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Abstract — The telegraph equations are a pair of linear differential equations which describe the voltage and
current on an electrical transmission line with distance and time. In this paper the authors give a brief
overview of fractional calculus and extend its application to space-time fractional telegraph equation by using
Adomian decomposition method. The time- space derivates are considered as Caputo fractional derivate. The
solutions are obtained in the series form.
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1 Introduction

Fractional Calculus is a field of mathematical study that grows out of the traditional
definition of the calculus of integral and derivative operators in much the same way as
fractional exponents grew from exponents with integer value. It was originated from the L-
hospital and Leibnitz’s inquisition about considering the result if » was taken as half in the
n'™ derivative of a function. Fractional calculus is of great importance in the field of Science
and Technology as it is the generalization of ordinary differentiation and integration to
arbitrary order [1]. Telegraph equations are a pair of linear differential equations that are
very important due to their vast applications in high frequency transmission lines,
optimization of guided communication system, propagation of electrical signals and many
other physical and chemical phenomena. The theoretical background on transmission and
transmission lines including open wire lines was given by Tomasi [2]. The fractional
Telegraph equation has been studied extensively in literature. Cascaval [3] studied the time
fractional Telegraph equation with applications to suspension flows using the Riemann-
Liouville approach and presented asymptotic concepts. Orsingher and Beghin [4] obtained
the fundamental solutions of time-fractional Telegraph equations of order Za. Chen [5]
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discussed and derived the solution of the time-fractional telegraph equation with three
kinds of non-homogenous boundary conditions making use of the separation of variables
method. Momani [6] discussed the analytic and approximate solutions of the space and
time fractional Telegraph differential equations by means of the Adomian decomposition
method.

The Adomian decomposition method is a semi-analytical method for solving ordinary and
partial non-linear differential equations. This method has been introduced and developed
by Adomian [7,8]. This method has been used to obtain approximate solutions of a large
class of linear and non-linear differential equations [8,9]. This method provides solutions in
the form of power series with easily computed terms. It has many advantages over some
classical techniques. After Adomian, this method has been further modified by Wazwaz
[10] and more recently by Luo [11] and zhang and Luo [12]. Recently a lot of work has
been done to apply this method to a large number of linear and non-linear ordinary
differential equations, partial differential equations and integro-differential equations.

2 Mathematical Preliminaries

The Caputo fractional derivative of order & == 0 is defined as [13]

j”'“‘D”f[t]=1_| }j (t—1)" %t fM()dr, n—1<a<nneEN
CDF f(t) = oy (1
= ifa=neEN

m
Here D" = :—,n and JZ is called the Riemann-Liouville integral operator of order &« = 0.
-

According to this definition,

CDZA =0, f(t)=A
= f(t) = Constant

That is Caputo’s fractional derivative of a constant is zero.

Furthermore the relation between Riemann-Liouville fractional integral and Caputo
fractional derivative is given by the following relation,

JECDE £(£) = %" *CD(£) = J"CD(£) = f () - Zf"‘}[ﬂ]—

= CDZ f() — Epsi = '~’*3'tuj )

kl}n

The Laplace transform of Caputo’s fractional derivative gives an interesting formula

£{CDE F(D} = s°f(s) — Zpzh P (@)= 3
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The Weyl fractional integral and the Mellin transform

The Weyl fractional integral ;W * f(t) can be regarded as the convolution of ¢_{(—t)
with f(&) [14] so that,

W) == [T (x— )% f(x)dx @)

= @ (—t) = f(t) ®)

We next calculate the Mellin transform of the Riemann-Liouville fractional integrals and
derivatives.

oJEf () = =[x — )7t f(B)dt (©6)
" o=1
== [rxet(1-2)  f(o)at %)
Let
£=n=>t =xn = dt = xdn
x° N
> JH@=2 [ et fmdn (8)
Where '

@(n) = (1 —m " H(L-n), H()
is the Heaviside unit step function.

0, t<0
Hm_{l, t=0

Using the properties of the Mellin Transform of f(t), we obtain
" @ e Ta) Ip)
M{p(t)} = @(p) = [ " o(t)dt = = ©)

Now Mellin transform of , J #f(t) is given by

M-ag—p
-

M{,JEf (D)} = flp+a) (10)

The Mellin transform of ,DZf(t) is given by

M-pta
I—p

M[,DEf(t)] = flp—a) (11)

We next find the Mellin transform of the Weyl fractional integral

M) = o [T - D F(D)dt (12)
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M{ W f(x)}= T:in:'f(p + a) (13)
or
— —1( I =
W fy =M {2 fo+ o) (14)

Similarly the Mellin transform of Weyl fractional derivative is given by

MO 00} = =2 f(p —

W £ = M7 [ fo — )] (1)

Adomian decomposition method
To illustrate the method consider the following differential equation of the form
y=f(xy), y(a) =y (16)

In order to solve the problem, we put the highest degree differential operator £ on the left
side in the following way,

[15] Ly) = f(x.¥) (17)
Where the differential operator £ is given as
t
L= d dLt= f
- dx arn - ( 'j
0
Operate £~ on both sides of equation (17) and use the initial condition y(a) = y,, we get,
y(x) =y, + L7 (x,¥) (18)

The solution through Adomian decomposition method is obtained in an infinite series form
as

y(x) = X3z ¥ () (19)

where the components v, (x) are determined recursively. Moreover the non linear function
f(x,v) is defined by the infinite series of the form

flxy) = LhzoA4, (20)
by using equations (19), (20) in (18) we get

i () =y + LTHEE_ A (21)

n=0""n
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To determine the component y, (x), the zeroth component y, (x) is identified by the term
that arises from the initial condition. The remaining components are obtained by using the
preceding component.

3 Solution of the Space Time Fractional Telegraph Equation by Using
Adomian Decomposition Method

In this section, we have obtained a solution of following time and space fractional telegraph

equation using Adomian decomposition method. The space time telegraph equation is
given by

DX*ulx,t) + A Dfulx,t) = p Dfu(x,t], t=0, 0<a<1 (22)
subject to the boundary and initial conditions

u(x,0) = hy(x)
u,(x,0) = hy(x) (23)
ul0,t) = s(t)

we write (22) in an operator form as,

Df'xu=pL£u—ADfu (24)

-5'"3 alﬂ!
where Li =25 and the fractional differential operational D = Py is defined in the

Caputo’s sense as follows,

_ %ulxt)
ul(x, t) = P
1 n—o— n
s ==t fY(D)dr, n—1<a<mneN
B anf (25)
= ifa=neEN
Operating with ] 2* = J 2% on both sides of equation (24) and using initial conditions,
equation (23) yields
u(x,t) =u(x,ﬂ)-i—tur(x,ﬂj+f§'x[p:£.fu— ADfu] (26)
The Adomian’s decomposition method assumes a series solution for u(x,t) given by
ulx,t) = 2% _ u,(xt) (27)

Following Adomian method analysis, equation (26) is transformed into a set of recursive
relations given by

ug = hy(x) + th,(x) (28)
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Upgs = rzﬂ |:F’ LE U, — A Drﬂc un] (29)

Using the above recursive relationship and mathematics the first three terms of the
decomposition series are given by

uy = ulx,0) + tu,(x,0) (30)
ug = hy(x) +th,(x) 31
ul=jf“‘[p:£,£uﬁ— Aﬂfuﬁ] (32)
" B i
ug =J:° [p:% Uy — ,l;? uﬂ,] (33)
uy = J 2% [ufh, P (x) + th,P ()} — 2 DF {hy (x)° + by (x)t1}] (34)
w =72 a0+ e () = 2 {0 2225 1 e 50 ] 69)

w =125 [0 () + P ()} — 2 (D 2+ () | (36)

= [#U‘vf(xmf“ t°]+h2'g[ijf“t1]}— { i, (x) U @ 4= n:j_l_ h 'x} U;rxtl E]}] (37)

Iil—e)

= [ﬁ{hlﬂtxjufrx tDj-l-h:'E[x "xtij} { i, (x) U @y - c.:j_i_ R lx]l Ur‘rxti Ej}] (38)

Iil—e)
'Lt_ =
g riisuw) p0+2a B TIFL 4247 mlx) IMl-a) | _p47n
[ h l( -]1'_|1+L.+ x} + h: lx) 1—,:1+l+-‘ﬂ::.t } A%F(l—c}}'(l—rx—zﬂ}t t
hola)  Ii1ll &) l—a+2la )
riz «)li1ll =i2a) J'] (39)
, 2 +h g LIE+L . 5 LEtL
"= F’{ (x) 1‘." o ) i"(Zn:+2}} { (xjr +1}+ 2(%) ru:.z+z}} (40)
1‘12:1’:2&[!-5{5”1_*1{]:&”1] (41)
— 7 2x BS a"
Uq —_ft [#E'x_'g g — Aﬁ ‘Lt,l:| (42)
w =y [ 2 {1 (e G s + e () o) A{h () s +
hy(x jr +) } Aﬁ{ (h g(xj +1}+h'g( I +)) {h (xjr +1}

ROF== “3)
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. Fr #zh'z'sl:x-l:' e #!h z's'.x:' T 41 Mh'g':-"} ,.?._,'.L.i.h.,'gl:)‘-} "741]_
b2 — fr [{fl 2 +1) £ J.'l e+2) INa+1) ' INa+2)] ¢
pd g © ) & L M?‘ B g Zat 1 By lad o oy
flei ) (pegeey 4 a6 ( pepracy) - Z00) pere
A_hai( rxtrx-fl'\}
Tia+2) (44)
Which on simplification gives
u, =J 2= & % () pra g £ ®rs () 20 41 LR CO _Mhng':"}t:zﬂ _
z ¢ IMZe+1) IM2e+1) TMat+1) Tlet+1)
dun Pl g AP () ge1 g2 0_ 32 1]
{nm} t* + e b Aohy (x)t" — Ahy ()t 45)
U, =
#2?3-_1'9':1) 2o o 2o '1] Do 2 B+l Mh:'slzxj a & '1) 2o atd
|:.!'|:25:+:L} t )—I— .rl a:+“:l U ¢ j TFia+1) j Tlrx+"‘:) U t j
Aun P (x) asa A h:l. () e, 2 2o 2 2a
% t t )_:f”z—_'_:;: t t +1j+ ‘1' h‘i(ijt tﬁ)+‘q‘ h‘z(‘xjut tlj (46)
_ Wh B () T@atl)  sgize | whe ' (x) Ti142a+1) . 2041+2a B
Uy IfZa+1) I(1+2a+2a) T{2e+2) I(1%2a+1+2a)
wla Pl) Tatl)  pioe  wlhFla) Tl4atl)  igsze
Na+l) INitat2z) INa+2) IMit+a+lt2e)
.l;ah._'g':x:' Matl) a4ic Jl;.hzg(x} Filtatll g1947a n
INe+1) M1l+a+2a) INe+2) INite+i+2a)
2 T(1%0) .0+2a
Eh 1 (x ]r 1+0+2a } +
i M1+1) L147a
Ay (x) Ii1+1+2e) (47)
uy, =
2(y, 28 R, ) g BP0 )
( (= j*’-_ '1+13' (x jf‘l +2) E,u,l{h (xjra +1} (x jruarx+"} +
X +1
A (hl(x]n:rxu} iy (x jf”‘rx-l-"}) (48)
and so on. In this manner the rest of components of the decomposition series can be
obtained. the solution in series form is given by
u(x,t) =uglx,t) +uy(x,t) +u(xt) +-- (49)
ulx,t) = hyix) +thy (x)+ u;(h (x) + .FLn'E(.xj ) l(h e +
’ 1 1 Ny "x+1} I2a+3) 1% Iiz+1)
|x X +L
18 .G‘ o f
hy (%) } | (h [le_ rx+1} | Fy” * Msatz }}
.EI E g ; r:'.|x+'_
E‘Ld(h (2 j}.’.3a+1} ey (sz_ (3a+2)/ )+ (h (x j (2 +1}+ iy (x Jr. rx-f"‘}} (50)
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Special case

Setting @ = 1 and # = 2 in equation (50) we obtain the solution of classical telegraph
equation by

u(x,) = hy(x) +thy(2) +u (R FOS + 1P (D) - ARy (Dt +hy(0)T) +

2 (B 2B o (R Bl L R B 4 a2 £ N
2 (k) S+ B2 (0 ) — 2 (R () S+ R (0 5) + 22 (RS + Ry (6) ) 51

4 Conclusions

Clear conclusion can be drawn from the analytical results in equation (50) and equation
(51) that the Adomian method provides highly accurate numerical solutions without spatial
discretization for the problem. It is evident that the overall errors can be made smaller by
adding new terms of the decomposition series.
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