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Abstract Keywords

In this paper, we first introduce a new subclass of analytic and bi-univalent functions Analytic function,

related to Sakaguchi type functions, A-pseudo-starlike and, Bazilevi¢ functions. We Bazilevic¢ functions,

also use the generalized bivariate Fibonacci-like polynomial as a subordination Bi-univalent function,
function. In addition, we provide function examples to show that this class of Starlike functions,
functions is a non-empty set. We then establish bounds on certain coefficients of the Fibonacci-like polynomial

Maclaurin series expansion of the functions belonging to this newly constructed
subclass of bi-univalent functions. We also establish bounds on the Fekete-Szego
functional of the functions in the defined subclass. We note that the comprehensive
function class in this work generalizes some previously studied function classes, and
the results of this study re-establish certain results in the previously published papers.
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1. INTRODUCTION AND PRELIMINARIES

Let U indicate the family of regular functions of the form

f) =t+at?+-=t+ ) att, (1.1)
=2

in the disk U = {t € C:[t] < 1}. By §, we show the subset of U such that every function f € § are
univalent in U. There are various subclasses of § such that they have nice geometric features.

If f(U) is a starlike set with respect to the origin, then it is called f is starlike in U. The set of all starlike
functions are denoted by §* and characterized as

5*={f:fe?1andin(m>>0 tE‘U}. (1.2)
f(©) ’
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Koebe i—Theorem (see [1]) guarantees that if f € S, then there is an inverse function {1 satisfying

1
(i) =t (c €W and (7)) = 5, (Is] < ro(D, oD = 7).
where
f71(s) = s — ays? + (2a3% — a3)s® — (5a3 — 5a,a; + ag)s* + -+ =:g(s). (1.3)

If both functions f and {1 are univalent in U, then the function f € A is called bi-univalent in U. The
class of all bi-univalent functions in ‘U is represented by X and characterized by

r={fes:fles teul. (1.4)

The Bazilevi¢ functions are closely related to the class § and Bazilevi¢ [2] showed that these functions
form a subclass of analytic and univalent function in §. In [3], Singh studied a special case of Bazilevi¢

1-ys!
if(z:;l(‘zy)) >0, y € R* U {0}

functions which characterized by Re (

(@)
i@

study on A-pseudo-starlike functions we refer to [5]. It is clear that the above mentioned function
subclasses reduced to usual starlike functions class $* for y = 0 and 1 = 1, respectively. On the other
hand, Sakaguchi introduced a new subclass of starlike functions with respect to symmetrical points and
formed a new direction for studies in the geometric properties of analytic and univalent functions in
1959. This class of starlike functions is defined by [6]

5*—{fe‘21-R <M>>O te’u} 1.5
ST o=t T (-

Similarly, A-pseudo-starlike functions in ‘U is defined by Re < ), for A > 1, see [4]. For a recent

In the theory of univalent functions, the most remarkable problem was Bieberbach’s conjecture and it
was solved by Branges in 1985. According to Bieberbach conjecture nth coefficient of every function
f € S satisfy that |a,| < n for n > 2. Also, this problem was solved for convex and starlike functions
such that if f € §* then |a,| < n, while, if f € C then |a,| < 1, n = 2. But, any conjecture on nth
coefficient of bi-univalent functions is not established yet. The first finding in this regard is that: if f € Z
then |a,| < 1.51, see [7] . Also, Brannan and Clunie [8] conjectured that |a,| < /2 for every f € Z. In
the class X, a coefficient estimation on |a,| is still an open problem for n > 3. In 2010, Srivastava ef al.
(see [9]) published a paper on bi-univalent functions, which contains quite extensive information and
examples of bi-univalent functions. This paper has been a pioneering study for recent papers and has
attracted much more attention from researchers.

Another interesting problem in geometric function theory is known as the Fekete-Szego problem. This

problem is an upper bound search problem for a combination of coefficients of functions of class § and
in [10] Fekete and Szego proved the following sharp result for f € S
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4t -3, =1

|las —za3| < 1+2€<I_Z), 0<7<1
3 —4r1, 7<0.

The fundamental result |a3 - a§| < 1 is obtained when 7 — 1. The combination of coefficients of the

form F,(f) = az — ta? on the functions f € A make a remarkable impact on univalent functions.
Finding bounds for |F,(f)]| is a maximization problem. In 2014, Zaprawa [11] published a very striking
article on the solution of the Fekete-Szegd problem for bi-univalent functions. The author of [12]
recently investigated the Fekete—Szeg6 problem for new classes of analytic functions defined in terms
of Poisson and Borel distribution series.

Many researchers have defined new subclasses of bi-univalent functions based on previously published
works such as [7-9, 11] and [13]. Also, the authors obtained non-sharp estimates for coefficients of
functions of these subclasses. Of course, research on this topic is not limited to the above. Results on
new subclasses of bi-univalent functions continue to be published without interruption. In recent years,
subclasses of functions defined with the help of special number sequences and special polynomials have
been frequently encountered. In particular, Fibonacci [14-17], Lucas [18], Chebyshev [19-29], Horadam
[30-35], Gegenbauer [36], Lucas-Balancing [37] and Gregory [38] polynomials are the main
polynomials used in the defined subclasses. In addition, various operators like Hohlov [39], g-derivative
[40], fractional g-difference [41], differential [42] have been used to define such kind of function
subclasses.

There are many techniques useful in research and one of them is known as the Subordination principle.
This technique is defined as follows (see [43]):

If the functions f and g € U, then f is said to be subordinate to g if there exists a Schwarz function w
such that

w(0) =0, |w(t)| < 1andf(t) = g(m(t)) (tew.
This subordination is shown by
f<g or f(t) <g(t) (teW.
If g is univalent in U, then this subordination is equivalent to

f(0) = ¢(0), (W) < g(W).

In this paper, we introduce a comprehensive class of bi-univalent functions using generalized bivariate
Fibonacci-like polynomials. Then, we investigate upper bounds for the absolute values of the
coefficients a, and a5 in the Taylor series expansion of the members of the class of functions we define.
We also solve the Fekete-Szego problem for members of this class of functions. In addition, we give
examples showing that the classes of functions we define are not empty sets and support the correctness
of our results with these examples. Our results generalize many of the results for the function classes
introduced earlier.

Suppose that p and g are positive integers and x and y are real numbers. Let generalized bivariate
Fibonacci-like polynomials is denoted by &,,. Then, &,, satisfy the recurrence relation (see [44]):
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%n(x' J/) = px%n—l(x: y) + qy%}n—Z(xr }’)' nz= 2' (16)

where &, (x,y) = a, F1(x,y) = b and px, qy # 0, p>x? + 4qy # 0. The generating function of §,, is
(see [44])

BN = Y B e ypsn = 2 O P
n=0

1—pxs —qys?’ (1.7)

In equation (1.7), different choices of the parameters p, q,a, b and y yield the polynomial sequences
listed in the Table 1 below:

(.9 (a,b) (x,y) En(x,y)

(1,1 (0,1) (x,y) Bivariate Fibonacci, F, (x, y)
(1,1) (0,1) (x,1) Fibonacci, F, (x)

2,1) (0,1) (x,1) Pell, B,(x)

(1,1) (2,x) (x,y) Bivariate Lucas, L, (x, y)

2,1 (1,2t) (t,—-1) Chebyshev of the second kind, U,, (x)
(p,q) (a, bx) (x,1) Horadam, H,, 4 (x)

Table 1. Special cases of §,,(x,y)

From now on we will write &,, instead of &,,(x, y) for convenience.

2. MAIN RESULTS

In this section, we first define a novel subclass of bi-univalent functions and then present our findings
on members of this class of functions.

Definition 2.1. Let suppose that 0 < § < 1,1 > 0,4 > 1,u € Cand |u| < 1. 4 function f € X is said
to be in the set (; gg%(x ) (6,m, A, u) if the next subordinations hold true:

N wt) T’(t) 5w (t>) )

(1- 45 &) +1— 2.1
o) @

(1 ((1 - u)s) o '(S) (1 —ws(g’ (S)) FEN(5) + 1 — 2.2)

(Q(S) - g(us)) g(s) — g(us)

where a is real constant and g = §~1 is given by (1.3).

(a,b)
Remark 2.1. The class )

functions studied in previously published papers. Some of these works are listed below:

%(x ) (6,m, A, u) generalizes some well-known subclasses of bi-univalent
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Setting§ =u=n=0and A =1, we have

" ’ ;45X
@D (5,9, 4,10) = HPLTY,

where 17-(5, Eq :(;C Y is the subclass of bi-starlike functions investigated by Aktas and Yilmaz in [16,
Definition 1.4].

Ford =u=0, we get

,b ) 4X;
OIBEN (8,1, 4,u) = HPIEY,

where }[12 ;)? f ;1y is the subclass of bi-Bazilevic functions investigated by Aktas and Yilmaz in [16,

Definition 1.6].
Foréd =u=0andn =1, we get

b : ;q;X5
PR (5,1,0) = HTE,

where H. fl’ ;; /1x ;1y is the subclass of bi-Bazilevic functions investigated by Aktas and Yilmaz in [16,

Definition 1.7].

Taking b - bx and y = 1, we have

(D)) (8,1, 4,1) =:D(6,m, A,u, %),

where D(8,1, A, u, x) is the subclass of bi-univalent functions investigated by Al-Shbeil et al. in

[35].

Takingb — bx,y =1, § = u = 0 we have

(@b)BEN) (8,7, 2, 1) =: Ny (7, %),

where the class Ny (n, x) studied by Wanas and Alb Lupas in [33].

Takingb - bx,y =1, 8§ =u=n = 0 we have

Eg:zg SB)(:'x’y) (6, TI; /11 u) = WZ‘ (X),

where the class Wx (x) studied by Srivastava et al. in [31].

Consideringd =u =0,y =1 = 1and b - bx we arrive at

(@) B (5,1, 4,u) = 3" (x),

where X' (x) is the subclass of bi-univalent functions investigated by Alamoush in [30].

Settingd =u=0,a=y=1,b=p=2,q=—1and b — bx we obtain
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,b ,
(DB (5,1, 2,u) = B(B, x),

where B(B, x) is the subclass of bi-Bazilevic functions investigated by Altinkaya and Yal¢in in
[22, Definition 1.2].

9. Puttingdé=u=0,n=y=a=1b=p=2,q=—1andb — bx, we get

,b ,
(@D (5,1, 2,1) = By (x),

where By (x) is the subclass of bi-univalent functions introduced by Bulut et al. in [25, Remark

1-(iii)].
10. Settingu =0, =a=y=1, b=p =2, q=—1and b = bx, we have

@0 G (5,3, 4,u) =: LBy (A, x),

where LBy (A, x) is the subclass of bi-univalent functions introduced by Magesh and Bulut in
[26].

11. Settingu =0, § =a=y=A1=1,b=p =2, q=—1and b - bx, we have

(CDBE (8,m,4,u) = 5500,

where Sz (x) is the subclass of bi-univalent functions introduced by Bulut et al. in [23, Remark
1-(iv)] and Magesh and Bulut in [26, see p. 205].

12. Settingd =n=u=0,y=a=1, b=p=2,q=—1and b - bx, we obtain

(CBBLE,m,4,1) =1 5,00,

where 8,(x) is the subclass of bi-univalent functions introduced by Altinkaya and Yal¢in in [21,
Definition 1.3].

Remark 2.2. The following specific example shows that the defined subclasses here are not empty set.

1+t t3 t°
h(t)= lOgl_t=t+§+E+“'EZ

is in the class 8:3)1)58;0.95,0.9) (0,1,1,0). First of all, the function h(t) has an inverse function of the form

Example 2.1. The function

e?s —1 s3  2s°
p(s) = ——

e?s+1’

=u=0b=p=2,b->bx,x=095andy =0.9 in (2.1) and (2.2) we get that
222

25_
On the other hand, if we set f(t) = h(t) = /log%, g(s) =p(s) = C 1l l=a= n=1q=-1,
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10
<
—t2 92 —-19t+ 10

OEE = m, (6) 23)

and

©) 4e?s 10
= < =
M) = ez 1 1)2 T 952 — 195 + 10

n; (S)' (24)

which are correct for all t,s € U. The correctness of the relations (2.3) and (2.4) may be shown using
[45, Lemma 2.1, p. 36]. In fact, it is easily seen that the function m,(t) = m

univalent in U. In addition, the functions m4(t), n,(s) and m,(t) satisfy hypothesis of [40, Lemma 2.1,
p. 36]. More precisely, m{(0) = m,(0) = n,(0) =n,(0) =1, my;(U) € my,(U) (see FIGURE 1.-
(iv)) and ny(U) € ny,(U) (see FIGURE 1.-(v)) for Vt,s € U. Therefore, we see that the function
h(t) €52 BY7%°9(0,1,4,0).

is analytic and

(iv) W

Figure 1. (i) my(U) (i) my(U) (or np (W) (iti) ny (U (iv) my(U) € mp(U) (v) ny (W) © np(U)

Theorem 2.1. Suppose that 0 <6 <1,n=>0,A=>1Lu€eC|ul <1 and r € R If the function

f EEZ:ZS %)(:x,y) (8,m,A,u), then

|bl\/1b]

la,| < (2.5)
VIB2[2(8,1,4w) + Y (8,1, 4, w)] — (bpx + aqy)A(S,1,2,u)|
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b? 4 |b]
1A, n, AW 206,717,240

las| <

where

062w =0-8)B-A-nN@w?+u+1D]+6B1—u?—-u-1),

(2.6)

Yo,nAuw=0-6)0-nu+1) [%(2 —Mu+1)—2[+6[(u+1)? —2A(u -1+ 2)]

and

AW ={1-8)2-A -+ D] +621—u-—1)}°

a,b)

Proof. Let | Egp D

by

p(t) = prth, (€U and k(s) = K, sk, (s €U)
2" 2

k=1

such that the definition of Schwarz functions implies

lpel <1
and

el <1,

where k € N. Definition 2.1 and subordination principle yield that the next relations hold:

I _ ! A
)(( —wit) f(t)+6(1 wit(f'(®)"

4 (i) — f)' ™" 70 — fut)

=F(p() +1—a

and

((1 wg)'™" ’(S)+ (1 —ws(g’ (S))

1-—
( (9(5) — g(us))"” a(s) — g(us)

(xy)(lc(s)) +1-—a.

QS(X ») (8,1,4,u) and g = f~1. Then, there exist Schwarz functions p, k: U — U given

2.7)

2.8)

(2.9)

(2.10)

Taking into account the series expansion of the function p(t) and comparing the coefficients in (2.9),

we arrive at the following equations:

A6, n, AL wa, = F1py

224
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08, AL waz +Y(8,1,4w)a3 = Fi1p; + F2p7- (2.12)

Similarly, by the series expansion of k(s) and comparing the coefficients in (2.10), we have the next
equations:

—A(6,n, AL wa, = F1k, (2.13)
206,m,4uw)(2a3 — as) + Y (8,1, L, u)as = 1k, + Foki. (2.14)
Equalities (2.11) and (2.13) imply that
p1 ="K (2.15)
and
p? + Kk? =Wa§. (2.16)
1

Adding equations (2.12) and (2.14) and using equation (2.16) gives that

a2 = T (p; + K3)
2 2[F(6 AW + Y (6,0, Aw) — FA6,0,4,0)]

2.17)

Using (2.7) and (2.8), and substituting &, = b and &, = bpx + aqy in (2.17), we conclude (2.5).

In order to obtain an upper bound on |az|, we firstly substract (2.14) from (2.12) and consider the fact
that k2 — p2 = 0. Therefore, we get

F1(p2 — K2)
— 42 2 e 2.18
as = aj +2 6,7, 410) ( )

In (2.18), by substituting a%, which we got from (2.16), we have

4 = &Fi(pt + %) + F1(p2 —K2)
37 24(8,n,40)  20(8,n,u)

(2.19)

Using the inequalities (2.7) and (2.8) with the fact that §; = b in (2.19) a simple calculation gives (2.6).
O

Example 2.2. The function h(t) = ’logi—tze (1.2) %§0.95,0.9)(0’1’1’0) fits the requirements of

2-1)
19v19
5410

Theorem 2.1. Replacing the values of the variables in the Theorem 2.1, we get that |a,| = 0 <
and |as| = 1o
3= 600
225
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Theorem 2.2. Suppose that 0<§<1,n=>0,A=>1,u€C,|u|l <1 and r € R If the function
f el B (8,1,A,1), then

p.q)
b
rz(al l/’L 0 T Sbm(alf| 1w
=Tt <1 s o (220
- 1—7|>—2>
1€ 1= b20(6,1,4,u)

where T € Rand & = b%[0(5,n,A,u) + Y (8,1, 4,u)] — (bpx + aqy)A(8,1, A, u).

Proof. In order to obtain a bound on Fekete-Szeg6 functional |a3 - Ta§| we will use the values of a3

and az which given in (2.17) and (2.18), respectively. For this purpose, we write the functional a; —
2

Tas as:

a;—1a: =az;—ai+(1—-1)a3
_ F1(p2 — K2) 4 (1-DF (o2 + 1)
2064w 2[F(Q0,n, 4w +Y(6,n4w) - F A6, 0,4 w)] (2:21)

=& {[2!2(6—1)/111) + lP(T)] p2 + [—m + ll)(T)] Kz},

_ (1-0% L . .. .
where Y(7) = @A T G ToA G A Considering the inequalities (2.7) and (2.8) with
&1 = b and the properties of the absolute value we arrive at (2.20). m|

Setting T = 1 in Theorem 2.2 we are led to the next corollary.

Corollary  2.1.  Suppose that 0<6<1,n2012Lu€Clul<l ad rER If
T e B (6,m,2,u), then
|b|

_(2—( 5. A ) (2.22)

las — af| <

Remark 2.3. Setting special values for the variables u,8,m,a,b,p, q in Theorems 2.1 and 2.2 several
known results may be deduced. These are listed below:

1. Takingd =u=n=0andA = 1in Theorems 2.1 and 2.2 we get [14, Remark 2.2-(i)] and [ 16,
Remark 4.2-(ii)], respectively.

2. Taking § = u = 0in Theorems 2.1 and 2.2 reduce to the [14, Remark 3.2-(i)] and [16, Remark
4.4-(ii)], respectively.

3. Taking 6 =u = 0andn = 1in Theorems 2.1 and 2.2 we arrive at [14, Remark 3.2-(iii)] and
[16, Remark 4.4-(i)], respectively.

226



Giile¢ and Aktas / Estuscience — Se , 26 (3) — 2025

4. Takingb — bx andy = 1 in Theorems 2.1 and 2.2 we deduce Theorem I and Theorem 2 given
by Al-Shbeil et al. in [35], respectively.

5. Takingu=6=0, b—>bx and y =1 in Theorems 2.1 and 2.2 we get Corollary 2.1 and
Corollary 2.2 given by Wanas and Lupas in [33], respectively.

6. Takingu=6=n=0,b->bx andy =1 in Theorems 2.1 and 2.2 we get Corollary 1 and
Corollary 3 given by Srivastava et al. in [31], respectively.

7. Replacing§ =u=0,y=n=1, b - bx and combining Theorems 2.1 and 2.2 we arrive at
the Theorem 2.2 given by Alamoush in [30].

8. Replacingd =u=0,y=a=1,b=p=2q=-1,b— bximplies that Theorems 2.1 and
2.2 reduce to the Theorems 2.1 and 3.1 given by Altinkaya and Yalgin in [22].

9. Replacingd =u=0,y=n=a=1b=p=2,q=-—1, b = bx and combining Theorems
2.1 and 2.2 we get Corollary 3 given by Bulut et al. in [25].

10. Replacingu =0, =a=y=1, b=p =2, q=—1 and b - bx, combining Theorems 2.1
and 2.2 we get Theorem 1 given by Magesh and Bulut in [26].

11. Replacingu =0, § =a=y=A1=1, b=p =2, q=—1andb = bx, combining Theorems
2.1 and 2.2 we get Corollary 4 given by Bulut et al. in [25].

12. Replacingd =n=u=0,a=y =1, b=p =2, q =—1andb - bx, combining Theorems
2.1 and 2.2 we get Corollary 2.2 and Corollary 3.3 given by Altinkaya and Yalcin in [21].

3. CONCLUSIONS
The main purpose of this study was to introduce and investigate a new subclass of bi-univalent functions.
In order to define this function class Bazilevi¢ and A-pseudo-starlike functions were used. Certain
bounds were obtained for coefficient estimates and Fekete-Szegd functional of this function class in
terms of Fibonacci-like polynomial. It is important to note that this paper generalize some results of
previously published papers.
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