¢27 82¢27 Z)) ) (36)

from (H) and (H3) applied to ¢s.
Next we note that

|8y¢1| < |ay¢1 + ay¢2| + |8y¢2| . (3~7)

The inequalities (3.4)-(3.7) imply (3.3).
It remains to show the composition formulas. Consider for i = 1, 2, the sequences of functions

X (2. 05,y) = exp (—p" (Jaf* + 16 + 1y”) ) s (2,05, ) € R" x R xR

We can show that (3.2) is satisfied for

1_ 12 _ 2
a, = a1Xp, Ay = A2Xp-

But
Xp (2, 01,9) 2 (4,02, 2) = exp (—p" (Jal* + 2|y + 100 + 162" +|2%) ) .
Then it results that
lim (I (apaz, 65 1) f) (@) = (I (a2, 9) f: 1) (@) (3.8)

forall f € S(R™).
On the other hand, we have seen in the proof of Theorem 2.1 that there exists, foralll € Nand j = 1,2, an
integer M;; and a constant C;; > 0, such that, for all f in S (R") and p > 1, we have

11 (al, d53h) £l i < Crg I1f |l o s (3.9)

where B! (R") = {u € L* (R"),z*D%u € L* (R"), |a| + |8] < 1} .
So, for all fixed foin S (R™), g, = I (a2, ¢2; h) fo describes a bounded subset of S (R™) when p varies. Since S (R")

is a Montel space, we can extract a subsequence, denoting also g,, that converges in S (R") to g = I (a1, ¢2; h) fo,
but we have

1T (ap, ¢131) gp — 1 (a1, 615 h) g
< HI (all,ﬂﬁl;h) (9p —g)HBl + H(I (a;,qbl;h) —I(a1,¢15h)) gHBL . (3.10)

Even re-extract a subsequence, we can suppose that
I(a;7¢1;h)g_>1(ala¢l;h) 9, lnS(Rn) (311)
From (3.9)-(3.11), It follows so, that for all /, leaves to extract a subsequence, we have

1 (a;)7¢17h) 1 (a?)7¢27h) fO — I(a17¢1;h)l(a2a¢2;h) fO in Bl'
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4. The particular case

The purpose of this section is to study a particular case of the phase function ¢ which is very important in
Cauchy problems, see [13]. Consider ¢ of the form

¢($,y79) = S<x79) _yaa

and suppose that S satisfies:
(G1) S € C>® (R x Ry;C), where S = 51 +i55.

(G2) For all (o, 8) € N™ x N, there exist C, 3 > 0, such that

07055 (%0)( < Co g (@, ) l=180

(G3) There exists dg > 0 such that
2

0x00

inf |det

z,0ER™
(Gy) Y (x,0) € R" x RN Sy (x,0) > 0.

Remark 4.1. From (G») and (G3) and using the global inversion theorem we see that the mappings ¢ and ¢;
defined by

(#.0)| 2 o

w1 (x,0) = (2,0,5 (x,0)), @2:(x,0) = (0,095 (x,6)),

are global diffeomorphisms from R*" onto R" x C". Indeed we have

1, 0 0 I,
Jsol = <625' 8%s ) ) Jm = <a2s 825'> )

922 0xz00 0x00 002
and so )
| = [ Jpa] = |det ;x(fje‘ > 6o #0, forall (z,0) € R>",
Furthermore
et @00 = e gy 140 @)
oo™ = e gy 1B 0 @2)

where A (z,0) and B (z, 0) are respectively the cofactor matrix of ¢} (z,0) and ¢4 (z,6) . By (G2), we know that
|*A (x,0)| and ||! B (z, 0)|| are uniformly bounded.

Lemma 4.1. If S satisfies (G1) , (G2) , (Gs) and (Gy), then S satisfies the following inequalities:
() There exist Cy,Cy > 0, such that

|z| < C1A(0,09S), forall (z,0) € R*", 43)
0] < Co)(z,0,8), forall (x,0) € R*™. ‘
(ii) There exists C3 > 0 such that for all (z,0), (z',0") € R*",
[z — 2’| + 0 = 0'| < C3[|(0pS) (x,0) — (0pS) (2, 0)| + 0 — '] (4.4)
The proof of the Lemma is similar to that of [12, lemma 3.3]
Remark 4.2. When 6 = ¢’ in (4.4), we have for all (z,2’,0) € R3",
|z — 2| < C3((065) (x,0) — (955) (2", 0)] . (4.5)

Lemma 4.2. Assume that S satisfies (G1),(Gz),(Gs) and (G4) . Then the function ¢ (z,y,0) = S (z,0) — y0 satisfies
(H1),(Hz2),(Hs), (H3)and (Hy) .
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Proof. Ttis clear that (H;), (H2) and (H,) are satisfied. Let’s prove (Hs) .

First observe that the second inequality in (H3) is a consequence of (4.3) . Also from (4.3) we have

Az, 0,y) < A(2,0) + A (y) < Ca(A(0,05) + A (y)), Ca > 0.
Further 9,,¢ = —0;,and 0p,¢ = 0y, S — y;, s0
A(0,005) = A (0y9, 000 +y) < 2X(0y0, 099, y),
which implies for some C5 > 0,

A(2.0,) < Cy (2X (9,6, 9, y)) < C%A (9,6, 30, )

The condition (H3) can be shown in the same way.

O

Proposition 4.1. Assume that S satisfies (G1) , (Gz) and (G4) , so there exists a constant € > 0 such that the phase function

¢ given in (4.3) belongs to T'% (Q.) , where
Qe = {(2.0,9) € R 1055 (2,0) — y” < & (o> + lpl” + 107) }

Proof. The matter is to show that:
there exists ¢ > 0, such that for all o, 8,y € N”, there exist Cy 3, > 0 :

0200030 (2,0, )| < Capo A (2,0, (a6, € 0
For |y| =1, (for some j € {1,...,n},v; = 1) we have

0 .
8585(9)’{ 0 (=0, ey

020,070 (w,0,y)| =

and for |y| > 1, we have

a2ae (M,y)] —0.

Then the estimate (4.6) is satisfied. It remains the case || = 0.
But for all o, 8 € N with |a| + |8] < 1, and from (G2) there exists C, g > 0 such that

020, (2,0, )| =

02008 (2,0) — 9205 (40)| < Ca o) (,0,) 171D
If [af + |8] > 2, one has 5;’55¢ (z,0,y) = 5;*855 (z,0), and soin 0, . we have

[yl = 1008 (2,0) =y — 8pS (2,0)] < VE (|2 + |y + 10*) " + Co (x.6),
with Cs > 0. Choosing € small enough, to get a constant C; > 0 such that
ly| < C7A(z,0), V(x,0,y) € Qy e

Which prove the equivalence
A, 0,y) = A(x,0) in Qg ..
Therefore from the last property and (G2) we obtain (4.6) .

In virtue of the equivalence (4.8), we deduce the following result.

(4.6)

(4.7)

(4.8)

Proposition 4.2. If the amplitude a : (x,0) — a (z,0) is in I} (R} x RY) , then the amplitude b : (x,0,y) — a(x,0) is in

Iy (RE x Ry < R2) NT7 (Qg.0) , for k € {0,1}.

As a consequence of the previous calculus we obtain a result of boundedness of h-admissible Fourier integral

[1, 14, 15] operators with complex phase in S (R™) and 5" (R™).
Theorem 4.1. Let F}, be an integral operator of the form

(Fut) (@) = 2™ [ [ RSO0 0,) 6 (3) dya.

wherea € I'T "), k=0,1,h€]0,ho|and S satisfies (G1),(G2),(Gs) an 4) .Then F}, can be extended to a linear
h " Ri,e k h h d S satisfies (G G G d (Gy) .Th b ded li

continuous operator from S (R™) into itself, and from S’ (R™) into itself.
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