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Abstract

This paper introduces the Francois polynomials and Francois hybrinomials, which are generalized forms of the Francois numbers and
Francois hybrid numbers, respectively. We explore their recurrence relations, summation formulas, generating functions, and Binet-type
formulas. Moreover, we derive the Catalan, Cassini, and d’Ocagne identities for these polynomials and hybrinomials.
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1. Introduction

Integer number sequences are essential in mathematics and applied sciences, with applications involving number theory, combinatorics,
algebra, analysis, and computational mathematics. They also play a key role in algorithm development. In particular, well-known number
sequences such as the Fibonacci, Lucas, Pell, and Leonardo sequences serve as fundamental tools in the study of mathematical structures.
The Fibonacci and Lucas number sequences are known by the following recurrence relations (n > 2)

Fh=F,1+tF, with F=0 F=1, (L.1)
and
Ly=Ly-1+Ly—, with Ly=2, L;=1, (1.2)

respectively [19]. The recurrence relations (1.1) and (1.2) hold the characteristic equation
?—1—1=0, (1.3)
1-V5

whose roots are ¢ = and y = ~—">. As evident from the similarity of their recurrence relations (1.1) and (1.2), the Fibonacci and
Lucas number sequences share similar properties. Another sequence with a comparable structure is the Leonardo number sequence, which is

defined as follows (n > 2)

15
2

Ley=Ley 1 +Ley_n+1 (1.4)

with initial conditions Ley = Ley = 1 [10]. It is possible to come across many generalizations of these number sequences in the literature
[3,6, 11,13, 21, 27, 33, 34, 35, 41]. Some of these are Fibonacci, Lucas and Leonardo polynomials. The Fibonacci and Lucas polynomials
are introduced by Catalan [8] and Bicknell [5] as follows

Fy(x) =xF—1 (x)+F,—2(x) with Fy(x)=0, F(x)=1
and
Ly(x)=xLyp_1 (x)+Ly,—2(x) with Ly(x)=2, Lj(x)=ux,

respectively, where x denotes any variable quantity and n > 2. For more details on the properties and identities of Fibonacci and Lucas
polynomials, the reader is referred to [14, 15, 20]. The Leonardo Pisano polynomials are defined by the rule (n > 3) [22]

Ley (x) =2xLe,—1 (x) —Lep—3(x)  with Leg(x) =Lej (x) =1 and Lep(x) =x+2.
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Digkaya et al. [12] introduced the Francois number sequence, a variant of the Leonardo number sequence. The Francois number sequence is
defined by the recurrence relation (n > 2)

Fn=Fn1+Fr+1 with Fy=2 F =1 (1.5)
The recurrence relation (1.5) can be rewritten as (n > 3)

Fn =2F 1 — Fp_3,

which has the same initial conditions and satisfies the characteristic equation [12]

P22 4+1=0. (1.6)

The roots of equation (1.6) are ¢, y and 1, where ¢ and y are equal to the roots of equation (1.3). Alp [2] studied a generalized form of the
Francois number sequence, exploring various properties, including its generating function, Binet-type formula, and summation formulas.
Moreover, some relations between Fibonacci, Lucas, and generalized Francois numbers were examined by the author.

The complex, hyperbolic, and dual number systems are well known for their geometric and physical applications. For instance, these
numbers define the geometry of the Euclidean, Minkowski, and Galilean planes, respectively. Their algebraic properties and geometric
interpretations have been compared in Rooney’s paper [32]. In addition, they play a role in describing Euclidean, Lorentzian, and Galilean
rotations. Furthermore, complex, hyperbolic, and dual numbers can be represented as Clifford algebras associated with elliptic, hyperbolic,
and parabolic bilinear forms, respectively. A combination of these numbers, known as the hybrid number system, was introduced by Ozdemir
[30] with the set

K= {§0+i§1+s§2+h§3 80,8, 0, G eR, P =—1,e2=0,h* = l,ih:fhi:EJri}.

The elements { of this set are called hybrid numbers [30]. Some of the basic definitions given by Ozdemir [30] regarding hybrid numbers are
as follows: The character of the hybrid number § = §y +i{; + €&, + h{; is evaluated by

2 2
CO=C=G+& -0 -G-8,
where { = {y —i{; — €{» — h{3 is the conjugate of a hybrid number ¢. The norm of the hybrid number ¢ is defined by the real number

€1l = VIC(S)I-

The matrix equivalents of the hybrid number § is

| G+& Gi—8+8
M(C)_{CZ*CHL@ Go—& }

The matrix forms of the hybrid units 1,7, € and & are

1o . [o 1 -1 o1
1{0 1]» FLI 0}, ef{l 4] and hf[l 0]

Recently, researchers have shown interest in the hybrid number system. In particular, choosing the components of hybrid numbers from
well-known number sequences has yielded interesting results [4, 7, 9, 16, 24, 26, 28, 29, 36, 38, 40]. Szynal-Liana [36] introduced the
Horadam hybrid numbers and analysed their characteristics, including the Binet-type formula and generating function. The Fibonacci and
Lucas hybrid numbers are defined by the rules

FHy =F,+iF, | +€F 2 +hF, 3
and
LH, =L, + iLn+1 + 8Ln+2 + th+37

where F;, and L, denote the nth Fibonacci and Lucas numbers, respectively [36]. Kizilates [16], Tan and Ait-Amrane [40] studied on some
generalizations of the Fibonacci hybrid numbers. The hybrid Leonardo numbers are introduced by Alp and Koger [4] by

LeH, = Le, +iLe, 1 + €Lepip +hley s,

where Le, denotes the nth Leonardo number. The authors gave some of their algebraic properties including the recurrence relation,
generating function, summation formula, Binet-type formula, Catalan and Cassini identities. Szynal-Liana and Wtoch [38] defined the
Pell and Pell-Lucas hybrid numbers and described some of their algebraic properties. Catarino [9] and Bréd et al. [7] studied on some
generalizations of the Pell hybrid numbers. The components of hybrid numbers need not be limited to numbers only; they are chosen from
known polynomials or even functions [1, 17, 18, 22, 23, 25, 31, 37, 39]. Szynal-Liana and Wioch [37] generalized Fibonacci and Lucas
hybrid numbers by introducing the Fibonacci and Lucas hybrinomials. These hybrinomials are

FH, (x) =F (x) + iFn-‘r] (x) + 8Fn+2 (x) +hEl+3 (x) (1.7)
and
LH,, (x) = Ly (x) +iLp41 (x) + €Ln12 (x) + ALy 43 (x) , (1.8)

where F, (x) and L, (x) are the nth Fibonacci and Lucas polynomials, respectively [37]. The authors gave the recurrence relation, Binet-type
formula, Catalan, Cassini, d’Ocagne identities for the Fibonacci and Lucas hybrinomials. The papers [39] and [18] presented some
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generalizations of the Fibonacci hybrinomials. Kizilates [17] defined the Horadam hybrinomials and examined some of their special cases
and algebraic properties including the recurrence relation, generating function, Binet-type formula and summation formulas. The author also
obtained some identities and applications for the Horadam hybrinomials. The Pell hybrinomials are introduced by Liana et al. [23]. The
authors investigated some of their basic properties. Kiiriiz et al. [22] defined the Leonardo Pisano hybrinomials

LeH, (x) = Len (x) +iLep11 (x) + €Len12 (x) +hLlen i3 (x)

where Le, (x) denotes the nth Leonardo Pisano polynomial. They described some of their fundamental algebraic properties and identities.
Following the approach of the aforementioned papers, we introduce the Francois polynomials and Francois hybrinomials as generalized forms
of Francois numbers and Francois hybrid numbers, respectively. We examine their recurrence relations, summation formulas, generating
functions, and Binet-type formulas. Furthermore, we establish basic identities for the Francois polynomials and hybrinomials. The paper
expands on the algebraic aspects of the Francois hybrid numbers by incorporating a polynomial framework, providing further perspectives
for mathematical analysis and application.

2. Main Results

Definition 2.1. The Francois polynomials are defined by the recurrence relation for n > 3
In (x) =2xFp 1 (x) —Fn3 (x)7
with initials %y (x) =2, Z1 (x) = 1 and F (x) = x+3.

The first few Francois polynomials are

F3 (x) = 2%+ 6x -2,

Ty (x) =4x3 4+ 1207 —4x — 1
ﬁS(x):8x4+24x378x273x73,

Fe (x) = 16x° +48x* — 1623 —8x2 — 12x +2.

Note that for x = 1, the Francois polynomials yield the Francois numbers, the first few terms of which for n > 2 are 4,6,11,18,30,....

Definition 2.2. The nth Francois hybrinomial is defined by the rule
FHy (x) = Ty (x) +iFni1 (x) + €F i (X) + hFp i3 (x),

where F, (x) denotes the nth Francois polynomials.

The first few Francois hybrinomial are

FHy(x)=2+i+e(x+3)+h(2x*+6x—2),

FH (x) =1+ (x+3)+e(2x +6x— 2)+h(4x3+12x274x71),

FH, (x) = (x+3)+i(2x +6x— 2)+e(4x + 1247 —4x—1)+h(8x +24x% —8x? —3x—3),

FHy (x) = (2x% + 6x — 2)+1(4x + 1242 —4x—1)+6(8x + 2403 — 8x2 —3x —3) + 1 (16x° +48x* — 16x° — 8x2 — 12x +2).

Note that the Francois hybrinomials generalise the Francois hybrid numbers, as they yield the Francois hybrid numbers for x = 1. That is, the
Francois hybrid numbers are defined by

JO‘HH = <?n + l’:@n_‘_l + 8:?,1_‘_2 +h<g‘n+37
where .%,, is the nth Francois number.

Definition 2.3. The character of the Francois hybrinomials is
2 2 2
C(FH, (x)) = Fy (x) + Fpi1 (¥) = 2F 11 (X) Fugz (x) = Fy5 (%)

Theorem 2.4. The norm of the nth Francois hybrinomial is

|7 Hy (x) || =

Tt () =2F 1 (x) P2 (%) — 42T 25 () +4x T2 (%) T () .
Proof. Considering Definition 2.3, we have

I FZHn (|2 =17 () + Fp g (0) = 2Fns1 (1) T2 (x) = T3 (4)|
|f2( )+ T2 ()= 2T 41 () T (x) = (26 F 40 (x) — T (3))° |
=Tt (0) = 2F 11 (¥) T2 () =42 T 5 () + 45T 2 (%) T () |-

Theorem 2.5. The matrix form of the nth Francois hybrinomial is

o (5) + T2 (¥) Fut () = Fua (9 + Fuys ()]

M(FHL D = | 7, (1) = Fur (1) + Fars () o (x) = Frya (1)
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Proof. Using Definition 2.2 and the equivalents of the hybrid units, we have

MEH =70 ]+ 7m0 |+ mem )] Trmaml]]

which gives the desired result. O

Theorem 2.6. The Francois hybrinomials have the following recurrence relation

FHy(x)=2xFH,_| (x)— FH,_3(x).

2%xFHy—1 (X) = FHy3(x) =2x(Fp_1 (x) +iFn (x) + €Fpi1 (x) + hFpia (x))
- (ﬂn73 (x) + iyrﬁZ (x) + 89}1,1 (X) +h§n (X))
= (20T (x) = Fp3 (x)) +1 (2xF (x) — Fy—2 (x))
+&(2xF 11 (x) — Fu1 (%) +h (2xF 0 (x) — F (X))
= I (x) +iFps1 (X) + €Fpi2 (x) +hFp i3 (x)

= FHy(x).
O
Theorem 2.7. The generating function of the Francois polynomials is
s 24 (1 —4x)t+(3—x)¢?
)=y Fx)t"= .
8(1) n;o n (%) 1—2xt 413
Proof.
g)=Y Fu)" =Fo(0)+F1 ()1 +F2 ()7 + Y Fu (01"
n=0 n=3
=241+ (x+3)7 + ) (2xF 1 (x) = F3 (0))1"
n=3
=2+1+(+3)P+2 Y Fu () =P Y Ty ()"
n=3 n=3
=2+14+(+3)2+ 2t | Y Ty ()1 = Fo (x) - F (x)t) -3y Fps(x)"?
n=1 n=3
=241+ (x+3) 2+ 2t (g(r) —2—1)—3g(1).
Hence,
g (1) (1 72xt+t3) =24 (1—4x)r4+(3—x)7*
gives the desired result. O

Note that for x = 1 the generating function given in Theorem 2.7 turns into

i 234212
t) = Gt ="
g0 =Y A" =

which is the generating function of the Francois numbers [2].

Corollary 2.8. The generating function of the Francois hybrinomials is

FHy (x) + (FH; (x) —2x.F Hy (x))t + (FHy (x) — 2x.F H (x)) 12
1—2xt+13 '

G(1)=
Theorem 2.9. The Binet-type formula for the Francois polynomials is

Fn(x) = A19" + A2y +A3E",

where ¢, W and & are the roots of the characteristic equation P —2x24+1=0 and Ay,A),Az are

s 202+ ¢ (1—4x)+3—x 29ty (1—4x)+3—x s 2824+ E(1-4x)+3—x
T o-we-8 T v—ev-8 7T E-0)E-w
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Proof. By decomposing the generating function of Francois polynomials into partial fractions, we obtain
24 (1—4x)t+(3—x)?
g(t) = 3
1—2xt+t
A Ay A3
= + +
1—¢t 1—yr 1-Et
_ A -y (-8 +A (1—91) (1 -61) +A3 (1 —¢1) (1 —yr)
(1=¢r)(1—yr)(1-&1)
Thus, we have
24 (1—4x)t4+B—x)> =A; (1 —wt) (1 —E1) + Ay (1 — 1) (1 — E1) + A3 (1 — 1) (1 — wir) .
With some computations, Aj,A; and Az are obtained as desired. Additionally,
gt) =) Funlx)r"
A A A
A 2 3
n 1fq>zJr 17w+ 1—¢&t
CALY 6 A Yy A Y E
- n=0 n=0 n=0
=) (A1¢" +Ay" +A3E") 1"
n=0
Hence,
T (x) =A19" + A ¢ + A3E".
O
Theorem 2.10. The Binet-type formula for the Francois hybrinomials is
FHy(x) =A109" +Aryy" +A368",
where ¢ = 1+i¢ +e¢? +ho?, v=1 +iy+ ey +hyd, E=1+i€ +eE2 4+ hE3 and A1, Ay, A3 are as in Theorem 2.9.
Proof. Considering Definition 2.2 and Theorem 2.9, we have
FHy(x) =T (x)+iFp1 (x) + €Fpi2 (x) + hFyy3 (x)
= (419" + Ay +A3E") +i (19" + Ay T+ AEM )
+e (A1¢"+2 +A2wn+2 +A3§n+2) +h (Al¢n+3 +A2‘I/"+3 +A3én+3)
=A1 (1+i¢ +€9+hg>) ¢" + Ay (1 + iy +ey? + hy?) y' + Az (1 +i& + &2 +hE3) &N
=A199" +A yy" +A3EE".
O

Theorem 2.11. For n > 1, the Francois polynomials and hybrinomials satisfy the following summation formulas, respectively

- T () — =5x+6+Fu_1 (x) + Fn (x) — Fur1 (%)

i) i;offl(x)* 2(1-%) + ,

i) iﬁﬂ (x) = (1—2x) (FHy (x) + FHy () + FHy (x) + FHy—1 (x) + FHy (x) — FHyi (%)
A 2(1—x) :

Proof. i) Using Theorem 2.6, the following equalities hold

F3(x) =2xF(x)—Fp(x
Ty (x) =wF3(x)—F1(x

)

NAPINAY

)

T ()C) : 2)&%1,1 (x) - t702;173 (x) .

Summing the above equalities, we have

n n—1 n—3
Zﬁi(x) :ZxZa@,-(x)— ' Fi(x).
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We obtain

agE

2-2x)Y Zi(x) =Fo(x)+F(x)+F2(x) —2x(Fp (x) + F1 (x) + P (x) + Fn () + Fp1 (x) + F2 (x)

i=0
= =5x+64+F1 (x) + T (x) = Fup (x),

which gives the desired result.
ii) The proof follows a similar approach to that of (i).

O
Now, we provide an example to illustrate Theorem 2.11.
Example 2.12. The sum of the first four terms of the Francois polynomials is
Fo (x) + 1 (x) + T (x) + F3 (x) = (2) + (1) + (x+3) + (2x2 +ox— z) =22+ Tx+4.
The same calculation using Theorem 2.11 is as follows
3 —5x+6+.% (x) + F3 (x) — F4 (x)
Y AW =
= 2(1—x)
_ =Sx+ 6+ (x+3)+ (27 +6x—2) — (4 + 1202 —dx — 1)
B 2(1—x)
_ —4x3 —10x% +6x+8
N 2(1—x)
=22 +Tx+4.
Next, we present several basic identities for the newly defined polynomials and hybrinomials, derived from their Binet-type formulas.
Theorem 2.13. The Catalan identities for the Francois polynomials and hybrinomials are
i)
Fir (¥) Fnr () = FL(x)  =A1A0" "y (97— y")?
+ALA3Q"TEN T (97— &7)?
HAAZYTTEN T (Y = ET),
ii)
FHysr (x) FHy—r (x) — ﬂH,% () =A1A" Y (97— ") (M¢r - ﬂwr>
+A1A39"TET (9~ E") (9897 - E9¢7)
Ay (w &) (WEY — EwET).
Proof. i) Considering Theorem 2.9, we have
/a\nJrr (x) ﬁnfr ()C) _g‘nZ (x) — (A1¢n+r +A2Wn+r +A3§n+r> (A1¢n7r +A2W’17r +A3§n7r) _ (A1¢n +A2l[/n +A3§”)2
:A%¢2n +A1A2¢n+rwn—r +A1A3¢n+r§n—r +A2A1 wn+r¢n—r +A%l[/2n +A2A3Wn+r§n—r
+A3Alén+r¢n7r +A3A2§n+r"/n7r +A%§2n _A%(PZn _A%WZn _A%§2n
—2A1A29"y" —2A1A39"E" —2AA3y"E"
:AIAZ (¢n+rllln7r+ l[/"+r¢n7r _ 2¢nwn) +A1A3 (¢n+r€n7r + €n+r¢n7r _ 2¢”é")
+A2A3 (Wn+r€n—r + §n+rwn—r _ lelnén)
= A A" YT (97 — W)+ A A3QTIENTT (97 — )P ApAs YT EN T (y =€)
ii) The proof follows a similar approach to that of (i).
O

Corollary 2.14. The Cassini identities for the Francois polynomials and hybrinomials are

i)
Tt (1) Pt (0) = T2 (x) = A1420" Y"1 (9 —y)?
FAA39 T E (¢ — &)?
FA ARy IE (Y - €,
ii)

FHyr (¥) FHy 1 ()= FHZ(x) =A14290" 'y~ (9= v) (9y0 — yoy)
+A1A39" 1 E (9 - 8) (90 - £9¢)
A2y 1E (y— &) (vEy — v ).

Theorem 2.15. The d’Ocagne identities for the Francois polynomials and hybrinomials are
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i)

Fm (X) Tl (X) = Pug1 () P (x) =A1A2 (0 — ) (9" Y™ —y""¢™)
+A1A3 (¢ — &) (¢"E™ —E"9™)
+A2A3 (W = &) (y"EM = EMy™),

ii)

FHy () F Hy1 (x) = FHpi (0) FHy (1) = 4142 (9= y) (00" v — woy"o™)
+A1A3 (0~ &) (989mEm — EoEmom)
+AzAs (y - &) (vEyrem -~ Eery)

Proof. According to the theorem 2.9, we obtain
i)
(A1¢Wl +A2Wm +A3§m) (A1¢11+1 +A2Wn+1 +A3§n+l) _ (A1¢m+1 -‘rAzl[/erl +A3!g'm+l) (A1¢m +A2Wm +A3§m)

:A%¢m+n+l +A]A2¢ml[/n+1 +A1A3¢m€n+l +A2A11[/m¢n+l +A%wm+n+1 +A2A3wm§n+l
+A3A1§m¢”+1 +A3A2§mwn+l +A%§m+n+l _A%¢m+n+1 —A1A2¢m+ll//" —A1A3¢m+1§”
7A2A1l[/m+]¢" 7A%l[/m+"+] 7A2A3l[/m+lén 7A3A2(§m+1 wn 7A3A2§m+1 Wn 7A§§m+n+l

:A1A2 (¢mwn+l + lI/m¢n+1 _ ¢m+1wn _ l[/m+l¢n) +A1A3 (¢m§n+l +ém¢n+l _ ¢m+l§n _ ém+1¢,n)
+A2A3 (wnl§n+1 +§ml,l/n+1 _ Werlé" _ §m+1wn)

=A1 A2 (¢"Y" (W= 9)+y"9" (9 —y)) +A1A3 (98" (E—9) +E"9" (¢ —E))
FA2A3 (Y"S" (E—y) + &My (- <))

=A1A2 (¢ — ) (9"y" —y"9") + A1A3 (¢ — §) (9"E™ — E"P™) +ArA3 (w — &) (w"E™ —E"y™).

ii) The proof follows a similar approach to that of (i).
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