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The aim of this study is to examine the cognitive strategies that academically successful 
middle school students employ when solving problems involving fractions, and to 
explore how these strategies influence their mathematical thinking and problem-solving 
processes. Adopting a qualitative case study design, the research involved students from 
5th to 8th grades who demonstrated high achievement in mathematics. Data were 
gathered through a semi-structured interview form that focused on key components 
associated with reasoning about fractions—such as estimation, operational 
understanding, reference benchmarks, magnitude comparison, and equivalence. 
Content analysis and thematic coding techniques were used to analyze the data. The 
findings suggest that students' strategy use is closely related to their conceptual and 
procedural understanding of fractions. Students who employed intuitive, flexible 
strategies demonstrated deeper mathematical reasoning, while those who relied on rule-
based methods produced more procedural and limited responses. These cognitive 
patterns were directly reflected in the nature and effectiveness of their mathematical 
thinking. The study also suggests that reasoning about fractions develops through 
instruction and can be observed at varying levels—basic, intermediate, and advanced. 
Accordingly, number sense should be approached as a foundational competence in 
mathematics education. Instructional practices should integrate visual models, 
estimation activities, conceptual tools, and strategy-based tasks to better support 
students’ mathematical development. 
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Introduction 

Mathematics is more than a collection of procedures and calculations; it is a discipline that fosters logical reasoning, 
abstract thinking, and adaptive problem-solving abilities in learners. In modern educational discourse, mathematics is 
recognized as a key driver of higher-order thinking skills that enable individuals to interpret and navigate complex, data-
rich environments (OECD, 2021). The ability to analyze patterns, generalize relationships, and apply flexible strategies 
across various contexts is essential not only for academic success but also for informed decision-making in everyday life 
(NCTM, 2020; Boaler, 2016). Mathematical proficiency involves far more than procedural fluency; it requires a deep 
conceptual understanding that connects mathematical ideas and enables meaningful transfer between situations 
(Kilpatrick, Swafford, & Findell, 2001). Consequently, there has been a pedagogical shift from teaching isolated 
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techniques to cultivating students’ reasoning, sense-making, and flexibility in approach. Within this vision, foundational 
constructs such as number sense play a critical role in supporting students’ cognitive development and long-term 
mathematical achievement. 

Number sense is a foundational cognitive construct that supports the development of essential mathematical 
competencies such as estimation, numerical reasoning, and mental computation (Sowder, 1992; McIntosh et al., 1992). 
It is broadly understood as an individual's intuitive grasp of numbers and their relationships, enabling adaptive strategy 
use and flexible problem solving. Recent research continues to refine our understanding of number sense by identifying 
core components—such as number recognition, magnitude comparison, and estimation—and examining their 
trajectories across development (Jordan, Devlin, & Botello, 2022). In particular, numerosity perception—the ability to 
estimate the quantity of objects without counting—has emerged as a key early indicator of number sense. A recent study 
by Morín, Depaepe, and Reynvoet (2025) demonstrates that children’s accuracy in perceiving numerical magnitudes 
improves significantly with age, supporting the sharpening hypothesis, which posits that internal numerical 
representations become increasingly precise over time. These findings highlight the dynamic nature of number sense 
and its critical role not only in early mathematics but also in the transition to more complex domains such as fractions, 
ratios, and proportional reasoning. The developmental strengthening of numerical acuity suggests that educational 
interventions should aim to nurture number sense not only in early childhood but also throughout primary and middle 
school. 

While number sense is often discussed in the context of whole numbers and early arithmetic, its importance becomes 
even more pronounced in domains that require abstract and relational thinking—such as fractions. Fractions are 
conceptually complex because they challenge students to work with quantities that are neither discrete nor whole, 
requiring part-whole reasoning, multiplicative thinking, and flexibility in representation (Siegler & Lortie-Forgues, 
2015). Many students struggle with these ideas because they lack a robust number sense that enables them to make sense 
of non-unit quantities, estimate magnitudes, or predict the effects of operations. Researchers have emphasized that the 
same cognitive foundations supporting number sense—such as magnitude comparison, estimation, and strategy 
flexibility—are essential when working with fractions (Clarke & Roche, 2009; McNamara & Shaughnessy, 2015). 
Students who demonstrate strong number sense tend to approach fractional problems with multiple strategies, question 
the reasonableness of their answers, and shift flexibly between representations. In contrast, students with procedural 
understanding but weak number sense often rely on rote algorithms without comprehending underlying relationships, 
which can lead to persistent misconceptions and errors. This highlights the necessity of extending number sense 
frameworks into fractional contexts to better support conceptual understanding. 

Although the term “fraction number sense” is not defined through a universally accepted framework, various 
researchers have identified key dimensions that reflect how learners reason about and make sense of fractional quantities. 
According to Reeder and Utley (2007), fraction number sense involves intuitive thinking about part-whole 
relationships, flexible use of benchmark values, and the ability to make reasonable judgments about magnitude and 
equivalence. These ideas align with broader number sense principles—such as estimation, comparison, and 
representation flexibility—applied specifically within the context of fractions (Clarke & Roche, 2009; McNamara & 
Shaughnessy, 2015). In their study of prospective elementary teachers, Utley and Reeder (2012) found that even high-
performing teacher candidates struggled to apply conceptual reasoning when confronted with fraction tasks that 
required more than procedural execution. This underscores the need to foster fraction number sense as a distinct 
construct that enables learners to approach problems flexibly, compare values meaningfully, and explain their reasoning 
through multiple representations. Recent international research further supports this perspective. For example, Sukma, 
Somakim, and Indaryanti (2021) demonstrated that students’ ability to solve fraction problems was closely linked to 
their number sense skills—particularly estimation, proportional reasoning, and strategy flexibility. These findings 
reinforce the relevance of fraction number sense in classroom instruction and suggest that teaching practices should 
prioritize the development of these skills. Based on this literature, the present study adopts a framework incorporating 
estimation, operational reasoning, benchmark use, and equivalence construction as key components in examining 
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students’ cognitive strategies. 
In the context of Turkish mathematics education, instruction on fractions has traditionally relied on the use of 

concrete materials and procedural algorithms, particularly in earlier grades. Tools such as fraction circles, number lines, 
and area models are frequently used to introduce part-whole relationships and basic operations (Güler & Uçar, 2022). 
However, several studies suggest that these approaches are often implemented in a limited way, focusing on mechanical 
application rather than fostering conceptual depth or strategic reasoning (Cetin & Yapıcı, 2023; Altun & Kara, 2021). 
Classroom practices in Turkey tend to emphasize correct procedures—such as converting between forms or finding 
common denominators—over multiple-solution strategies or estimation-based thinking. As a result, many students 
develop procedural fluency without a corresponding conceptual understanding of fractional magnitudes or the effects 
of operations. This disconnect can hinder their ability to apply flexible strategies or transfer knowledge to unfamiliar 
contexts (Yılmaz & Yeşildere-İmre, 2018). These findings reveal a critical gap in instructional design: while concrete 
representations are valuable, they must be complemented by opportunities for students to engage in comparison, 
justification, and strategy selection. Without these, the development of fraction number sense remains limited, even 
among high-achieving learners. Accordingly, this study aims to investigate how academically successful students in 
Turkey employ number sense components when reasoning about fractions. 

Although number sense has been widely studied in relation to whole numbers and basic arithmetic, recent research 
highlights a significant gap in understanding how number sense operates within the domain of fractions—particularly 
among middle school students. While some studies have examined strategy use and flexibility in fraction problem-
solving, there remains limited insight into how academically high-achieving learners employ number sense components 
in cognitively demanding tasks (Utley & Reeder, 2012; Sukma et al., 2021). Furthermore, few studies have investigated 
how these students navigate between procedural and conceptual approaches or how their strategies reflect deeper 
mathematical reasoning. This study seeks to contribute to the field by exploring how high-achieving middle school 
students in Turkey demonstrate number sense in fraction-related problem-solving contexts. By examining strategy use 
across multiple dimensions—such as estimation, benchmark reasoning, and equivalence construction—the study aims 
to offer a more nuanced understanding of students’ cognitive processes and the instructional practices that support 
them. Addressing this need can help inform future curriculum design and teacher education by highlighting the 
importance of fostering conceptual flexibility alongside procedural competence. 

To achieve this goal, the study addresses the following research questions: 
Ø How do academically successful middle school students apply number sense components when solving fraction 

problems? 
Ø In what ways do intuitive and flexible strategies differ from rule-based approaches in terms of conceptual 

understanding and solution efficiency? 
These questions are investigated through a qualitative case study approach, which allows for an in-depth exploration 

of students' reasoning processes and strategic patterns across different grade levels. The following section describes the 
research design, including participants, data collection tools, and analytical procedures. 

Method 
Research Design 
This study was designed using a qualitative approach and is based on a case study method. Case studies aim to examine 
a specific phenomenon or situation within its natural context, allowing for a deeper understanding of cause-and-effect 
relationships (Creswell, 2013). Ahmed and Williams (1997) define case study as a method in which multiple data 
collection tools are used to understand the complexity of an event and evaluate it in its natural setting. In this study, the 
components of fraction number sense are addressed in relation to students’ solution strategies. 

Study Group 
The study group consisted of eight middle school students selected through criterion sampling. The participants were 
identified based on two key criteria: high academic achievement in mathematics and demonstrated interest in the subject. 
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Two students were selected from each grade level (5th, 6th, 7th, and 8th), and all participants volunteered to take part 
in the study. Information regarding the participants is presented in the table below.  
Table 1: Grade levels and mathematics achievement of participants 

Participant Code Grade Level Academic Note out of 100 
S 5.1  5th  grade  92 
S 5.2 5th  grade 90 
S 6.1 6th  grade 86 
S 6.2 6th  grade 90 
S  7.1 7th  grade 90 
S  7.2 7th  grade 92 
S 8.1 8th  grade 90 
S 8.2 8th  grade 93 

Data Collection Instrument 
The data collection tool used in this study was the “Fraction Number Sense Interview Form,” originally developed by 
Kartal (2016) based on the number sense standards proposed by McIntosh (1992). The form has undergone validity and 
reliability procedures. It consists of 15 open-ended questions designed to assess students' understanding of five key 
components of fraction number sense: equivalent representations, numerical estimation, operational effects, magnitude 
understanding, and use of reference points. The distribution of the questions according to these components is 
presented in the following table. 
Table 2. Distribution of items in the assessment tool according to number sense components 
Component Sample Question Text 

Equivalent Representations “Explain if 4/6 and 2/3 are equal. How do you know?” (Q1) 
Numerical Estimation “Estimate whether 3/4 is closer to 1 or 1/2. Explain your reasoning.” (Q3) 

Operations Effects “What happens when you multiply 1/2 by 3? How is it different from 1/2 + 3?” (Q4) 

Numerical Magnitudes “Arrange the fractions 1/3, 2/5, and 3/7 from smallest to largest.” (Q6) 

Reference Use “A store is 1/8 km and a school is 1/4 km from the midpoint of a road. Show their 
positions on a number line.” (Q10) 

Data Collection Process 
The data collection process of this study was carefully planned and implemented in accordance with the research 
objectives. The process consisted of the following stages: 

In the initial phase, the “Fraction Number Sense Interview Form” was thoroughly reviewed to evaluate the extent to 
which it covered the components of fraction number sense. Expert opinions were obtained to support this evaluation, 
and a pilot study was conducted to ensure that the questions were clear and comprehensible. Participants were selected 
using criterion sampling. The selection criteria included students’ high academic achievement in mathematics and a 
demonstrated interest in the subject. Two students from each grade level (5th, 6th, 7th, and 8th) were voluntarily 
recruited, resulting in a total of eight participants. The interviews were conducted in settings where students could feel 
comfortable and were free from external distractions. A separate room was prepared for each interview to minimize any 
potential interruptions. All participants received the same instructions to ensure standardization across interviews. Each 
interview was conducted individually and lasted approximately 30 to 40 minutes. Written responses obtained during 
the interviews were compiled along with the researcher’s notes and observations. All data were stored in accordance with 
ethical research principles, ensuring the confidentiality of the participants. Both physical and digital data were securely 
stored and accessible only to the researcher. During the pilot study, linguistic issues and ambiguous expressions that 
students found difficult to understand were revised before moving on to the actual data collection phase. This 
contributed to a more efficient and fluent interview process. After the interviews were completed, student responses 
were reviewed to check for missing or unclear information before beginning the analysis process. In cases where 
clarification was needed, students were contacted again for follow-up explanations. This detailed and systematic process, 
aligned with the principles of qualitative research, ensured transparency, rigor, and consistency during data collection. 
Closely monitoring how students approached and responded to the interview questions allowed for an in-depth analysis 
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of their strategies and thinking processes. 
Data Analysis 
The collected data were analyzed using a descriptive analysis method. The responses were categorized under five 
components of fraction number sense (equivalent representations, numerical estimation, operational effects, magnitude 
understanding, and use of reference points). For each component, the strategies employed by students were examined 
and classified as number-sense-based, rule-based, or incorrect. These strategies were coded and analyzed according to a 
predefined evaluation rubric. 

To increase the transparency of the analysis, Table 3 presents one representative example for each number sense 
component. Each example includes the task, a sample student response, the coded strategy type, and an interpretive 
comment from the researcher. This structure was used consistently across the full dataset during coding and thematic 
analysis. 
Table 3. Sample analysis for each fraction number sense component 

Component Example Question Sample Student 
Response 

Strategy 
Type 

Researcher’s Analysis 

Equivalent 
Representation 

Are 4/6 and 2/3 equal? 
Explain. 

“I drew two circles. Both 
looked the same, so yes.” 

Number-
sense-based 

The student used a visual 
model and proportional 
reasoning to determine 
equivalence. This reflects 
conceptual understanding 
beyond procedural rule. 

Numerical Estimation Is 3/4 closer to 1 or 1/2? “It’s more than half. It’s 
close to 1 because 2/4 is 
half and 3/4 is more.” 

Number-
sense-based 

The student used 
benchmark comparison 
with 1/2 and 1, indicating 
estimation skills and 
flexible magnitude 
reasoning. 

Operational Effects Multiply 1/2 by 3. How 
is it different from 1/2 + 
3? 

“1/2 × 3 is 3/2. That’s 
like having 1/2 three 
times. The other one 
adds whole numbers.” 

Number-
sense-based 

The student correctly 
differentiated 
multiplication and 
addition through context 
and meaning, showing 
operational awareness. 

Magnitude 
Understanding 

Which is greater: 2/5 or 
3/7? 

“2/5 is more. Because 
2/5 is 0.4 and 3/7 is less 
than 0.5.” 

Rule-based Although the student 
arrived at the correct 
answer, the strategy was 
procedural (decimal 
conversion), not 
conceptually grounded. 

Reference Use A shop is 1/8 km and a 
school is 1/4 km from 
midpoint. Show it on a 
number line. 

“1/4 is farther than 1/8. 
So there is 1/8 between 
them.” 

Number-
sense-based 

The student applied 
knowledge of reference 
equivalency (1/4 = 2/8) 
and visualized spatial 
relationships, indicating 
strong relational reasoning 

 
In qualitative research, validity is related to the credibility of the findings and the extent to which the study addresses its 
intended purpose. To ensure validity and reliability, the following steps were taken: 

Validity and Reliability 
The “Fraction Number Sense Interview Form” used in this study was originally developed by the researcher in a previous 
master’s thesis study (Kartal and Pırasa, 2022) and underwent a comprehensive validity and reliability process. Content 
validity was ensured through a two-tier expert review process. The initial version of the form was evaluated by a total of 
12 experts, including three PhD-holding mathematics education scholars, one educational measurement and evaluation 
expert, and eight in-service middle school mathematics teachers (one of whom was also a graduate student). Experts were 
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asked to rate how well each question aligned with its intended number sense component using a 5-point Likert scale and 
to provide written feedback on clarity, representational accuracy, and appropriateness. Based on their input, the 
wording, focus, and alignment of several questions were revised. The pilot implementation of the form was conducted 
in two phases. First, five 8th grade students participated in a preliminary trial to identify issues of comprehension and 
task appropriateness. A second pilot with two additional students was used to confirm adjustments. Based on these pilot 
results, the initial item pool of 30 questions was refined to 15 final items to ensure clarity, focus, and alignment with 
number sense components. Inter-coder reliability was tested by having two researchers independently code 20% of the 
dataset. The resulting Cohen’s Kappa coefficient was κ = 0.82, indicating a high level of agreement. After resolving 
discrepancies through discussion, the remaining data were coded accordingly using the agreed-upon rubric. Finally, 
thematic saturation was reached during the analysis process. No new strategies or cognitive patterns emerged in the later 
stages of coding, which indicates that the identified themes were both analytically sufficient and consistently observed 
across different grade levels and item types. 

Findings 
Exploratory Factor Analysis (EFA) 
In this section, the findings are systematically presented in line with the research questions. The first sub-question 
addressed is: “How do the solution strategies related to the components of fraction number sense shape the 
mathematical thinking and problem-solving processes of academically successful middle school students?” 

In accordance with this sub-question, students' strategies were analyzed across the five core components of fraction 
number sense: numerical estimation, operational effects, magnitude understanding, use of reference points, and 
equivalent representations. The data were evaluated under three categories—number-sense-based strategies, rule-based 
strategies, and incorrect responses—and supported with qualitative examples. 

Table 4. Frequency of middle school students’ fraction number sense 
  5th Grade 6th Grade 7th Grade 8th Grade   
  5S1 5S2 6S1 6S2 7S1 7S2 8S1 8S2 NS 

(%) 
Numerical 
Estimation 

Q3 W W W W RB W RB W %12 
Q7 RB RB RB RB RB RB W RB 
Q12 W NS W NS NS B RB W 

Operations 
Effects  

Q4 W RB W W W W W W %4 
Q8 W NS W RB B RB RB W 
Q15 B B B B Y B KT W 

Numerical 
Magnitudes 

Q6 W RB B W RB RB W W %12 
Q9 B RB B RB NS RB W RB 
Q13 W RB W NS NS B RB W 

Reference Use Q10 B NS B B NS B B B %58 
Q11 W NS NS NS NS NS NS NS 
Q14 NS NS NS NS NS NS NS RB 

Equivalent 
Representations 

Q1 NS NS NS NS NS NS NS NS %44 
Q2 W RB RB RB NS RB RB RB 
Q5 B B RB B NS RB RB RB 

Genel NS 
Count 

2 NS 
 

7NS 
 

3NS 
 

5NS 
 

9NS 
 

2 NS 
 

3 NS 2 NS %33 

 RB 
Count 

1RB 
 

5RB 3RB 
 

4 RB 
 

3 RB 
 

7RB 
 

7 RB 
 

5 RB 
 

%30 

NS (%)  %13 %46 %33 %33 %60 %13 %33 %13  
RB(%)  %1 %33 %33 %26 %20 %46 %46 %33  

NS: Number-Sense-Based True Response, RB: Rule-Based True Response, W: Wrong Answer or Explanation, B: Blank 
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Numerical Estimation Component 
An examination of Table 3 reveals that the percentage of correct responses to items measuring students' numerical 
estimation skills was calculated as 12%. It was observed that students had difficulty particularly in placing fractions 
accurately on a number line and in intuitively estimating their magnitude. Although most students employed rule-based 
strategies for this component, these approaches often led to incorrect results. For example, student 7S2 stated that “one-
quarter is half of one-half,” effectively using reference points on the number line and highlighting visualization skills. 
This illustrates an intuitive, number-sense-based strategy. 

Question 11 on the interview form asked students to compare the area taken up by one-half and one-quarter of a 
large lahmacun using visual reasoning. This item was designed to measure numerical estimation by prompting students 
to make intuitive comparisons based on part-whole relationships without relying on symbolic operations. In the case of 
student 7S2, the response was categorized as a number-sense-based strategy due to the use of direct visual comparison 
and reasoning based on physical size rather than formal calculation. The student’s drawing showed an accurate 
conceptualization of the fractional sizes, clearly representing that one-quarter occupies less area than one-half. In the 
written response, the student stated: “Because you can see in my drawing that one-quarter takes up less space. The other 
one is larger.” This demonstrates effective use of visual benchmarks and supports the classification of this strategy as 
estimation-based and conceptually grounded. 

 

Q11. Between half and a quarter of the lahmacun 
shown, which one takes up more space in a storage 
container? 
A) Half 
B) Quarter 
C) Both take up the same amount of space 
D) Other answer 

Figure 1. 7S2's Response Demonstrating Fraction Number Sense 

7S2: Teacher, because you can see in my drawing that one-quarter takes up less space. The other one is larger. 
This drawing effectively demonstrates the student’s visualization skills and their success in conceptualizing 
the relative magnitudes of fractions. 

Operations Effects Component 
Question 4 in the interview form was designed to assess students’ conceptual understanding of operational effects. In 
this task, students were asked how many 3/5 ml syringes are needed to divide a 20 ml tetanus vaccine dose equally. The 
purpose of the question is to evaluate whether students can correctly choose the operation (division vs. multiplication) 
and understand the logical effect of the operation within the problem context. Student 7S1 misapplied the operation. 
Although the correct approach is to perform 20 ÷ 3/5, the student instead attempted a procedural manipulation without 
interpreting the meaning of the operation. For example, the use of equations like 3/5 ÷ 20 or partial attempts to invert 
and multiply fractions indicates confusion. While the student appears to recall the algorithm (e.g., invert and multiply), 
they failed to link it meaningfully to the context of the problem. This response was therefore coded as a rule-based 
strategy. It reflects reliance on mechanical procedures without conceptual understanding of how and why the operation 
applies in this situation. This type of misconception also explains why this component had the lowest success rate in the 
study (only 4% correct). 

 

Q4. You need to help distribute 20 ml of prepared 
tetanus vaccine into syringes that hold 5 ml each. 
In this case, how many syringes do you need? 
A) More than 20 
B) Less than 20 
C) 20 syringes are enough 
D) Other answer 

Figure 2. Student 7S1’s Operational Effects Representation 
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At Figure 2, ttudent 7S1’s response on operational effects illustrates this procedural tendency. It further highlights 
the need for more visual, contextualized instructional activities to support the conceptual development of operational 
reasoning. 
Magnitude Understanding Component 
Question 6 in the interview form was designed to assess students' ability to interpret and compare the relative sizes of 
different fractions. The question asked: “Which is greater: 3/4 or 1/2? Explain.” This item aimed to evaluate whether 
students could use part–whole relationships, benchmark references, or decomposition strategies to compare magnitudes 
intuitively. 

Student 7S2 responded with: “3/4 is three one-fourths.” This answer demonstrates a clear understanding of 
fractional composition by breaking down 3/4 into unit fractions. The student reasoned through an intuitive part-to-
whole strategy, recognizing that three one-fourths is larger than a single one-half. This strategy reflects number-sense-
based reasoning, grounded in a conceptual grasp of magnitude. By contrast, several students in this component relied 
on superficial comparisons of numerators or denominators, such as assuming that “3/4 is less than 1/2 because 3 is less 
than 4.” These misinterpretations highlight the challenges of developing magnitude sense. However, Student 7S2’s 
response was coded as number-sense-based because it reflected thoughtful decomposition and meaningful magnitude 
comparison. This finding underlines the importance of promoting flexible comparison strategies and conceptual 
understanding in fraction instruction. 

Reference Point Use Component 
Question 11 on the interview form asked students to compare which fraction—one-half or one-fourth—occupies more 
space on a lettuce leaf illustration. This question was designed to assess students’ use of reference points by prompting 
them to rely on intuitive comparisons of part-whole relationships rather than symbolic calculations. Reference points 
such as 1/2 and 1 are foundational benchmarks in fraction sense development. Student 7S2 selected the correct answer 
and explained: “One-half always covers more area than one-fourth because one of two equal parts is larger than one of 
four equal parts.” This reasoning reflects a strong conceptual understanding of how fractions relate to the whole. The 
student also drew a simple diagram to visually reinforce their explanation. 

 

Q11. Between half and a quarter of the lahmacun 
shown, which one takes up more space in a storage 
container? 
A) Half 
B) Quarter 
C) Both take up the same amount of space 
D) Other answer 

Figure 3. Illustration of Student 7S2’s Use of Reference Points 

This response was coded as a number-sense-based strategy because it relied on proportional reasoning and visual-
spatial representation of benchmark fractions. The student's explanation did not depend on formal rules or calculations 
but instead used intuitive comparison, which is a hallmark of reference point understanding. As this item had the highest 
rate of correct responses (58%), it reflects students’ greater familiarity with common benchmark fractions and their 
ability to apply them meaningfully in reasoning tasks. Student 7S2’s response illustrates this competence effectively. 

Equivalent Representations Component 
In the equivalent representations component, the overall success rate was calculated as 44%, indicating moderate 
performance. This component assessed students’ ability to generate, recognize, or validate equivalent fractions through 
simplification, expansion, or comparison. Among the participants, both rule-based and number-sense-based strategies 
were observed in relatively balanced proportions. Student 8S1, for example, correctly simplified the given fraction and 
explained: “I divided both the numerator and denominator by the same number; this always gives the correct result.” 
This approach demonstrates accurate procedural knowledge and was coded as a rule-based strategy due to its reliance on 
algorithmic reasoning rather than conceptual or visual justification. However, some students attempted to justify 
equivalence using visual representations or real-life analogies, which were classified as number-sense-based strategies. 
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Although such intuitive approaches were less frequent in this component, they reflected deeper conceptual 
understanding when present. This diversity of strategy use suggests that equivalent representation tasks offer multiple 
entry points for learners and serve as a valuable bridge between procedural fluency and conceptual reasoning..  

From this point, a general evaluation can be made; 
Table 5. Enriched summary of students’ strategy use by number sense component 

Component Success 
Rate 

Dominant 
Strategy 

Sample Student Statement Interpretation 

Numerical 
Estimation 

12% Mostly Rule-
Based 

“3/4 is more than 2/4, which is 
half, so it’s close to 1.” (7S2) 

Shows benchmark use; some 
intuitive responses, but 
procedural dominance 
overall. 

Operational 
Effects 

4% Rule-Based “I did 20 ÷ 3/5 = 20 × 5/3 = 
100/3.” (7S1) 

Algorithm applied, but 
student lacked contextual 
understanding of the 
operation. 

Magnitude 
Understanding 

12% Mixed “3/4 is three one-fourths, and 
that’s more than 1/2.” (7S2) 

Demonstrates conceptual 
part-to-whole comparison; 
coded as number-sense-based. 

Use of 
Reference 
Points 

58% Number-Sense-
Based 

“Half is always bigger than one-
fourth, because 1 of 2 is more.” 
(7S2) 

Strong benchmark reasoning 
and visual explanation; this 
was the most successful. 

Equivalent 
Representation
s 

44% Mixed “I divided both numbers by the 
same number. That always 
works.” (8S1) 

Correct rule-based strategy, 
but no conceptual or visual 
explanation provided 

Table 5 presents an enriched summary of students’ strategy use across the five components of fraction number sense. 
Unlike the previous version, this table includes representative student statements and interpretations to illustrate how 
different reasoning types emerged. The data show that while rule-based strategies ensured procedural accuracy, intuitive 
responses often provided deeper conceptual insight. The most successful performance was observed in tasks involving 
reference benchmarks, where visual and verbal justifications were commonly used. 

The analysis of the first research question revealed that students’ strategy use varied significantly across the five 
components of fraction number sense. While reference point use was the most successful and intuitive area, components 
such as operational effects and estimation revealed conceptual challenges and a heavy reliance on procedural thinking. 
These findings suggest that academically successful students demonstrate a range of reasoning strategies depending on 
the nature of the task. 

The second research question focuses on comparing these strategies in greater depth, particularly examining how 
flexible thinking based on number sense differs from rule-based approaches in terms of conceptual understanding and 
problem-solving effectiveness. The following section presents findings related to this comparison.  

To address the second sub-question of the study — “How do flexible thinking approaches based on fraction number 
sense differ from rule-based strategies in terms of students’ conceptual understanding and practical applications?” — 
the impact of these differing strategies on students’ conceptual comprehension and procedural skills was examined 

For this purpose, semi-structured interviews were conducted with two students: one who utilized the highest level 
of number-sense-based strategies (Student 7S1) and another who predominantly relied on rule-based strategies (Student 
8S1). The data obtained from these interviews were analyzed thematically to evaluate how differences in strategy use 
were reflected in students’ mathematical thinking processes. 
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Tablo 6. Code table for semi-structured interviews with high-performing students 
Theme Code 7S1 (Number Sense) 8S1 (Rule-Based) 
Thinking Process Instant Connection-Making x  

Intuitive Thinking x  
Visualization x  
Step-by-Step Progression  x 
Rule-Based Execution  x 
Systematic Thinking  x 

Relating to Numbers Breaking the Fractions x  
Intuitive Ratio Evaluation x  
Establishing Numerical Links x  
Rule Application  x 
Finding Common Denominators  x 
Systematic Computation  x 

Approach Type Intuitive Responses x  
Quick and Practical Solutions x  
Flexibility x  
Rule-Based Responses  x 
Guaranteed Accuracy  x 
Step-by-Step Process  x 

Challenges and Solutions Challenges in Problem-Solving x  
Alternative Thinking Strategies x  
Intuitive Solution Strategies x  
Difficulty Remembering Rules  x 
Consulting Additional Resources  x 
Learning Through Practice  x 

Table 6 illustrates the thematic codes derived from semi-structured interviews with two high-performing students 
who demonstrated contrasting cognitive approaches. Student 7S1, who consistently employed number-sense-based 
strategies, provided responses that reflected intuitive and visual reasoning. For instance, when asked to compare 1/2 and 
1/4, the student stated: “Half is more because one of two is more than one of four. You can see it in the drawing.” 

In contrast, Student 8S1 relied heavily on rule-based approaches, such as calculating least common denominators. 
When solving an equivalence problem, the student explained: “I found the common denominator of 4 and 8, converted 
the fractions, and then compared.” This reflects a step-by-step, algorithm-driven problem-solving method. 

These examples highlight how intuitive thinkers tend to emphasize flexibility, rapid estimation, and visual 
justification, whereas rule-based students favor structured methods, accuracy through formal procedures, and sequential 
problem-solving. This thematic divergence supports the interpretation that flexible strategies contribute to deeper 
conceptual understanding and adaptive thinking. 

The thematic analysis presented in the table provides valuable insight into how fraction number sense strategies 
influence students’ mathematical thinking and problem-solving processes. The responses of the two students diverged 
across four distinct themes: 
Thinking Process 
The students exhibited markedly different cognitive approaches during problem-solving. Student 7S1 utilized high-level 
cognitive strategies such as quick relational thinking, intuitive evaluation, and mental visualization when approaching 
fraction tasks. For example, the statement “I imagine one-fourth and one-half on the number line” illustrates the student’s 
ability to construct conceptual and visual models mentally. 
Relationship with Numbers 
Significant differences were also observed in how students understood and structured fractions. Student 7S1 
demonstrated part-whole reasoning by mentally partitioning the whole into fractional parts and evaluating proportions 
intuitively. The statement “3/4 is three 1/4s” reflects a holistic and conceptual relationship with numbers. 
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In contrast, Student 8S1 focused primarily on procedural accuracy rather than relational understanding. The 
explanation “I made the denominators equal and then added the numerators” reveals reliance on algorithmic procedures 
instead of conceptual reasoning. While this approach led to correct answers, it lacked conceptual depth and reduced the 
student’s flexibility, resulting in a more time-consuming problem-solving process. 
Type of Approach 
The students also differed significantly in their strategic approaches. Student 7S1 tended to produce fast, practical, and 
flexible solutions. Through estimation, visualization, and mental trial-and-error, the student efficiently managed the 
problem-solving process. The statement “In some questions, I find the solution right away using my intuition” clearly 
reflects this strategy. 

On the other hand, Student 8S1 adopted a more structured approach that prioritized accuracy but progressed more 
slowly. The student meticulously followed sequential steps to ensure procedural correctness. Although this method 
yielded reliable outcomes in standard problems, it limited the student’s adaptability when facing novel or complex 
situations. 
Challenges and Coping Strategies 
The students’ responses to challenges further highlighted their strategic differences. Student 7S1 developed alternative 
approaches when faced with difficulty. The statement “I try to think of fractions in terms of whole numbers” suggests that 
the student engaged in personal mental modeling to generate solutions—demonstrating a high level of independence 
and self-regulation. 

In contrast, Student 8S1 showed a tendency to rely on external resources when encountering difficulty, particularly 
in recalling rules. The remark “When I forget the rules, I check my class notes” indicates dependency on structured support 
rather than internalized flexibility. 

This thematic analysis reveals that flexible thinking approaches based on fraction number sense deepen students’ 
conceptual understanding and accelerate their problem-solving processes. Such approaches strengthen students’ abilities 
to generate alternative strategies, make estimations, and form meaningful relationships with numbers. In contrast, while 
rule-based strategies provide procedural accuracy, they tend to limit adaptability in novel problem contexts and often 
result in more superficial conceptual comprehension. These findings suggest the need for a more holistic instructional 
model that supports intuitive reasoning while systematically integrating rule-based understanding into teaching 
practices. 

Discussion 
This section interprets the findings of the study in relation to existing literature on number sense and mathematical 
thinking. Each major component of fraction number sense is discussed individually to examine how different strategy 
types—particularly number-sense-based versus rule-based approaches—affected students’ understanding and problem-
solving processes. The discussion also addresses the educational implications of these findings and how they contribute 
to the broader understanding of strategy use in fraction learning. 

Among the five components investigated, the use of reference points emerged as the most successful area, with 58% 
of students responding correctly. This high success rate can be attributed to the familiarity of benchmark fractions such 
as 1/2 and 1, which are commonly emphasized in primary and middle school curricula. Many students used intuitive 
reasoning supported by visual benchmarks or verbal justification. For instance, Student 7S2 explained: “One-half is 
more than one-fourth because one of two parts is bigger than one of four,” accompanied by a proportional drawing. 

This finding supports the argument made by Reys and Reys (1992), who emphasized that a strong understanding of 
benchmark fractions forms the foundation of number sense. It also aligns with McNamara and Shaughnessy (2015), 
who highlight visual reasoning and reference benchmarks as central to students' fractional thinking. The ability to 
mentally locate and compare fractions using reference points appears to be a gateway to more advanced estimation and 
comparison skills. 
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In stark contrast, the operational effects component demonstrated the lowest rate of correct responses—only 4%. 
Most students relied heavily on symbolic manipulation and rule application without fully understanding the contextual 
meaning of the operations. A common error involved confusing multiplication with division, especially when working 
with real-life contexts such as “How many 3/5 ml syringes are needed for 20 ml?” Student 7S1, for example, correctly 
performed the division algorithm (20 ÷ 3/5 = 20 × 5/3), but failed to explain what the result represented in practical 
terms. This finding echoes concerns raised by Woodward (1998), who emphasized that overreliance on procedures may 
lead to superficial correctness without conceptual depth. It also reflects the challenges identified in Turkish mathematics 
instruction (Akgün and Yıldız, 2016), where concrete representations are used but deeper reasoning is rarely emphasized. 
This suggests a need for instructional design that moves beyond procedural fluency to foster students’ ability to reason 
meaningfully about the effects of operations. 

The comparative analysis between Student 7S2, who consistently used number-sense-based strategies, and Student 
8S1, who relied on rule-based approaches, revealed striking cognitive differences. Student 7S2 used intuitive reasoning, 
benchmarks, and flexible estimation to arrive at answers, often relying on drawings or verbal explanation to justify 
solutions. In contrast, Student 8S1 preferred structured algorithms, such as finding common denominators or inverting 
fractions for division, and emphasized accuracy through formal steps. These contrasting profiles align with McNamara 
and Shaughnessy (2015), who argue that flexible thinkers demonstrate deeper conceptual understanding and 
adaptability, while rule-based thinkers often perform well in structured contexts but may struggle with non-routine 
problems. The analysis showed that number-sense-based strategies were associated with quicker reasoning, better 
visualization, and more self-explanation, whereas rule-based strategies provided step-by-step security but limited 
generalization. This supports the pedagogical view that combining both approaches in instruction could optimize both 
understanding and procedural reliability. 

When examined holistically, the findings indicate that students do not rely on a single type of reasoning, but instead 
shift between intuitive and procedural strategies depending on the task context. Components such as reference point 
use and magnitude understanding naturally prompted flexible thinking, while operational effects often triggered rule-
based responses. Notably, the effectiveness of strategies varied not only by task type but also by the students’ ability to 
integrate conceptual understanding with procedural execution. This interplay between intuitive and algorithmic 
approaches suggests that number sense is not a fixed trait but a flexible cognitive resource that can be strengthened 
through targeted instructional strategies. Students who were able to link part-whole relationships, estimate relative sizes, 
and visualize operations demonstrated stronger mathematical reasoning. In contrast, those who applied algorithms 
without conceptual grounding struggled to adapt their thinking to unfamiliar problems. 

These results carry important implications for mathematics education. First, they support the notion that instruction 
should explicitly develop number-sense-based strategies alongside procedural fluency. As emphasized by McIntosh et al. 
(1992), number sense is both teachable and foundational to meaningful problem-solving. Second, the findings highlight 
the pedagogical value of visual models, benchmark-based reasoning, and flexible thinking prompts in enhancing 
students’ conceptual grasp of fractions. From a research perspective, this study contributes to the growing body of 
literature that seeks to define and operationalize fraction number sense as a multidimensional construct. By examining 
student responses across five key components, and comparing cognitive profiles in depth, this work provides a nuanced 
perspective on how strategy use reflects and shapes mathematical thinking. 

In sum, the study underscores the importance of promoting flexible, number-sense-based strategies in fraction 
instruction to develop both conceptual depth and procedural control—two pillars essential to mathematical 
competence. 

Conclusion 
This study examined the strategy use of academically successful middle school students in solving tasks related to fraction 
number sense, and explored how these strategies influenced their mathematical thinking and problem-solving processes. 
The findings demonstrated that number sense is not merely a procedural skill, but a multidimensional cognitive 
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competence. Students were observed to shift between different types of strategies depending on the nature of the task, 
indicating that number sense is not a fixed trait, but rather a flexible mental resource that can be activated and developed 
through experience. 

A key distinction in students’ responses emerged between number-sense-based (intuitive, flexible) and rule-based 
(algorithmic, step-by-step) strategies. Students who adopted number-sense-based strategies tended to solve problems 
more quickly, efficiently, and with deeper conceptual understanding. They made use of visual representations, reference 
points, and estimation. In contrast, students who relied solely on rule-based strategies were often successful in executing 
procedures correctly but struggled with interpreting the contextual meaning of problems and generating alternative 
solutions. These differences are shaped not only by conceptual understanding but also by individual learning experiences 
and preferences. 

The study underscores the importance of addressing number sense as a distinct and central focus in mathematics 
instruction. Number sense is not something that can be taught directly; rather, it must be fostered through well-
structured learning activities. Instructional tools such as visual materials, benchmark numbers, estimation tasks, and 
context-rich problem situations play a vital role in supporting the development of number sense. The ability to 
decompose numbers, mentally place them on number lines, and make intuitive comparisons before applying symbolic 
procedures highlights its dynamic and developable nature. 

Based on the findings, it can be suggested that number sense develops across identifiable stages—basic, intermediate, 
and advanced. At the basic level, students recognize whole-part relationships and can compare quantities. At the 
intermediate level, they begin using mental computation, estimation, and reference strategies. At the advanced level, 
students are capable of abstract numerical reasoning, generating multiple solution paths, and evaluating operational 
outcomes. This staged perspective can help educators observe students’ number sense levels and adapt their instruction 
accordingly. 

In conclusion, this study affirms that number sense is a holistic and evolving competence, closely associated with 
both students’ academic performance and the depth of their conceptual reasoning. Mathematics education should be 
redesigned to promote number sense through multidimensional instructional approaches that integrate intuitive 
reasoning, visual representation, and strategic flexibility. The idea that number sense can be cultivated gradually through 
instruction, supported at different developmental levels, offers a valuable roadmap for future teaching practices and 
research directions. 

Recommendations 
Based on the findings of this study, the following recommendations are proposed in order of priority: Address 
conceptual weaknesses in operational understanding. Since the “operational effects” component showed the lowest 
success rate (4%), instruction should focus on developing conceptual clarity around operations involving fractions. 
Teachers should provide contextualized problems that highlight the meaning of operations rather than only teaching 
procedures such as “invert and multiply. ”Continue to strengthen benchmark-based reasoning.As “reference point use” 
was the most successful component (58%), curricula should emphasize the use of benchmarks like 1/2 and 1 across grade 
levels. Instructional tasks should include number lines, visual representations, and real-life estimation scenarios to 
deepen intuitive number sense. Encourage visual and part-whole strategies in teaching equivalent representations. In 
light of students’ balanced use of intuitive and rule-based strategies in equivalent fraction tasks, educators should 
incorporate both symbolic manipulation and visual modeling. Using fraction bars, area models, and comparison 
diagrams can support students’ understanding of equivalence beyond rules. Create learning environments that promote 
flexible thinking. Findings revealed that students who used number-sense-based strategies solved problems with greater 
efficiency and understanding. Teachers should therefore provide open-ended tasks that allow students to select and 
justify strategies. Promoting metacognitive reflection on multiple solution paths can enhance strategic flexibility. Design 
teacher education modules focused on number sense progression. Given that number sense was observed at varying 
cognitive levels (basic, intermediate, advanced), teacher preparation programs should train educators to recognize and 
support these stages. Developing teachers’ ability to diagnose student thinking can improve instructional adaptation. 
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Develop assessment tools that measure strategic thinking, not just correctness. Evaluations should include diagnostic 
items that reveal students’ reasoning processes. Rubrics that differentiate between intuitive, rule-based, and mixed 
strategies can offer richer insights into students’ mathematical thinking and guide instruction more effectively. Conduct 
longitudinal and comparative studies on number sense. Future research should examine how number sense develops 
over time and across diverse student groups. Studies comparing grade levels, ability levels, and instructional settings will 
further clarify the theoretical structure and instructional potential of fraction number sense. 
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