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Introduction

Intuitionistic fuzzy (IF) sets, an important tool in uncertainty modelling, were introduced by Atasanov in 1986 [1].
In this theory, in addition to the membership function in fuzzy sets [2], there is a non-membership function that
characterizes the non-membership of an element in the universe. Unlike traditional fuzzy sets that assign a single
membership degree to each element in an intuitionistic fuzzy set, the non-membership function includes a degree
of hesitation and provides a more comprehensive representation of uncertainty and imprecision. Therefore, for
suitable problems, IF sets can be used as a more effective tool than fuzzy sets [3-8].

Another theory used in uncertainty modeling is soft set theory [9]. This theory was introduced by Molodtsov in
1999 as a powerful mathematical tool for handling imprecise, uncertain and incomplete information. Unlike
traditional mathematical models, soft sets do not rely on rigid membership functions, but instead use a flexible
approach based on a set of linguistic parameters, making them highly adaptable to real-world problems. This
advantage of the theory quickly made it popular in the scientific community and has been successfully applied to
many fields [10-14].

The increasing complexity of real-world problems has led to the development of hybrid mathematical models
that combine the strengths of different uncertainty theories. Among these, hybrid theories based on soft sets [9]
have attracted significant attention due to their ability to integrate with other mathematical approaches such as
fuzzy sets [7], rough sets [15], and IF sets [1]. By combining the flexibility of soft sets with the improved uncertainty
representation of other theories, these hybrid models are providing more robust decision-making tools, especially in
areas such as artificial intelligence, pattern recognition, multi-criteria decision analysis, and mathematics [16, 17, 18,
19, 20]. One of these theories is intuitionistic fuzzy parameter soft (IFPS) sets [21], which are based on the principle
that parameter sets are IF sets. In addition, topology is one of the important areas of mathematics. Therefore, the
topological structures of these hybrid theories have been studied by many researchers, [22- 25].

In this study, Intuitionistic Fuzzy Parameter Soft (IFPS) sets are examined. Following this, the topological structure
defined on these sets is presented and an introduction to the basic topological concepts it provides is given. In
addition, the IFPS function is defined and its algebraic properties are investigated. Finally, the properties of a function
between IFPS topological spaces are defined and the concept of continuity is introduced.
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Definition 1 [1]Let X be a non-empty set and p4: X = [0,1], v4: X = [0,1] functions and 0 < p,(x) +v4(x) <1
for each x € X. Then the set A = {(x, uy(x),v4(x)): x € X} is called an intuitionistic fuzzy set. Here the functions y,
and v, are called membership and non-membership functions of x, respectively.

Definition 2 [1]Let X be a non-empty set and let 4 be an intuitionistic fuzzy set on X. Then suppuéf ={x€

X:puy(x) # 0} and supp, A = {x € X:v,(x) # 0} sets are called membership and non-membership support sets,
respectively. Also, the union of supp, A and supp, A is called suppA.

Definition 3 [1] Let X be a non-empty set, A = {(x, 4 (x),v4(x)): x € X}, B = {(x, up(x),vg(x)): x € X} and
{A;}ie; for all i €1, are intuitionistic fuzzy sets on X, where I arbitrary index sets. The basic operations of
intuitionistic fuzzy sets are defined as follows;

) A< B e Vx €X, us(x) < ug(x) and vy (x) = vg(x)
) ANB = {(%, tans (¥), Vang (%)) ttars (x) = minfu, (x), up(x)}
Vang (%) = max{v, (x), v ()}, x € X}

3) AV B = {(x, ttavs (%), Vavs (¥)): avp (x) = max{u, (x), up(x)},
Vavg (X) = min{v,(x), vy (x)}, x € X}

4) (A)° = {0, va(x), 1a(x))}

5) 1, = {(x,1,0):x € X} and 0y = {(x,0,1):x € X}

6) A i = {06 g, (0), Vas, (O): 1, () = inf {1, (),
v, () = sup{i,,, (1)}, x € X)

7Y Ay = {0y, (0, Ya, ()i, () = SUD {10, (O,

vai(x) = inf{uAAi(x)},x € X}

1
2

Definition 4 [8] Let X and Y be non-empty sets, f: X — Y be a function and 4 = {(x, . (x), v4(x)):x € X}, B =
{(v,ug(¥),vg(¥)):y € Y} are intuitionistic fuzzy set on X and Y, respectively.

1) f(A) is an intuitionistic fuzzy set in Y. Then the membership and non-membership functions for each y € Y
defined as;

sup pua(x) L fFl(y) £ o
#f(A)(Y)={96€f‘1(y) o

) =
inf Va0 ()
T

2) f~Y(B) is an intuitionistic fuzzy set in X. Then the membership and non-membership functions for each x € X
defined as;
Kr-15)(x) = pup(f ()
Ve-105) (%) = v (f (X))

Definition 5 [21] Let E be a set of parameters, X be a non-empty initial universe, pu: E = [0,1], v4: E = [0,1] and
Fy:E - P(X), where uy(e) +v4(e) < 1foreach e € E. Then the (F, A) = {((e, a(e),v4(e)),Fs(e)): e € E} set is
called an intuitionistic fuzzy parameter soft sets.

From now on, the family of all intuitionistic fuzzy parameterized soft sets with parameter set E and initial universe
X will be denoted by IFPS(X, E). For convenience of notation, we will denote (F, A) simply by the approximation
function Fj.

Definition 6 [21]Let Fz € IFPS(X,E). If u4(x) = 0, v4(x) = 1 and F,(e) = @ for each e € E, then F; is called
the null intuitionistic fuzzy parameter soft set and is denoted by X, .

Definition 7 [21]Let Fz € IFPS(X,E). If uy(x) =1, v4(x) = 0 and F4(e) = X for each e € E, then F; is called
the universal intuitionistic fuzzy parameter soft set and is denoted by X;,.
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Example 1 [21]Let E = {e4, e,, €3} be a set of parameters and X = {x;, x,, x3, X, } initial universe. Then
Xo1 = {((e1,0,1),2), ((e2,0,1),2), ((e3,0,1),2)}
X10 = {((e1, 1,0), X), ((e2,1,0), X), ((e3, 1,0), X)}.

Definition 8 [21]Let F 4, F5 € IFPS(X,E). Then

1) If uy(e) < pg(e),vy(e) = vg(e) and F (e) S Fz(e) for each e € E, then Fj is called the IFPS subset of Fz
and is denoted by F; € Fj.

2)The F¢ = {((e, max{u,(e), ug(e)}, min{v,(e),vg(e)}), FAUB(e)): e € E} IFPS set is called the IFPS union of
Fzand Fg and is denoted by Fz U Fj.

3) The Fz= {((e, min{u, (e), ug(e)}, max{v,(e), vg (e)}),FAnB(e)): eE€ E} IFPS set is called the IFPS
intersection of F7 and F and is denoted by Fz N Fs.

4)The Fg = {((e,v4(e), us(e)), Fi(e)): e € E} IFPSset is called the IFPS complement of Fz and is denoted by
Ff.

Example 2 Llet E = {e;,e,,e3} be a set of parameters, X = {xy,x,,x3,%,} initial universe and Fz =
{((61,0.3,0.7), {xl,x3}), ((62,0,0.6),X),((63,0.7,0.3),{x1_x2,x3})} and Fg=
{((el, 0.2,0.5), {x1, x5 }), ((ez, 0.6,0.3), {x3,x4}), (es, 0.6,0.4),X)} are IFPS set on X. Then;

F7 U F5 ={((ey,0.3,0.5), {xy, x5, x3}), ((e2,0.6,0.3), X), ((e3,0.7,0.3), X ) }
FifiFz= {((el, 0.2,0.7), {x,3), (€2, 0,0.6), {x3, x4}), ((e3, 0.6,0.4), {x, x, x3})}
F§ ={((e1,0.7,0.3), {x2, x4}), ((e,0.6,0), ), ((es,0.3,0.7), {x,}) }

Definition 9 Let {ng}ie C IFPS(X,E). Then generalized union and intersection are defined as;

Ura={@v mn n vien,y Frer:e € 5}

i€l

(Vs = {( A ma@, v va(en0 Frenie e ]
el iel iel i€l
, Where [ is the arbitrary index set.

Example 3 let E ={e;,e;} be a set of parameters, X = {x;,x,,x3,%,} initial universe and Fz =

{((el,i, 1 L),{xl,x3}),((ez,; L),{xl,xz,x3})} for alln € N. Then;

n+2 n+1 2n+2’ n+2

U = {ce.v i) n va, fie:e € 8}
vt i€l i€l el

= {((el, 0.5,0), {x,, x3}), ((ez, 0.5,0), {x1, x5, x3})}

[)Fa={n v vaen.g fuenie e )

= {((91' 0,1), {xy, x3}), ((92' 0,0.5), {x1, %2, x3})}

Definition 10 Let Fz € IFPS(X,E). Then [Fz] = {((e,us(e), 1 — uy(e)),Fs(e)):e € E)} and (Fz) = {((e, 1 —
va(e),va(e)), Fa(e)):e € ED}.

Example 4 Let E = {e;,e,,e3} be a set of parameters, X = {xy,x,,x3,%,} initial universe and Fz =
{((el, 0.1,0.8), {x4, xz}), ((ez, 0.3,0.5), {x3, x4}), ((63, 0.6,0.3), {xl_xz, x3})}. Then;
[F;] = {((el, 0.1,0.9), {x;, x,}), ((ez, 0.3,0.7), {x3, x4}), ((e3, 0.6,0.4), {x; x5, x3})}
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(F7) = {((el, 0.2,0.8), {x;, %,}), ((ez, 0.5,0.5), {x3, x4}), ((e5,0.7,0.3), {xl_xz,x3})}.

Definition 11 Let /[FPS(X,E) and IFPS(Y, K) be two families of IFPS sets and u: X — Y and p: E - K be two
functions. Then u, is called a IFPS mapping from IFPS(X,E) to IFPS(Y,K) and denoted by u,:IFPS(X,E) —
IFPS(Y,K).

1) Let F; € IFPS(X,E) and C = u(A4), then the image of F4z under the IFPS mapping Uy, is Fe IFPS set in
IFPS(Y, K) defined as,

U u e ; -1 k) N su A~ £ 0
FC(k) = {eep_l(k)nSuppg (fA( )) 1% ( ) pp

@ ; other

foreach k € K.
2) Let F5 € IFPS(Y,K) and D = u~'(B), then the preimage of F5 under the IFPS mapping Uy is F5 IFPS setin
IFPS (X, E) defined as,

Fp(e) = u™'(Fz(p(e)))
foreache € E.

Example 5 Let E ={ey, €53}, K = {ky, k3}, X ={x1,x2,x3},Y = {y1,¥2,¥3} and Fz=
{((el, 0.3,0.5), {xz}), ((ez, 0.2,0.5), {xz,x3}), ((93, 0.6,0.1), {x1,xz})}- For the function u: X — Y defined as u(x;) =

Vo, u(xy) = y3, u(x3) = y, and the function p: E — K defined as p(e;) = k3, P(e;) = ki, p(e3) = k,, then image
of the intuitionistic fuzzy parameterized soft set Fz under u, is an intuitionistic fuzzy parametrezied soft set F¢ in
IFPS(Y,K), where p(A) = C. Then forall k € K,

tpcay(ki) = sup )#A(e) =pa(ez) =02 vyq(ky) = inf  vs(e) =va(ez) =05

eep~1(ky eep~1(kq)
k,) = su e) = e;) =06 v k,)= inf v,(e) =v,(e3) =0.1
:up(A)( 2) eEp—lr()kz)ﬂA( ) = pales) p(A)( 2) eeplky) a(e) a(e3)

k3) = su e)=us(e;) =03 v k:)= inf wv,(e) =v,(e;) =0.5
.“p(A)( 3) eep_llzkg)llA( ) = ua(ey) p(A)( 3) eep (k) a(e) a(er)

P(A) = C = {(k,,0.2,0.5}, (k;,0.6,0.1), (k3,0.3,0.5}}. Therefore,

Fe(ky) Zeep_l(k%nsuppju(FA(e)) = u(Fu(e2)) = u(fxz, x3}) = {2, y3}
Fe(kz) =e6p—1(kL2J)nsupp§u(FA(e)) =u(Fy(e;3)) = u({xsz}) = {y2,¥3}
Fe(ks) = U _u(Fa(e)) = u(Fa(e) = u({x2}) = {y3}

eep~1(k3)NsuppA

Consequently,
Fe = {((k1,0.2,0.5), {y,,¥3}), ((k2,0.6,0.1), {2, ¥3}), ((k3,0.3,0.5), {y3s})}.

On the other hand, the inverse image of the intuitionistic parameterized soft set Fz under u, is an IFPS set F5
,where p~1(B) = D. Then,

:up_l(B)(el) = up(p(e1)) = pp(ks) = 0.4 Vp—l(B)(el) =vp(p(e1)) = vp(ks) = 0.5
Up-1s)(€2) = up(p(ez)) = pp(ky) = 0.2 vy-15 () = vg(p(ez)) = vp(ky) = 0.7,
#p‘l(B)(e3) = up(p(es)) = pp(kz) = 0.2 Vp—l(B)(e3) =vp(p(e3)) = vp(ky) = 0.8
and sop~1(B) = D = {(e;,0.4,0.5}, (e,,0.2,0.7), (e3, 0.2,0.8}}. Therefore,

Fp(ey) = u™t (gB(p(el))) = u_l(gB (k3)) = u_l({}’1,J’3}) = {x,}
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Fp(ey) = u ' (gp(p(e2))) = u™'(gp(k1)) = u™ ({y1,¥2}) = {1, %3}
Fp(es) = u™(gr((e3))) = u ' (gp(k2)) = u ' ({y2}) = {x1},

. Consequently, F5 = {((el, 0.4,0.5), {xz}), ((ez, 0.2,0.7), {xl,x3}), ((63, 0.2,0.8), {xl})}.

Theorem 1 Let J is set of arbitrary index set, Fz, Fz, € IFPS(X,E), F, Fp, € IFPS(Y,K) and u,: IFPS(X,E) -
IFPS(Y,K) is a IFPS function. The followings are true:

(2)1f Fgl c Fﬁz then up(Fgl) c up(FAZ)
(2) If F5, € Fp, thenu,* (Fg,) € u, ' (Fz,)
(3) Fz € up (up(Fp)

(4) up(up ' (Fp)) € Fp

(5) up(Uiej Fﬁi) =Ui€] up(F.ATi)

(6) up(ﬁie] Fﬁi) Eﬁie] up(ng),

(7) ugl(Uie] Féi) ZUie] ugl(FEi)

(8) ugl(ﬁiq Féi) =ﬁi€] ugl(Féi)

(9) (up' (F5))° = up* (Fp)

(10) up ' (Y10) = Xqo

(11) up* (Yo1) = Xos

(12) up(Xlﬂ) T Yy

(13) up(xﬂl) = Yo1-

Proof. (1) Let F, = u,(F4,) and Fg, = u,(F4,). Since B, = p(4,), B, = p(4,) and B, < B,, it is sufficient to
prove that Fg (k) < Fp, (k) for each k € K.

V) u(F, (e ; “1(k) N suppd. £
FBl(k) = {Eep‘l(k)nmppgl ( A1( ) sp (k) ppA,
@ ; other

van—1 A
c {eep_l T u(Fa,(e)) ;p (k) NsuppA, o

@ ; other
= Fg, (k)

(2) Let u, (F,) = F4, and u,*(Fp,) = F4,.Since B; = p(4,), B, = p(4,) and B, < B,, itis sufficient to prove
that F,, (e) < F,,(e) foreach e € E.
Fp () =u™'(F,(p(e))
c u™(Fg,(p(e)))
=F,, (e)

(3) Let Fz =u,(Fz) and F¢ = u,*(Gp). Since A < p~'(p(A)) =p~(B) = €, it is sufficient to prove that
F,(e) S Fo(e) foreache € E.
Fe(e) =u'(Fz(p(e)))

=yt U F,
“ (eep‘l(p(E))nsuppﬁ uFa(e)))

U (u(Fa(e)))

= U
eep~1(p(e))nsuppi
2 F,(e)

This completes the proof.

(4) Let u,(Gz) = Fzand F¢ = u,(Fj). Since B = p(p~*(B)) = p(A) = C itis sufficient to prove that F(k) <
Fg(k) foreach k € K.
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U u(F,(e ; -1 k) N su A. .
FC(k) = {eep_l(k)ﬂsuppj ( A( )) 1% ( ) pp
° ; other

uu L (Fz(p(e))) ;p (k) nsupp(p~i(B)) # o
; other
Fg(p(e)) ;p~'(k) np~*(suppB) # @
; other
_ Leeproras(suppsy [ @€ ip(€) = k € suppB

@ ; other
Fg(k)

u
= {eerl(k)nsuppp‘l(é)
(%)

U
c {eep‘l(k)ﬂp‘l(suppﬁ)
@

(5) Let Fg, = u,(Fz) and F5 = u,(U;e; (F4.)).Then, B = p(v 4;) =V p(4;) =V B; and foreach k € K ,

U u(U Fy.(e p k) Nsupp Vv A; # @
FB(k) — eep‘l(k)nsuppi\eljﬁi (iE] A‘( )) p () pp iej !

@ ; other
U u(Fy,(e)) ;p~"(k) nsupp Y, A #o
13

U
— eEp‘l(k)nsuppi\E/]Aiie]

1% ; other
= ig] (eEp_l(kL)JnsupPﬁi “ (FAi(e))) ip7 (k) N suppA; # o
1% ; other
{ V] _u(Fy.(e)) ;p (k) nsuppl; + o
= U {eep~1(k)nsupp4; t
&) (g ; other

=Uje; Fp, (k)

This completes the proof.
(6) Let Fi, = u,(Fz,) and F = u,(Nye; (Fz,))- Then B = p(A A;) <Ap(A;) =AB;and foreach k € K,

1 _u(n Fy(e)) ip k) Nsupp A A; o
Fg(k) = {GEP 1(k)ﬂsuppié\]Ai €] i

1% ; other

@ u(E@) p ) nsupp p Ao

V]
ep~1(k)n AA; i€
eep~1(k) supp A Ai ]

c
1% ; other
=1 i
_ { eyt “ (@ 50760 0 suppdi = o
@ ; other
{ V] ~u(Fy.(e)) ;p (k) nsuppl; + o
=N eep~l(k)nsuppd; t
€] g : other
=1.Q] FBi (k)

This completes the proof.

(7) Let Fz, = u, (Fp,) and Fz = u,* (Use; F,)-Then, A= p~'(V B;) =vp~'(B;) =V 4; and foreach e € E,

Fa(e) =u™(Y Fy,(p()))
=0 U™ (g, (p()))

=lLEJ] FAi (e)

This completes the proof.

(8) Let Fz, = u,'(Fp,) and Fz = u, " (N;e; F3,).Then, A= p~* (A B;)) =Ap~'(B;) =A A; and foreach e € E ,
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Fae) =u'( Fy,(p()))
=0 U™ (g, (p()))

zlgj FAl’ (e)

This completes the proof.

(9) Let u,*(Fp) = Fzand u,*(F§) = He. Then, A = p~*(B) and C = p~*(B°) are fuzzy sets in E and for each
e €E, Fc(e) =u 1(F5(p(e)) = u t(Y\Fz(p(e)) = X\u" (Fz(p(e)) = X\F,(e) = F4c(e).This shows that the
approximation functions of F and FAC are the same. Thus the proof is completed.

(10) Let Fz = u, ' (Y10). Then fa(e) = u™'(Y1o(p(e))) = u~'(¥) = X for each E. This shows that F; = X,.

(11) Since p~1(K) is a fuzzy empty set, then the proof is clear.

(12) Let G5 = u,(Xy0). In this situation B = p(E) < K. Moreover, for each k € K,

\ u(X10(€)) ;p (k) Nsupply # o
Fg(k) Z{eep_l(k)nsupplE (X10(e)) P (k) pplg

1% ; other
ean—1
_ {ee,,yl(k)um 70 # o
1% ; other
C Y;0(k)

(13) Since p(0z) = O, the proof is clear.

Definition 12 Let E be a set of parameters, X be the initial universe and t € IFPS(X, E). If T satisfies the following
conditions, then 7 is called an IFPS topology.

1) Xp1, X190 ET

2)IfF;, Fs €1,thenF; A Fg € 1.

3) If {ng}ia €, EI Fz €T

Here, the triple (X, 7, E) is called an intuitionistic fuzzy parameterized soft topological space. Each element of t
is called an IFPS open set (IFPOS). The sets whose complement is IFPOS are called IFPS closed sets (IFPCS). The
family of all IFPS closed sets in the space (X, 7, E) is denoted by 7.

Example 7 LetE = {61,62,63},)( = {xlrxz,x3}. Then
Fi={((e1,02,05), {x, ,}), ((e;,0.3,0.6), X)}
F ={((e1,0.40.6), {x, }), (2, 0.1,0.5), {x, x3}), ((e5,03,05), {x)}
Fe ={((&1,0.2,0.6),{x,}), ((e5,0.1,0.6), {x;, x3})}

F5 = {((e1,0.4,0.5), {x1, x,}), ((ez,0.3,0.5), X), ((es,0.3,0.5), {x;:})}
. The family T = {Xy1, X10, F4, F5, F¢, Fp} is an IFPS topology on IFPS(X, E).

Theorem 2 Let E be a set of parameters, X be the initial universe, and (X, 7, E) be an IFPS topological space.
Then the followings are true.
2)If Fz,Fz € T¢, then F; U Fjz € T~
_ k . k
3) f {Fa},, € 7% then 0 FzF, € 7%,

Proof. The proof can be done easily.

Example 8 Let us consider the topology T in the Example 7 . Then;

F§ ={((e1,0.5,0.2), {x3}), ((e3,1,0),X)}
F§ = {((e1,0.6,0.4), {x,, x3}), ((e2,0.5,0.1),{x,}), ((e3,0.5,0.3), {x, x3})}
F& ={((e1,06,0.2), x5, x33), ((e,0.6,0.1), {x13), ((es, 1,0), X)}
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F§ = {((e1,0.5,0.4), {x5}), ((e3,0,0.3), {x3, x5})}.
Thus 7 = {X01;X10' Fg' Fg' ch' FDL:}

Definition 13 Let E be a set of parameters, X be an initial universe and (X,74,E), (X,7,, E) be two IFPS
topological space. In this situation, If T; € 7,, T, is said to be coarser than 7, or 7, is said to be finer than ;.

Example 9 Let E = {el_ez, 63},X = {xlrxz,x3}. Then,
Fr= {((el, 0.3,0.4), {xl,xz}) ,((ez, 0.5,0.2),{x2})}
Fg ={((e1,0.4,0.6),{x,}), ((e2,0.1,0.5), {x;, x5}), ((e5,0.3,0.5), {x;, x,}) }
Fe ={((e1,0.3,04),X),((e,0.5,0.3),X), ((e3,0.3,0), {x1, x,})}
F5 = {((e1,0.4,0.6),X), ((e2, 0.5,0.4),X), ((e3,0.4,0.5), X )}

.Thus Ty = {Xy1,X10, F4, F5, F¢} and 7, = {Xo1, X10, F4, F, F¢, F} families are topologies. Moreover, 7; € 7.
So 1, is coarser than 7, or 7, is finer than ;.

Proposition 1 Let E be a set of parameters, X be the initial universe, (X, 7, E) be an IFPS topological space. Then

[] = {[Fal: F4 € T}
(ty={Fa):Fz €1}
families are IFPS topologies.

Proof. Let’s show that [t] is a IFPS topology. Similarly, it can be shown that (t) is also a topology.
IFPST 1) Since [XOI] = XUl’ [Xl(]] = XlO’ Xﬂll XlO € T].
IFPST 2) Let [F4], [F5] € [t] Thenthere are IFPS sets such that F4,F 5 € T. Therefore F; N Fz € 7.0n the other
hand;
[FA A [Fz] = {(epale), 1 —pyle), Fa(e)):e € E)}N
{(e,up(e), 1 — ug(e), Fz(e)):e € ED}
_ {(e min{u,(e), up(e)}, max{l — py(e), 1 - MB(e)}.)}
Fi(e)NFgz(e)):e€E
_ {(6 min{u,(e), up(e)},1 — minfuy(e), up (6)},)}
F,(e) NFg(e)):e€E
= [Fz N Fg]
Consequently, [Fz] 0 [F5] € [1]
IFPST 3) Let [ng] € [z] for all i € I. In this situation, there are IFPS sets such that F, € 7. In this situation
,LEJI Fj, € 7. On the other hand;
13
iLEJI [FAL_] = {(e, max{p,,(e)}, min{l — MAi(e)}’zLeJI Fy):e € E)} = [iLeJI ng].
Consequently, '91 [Fa,] € [7].
L

Definition 14 Let E be a set of parameters, X be an initial universe, (X, t, E) IFPS topological space and F, €
IFPS(X,E).Then;

F_g=ﬁ{Fg:Fg €thveF; € Fp}
F; =U0{Fz:Fz€etveF5 C Fs}
These sets are called IFPS closure and IFPS interior of Fz, respectively.

Proposition 2 Let E be set of parameters, X be an initial universe, (X, 7, E)) be IFPS topological space. Then;
1)FAETk®FA=F_A
Z)FAE’L’(Z?OFAIFAS

Proof. 1) (: =) Let F; € T Here, Fj is the intersection of all IFPS closed sets covering F; and since Fj; € ¥,
Fz=Fj.
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(&) LletFz = F4. Fzis IFPS closed because it is the intersection of IFPS closed sets
2) (®:) Let F; € t.Since Fj is the union of all IFPS open subsets Fz, F; = Fj.
(&) LetF; =F;.Then F; € 1.

Example 10 Let’s consider the topology T in Example 7. For

Fs = {((e1,03,0.5), {x,x3}), ((e2,03,0.6), X), ((e3,0.2,0.7), {x, x3})}
IFPS setin IFPS(X,E). Then,
Fg IU{FTZFT € tand F5 (= Fs} = FgUXOl =F;
F: =N {Fp:Fs € T8 and F; € F;5} = X4,.

Theorem 3 Let E be a set of parameters, X be an initial universe, (X, t, E) IFPS topological space and F, €
IFPS(X,E). Then,

1) (Fp)© = (Ff)".
2) (F)° = (Fa.

Proof. 1)
(F;) = (A{Fz:Fs € t%and F; € F3))°
=U {Fg:Fg € 1k and Fj € Fg}
=U {F§: F5 € %and F§ € F§}
=U {Fe:Fz €Etand F¢ (= FE}
= (Ff)
2) The proof can be done similarly to 1).

Theorem 4 Let E be set of parameters, X be an initial universe, (X, 7, E) be IFPS topological space. Then,
1) X10 = Xy and Xo; = Xo o

2)IfFz € (X,T,E), thenFz C Fy.

3)If F4,F5 € (X,T,E)and F; € F,thenF; € Fg

Proof. It can be easily shown from the closure definition.

Proposition 4 Let (X, T, E) be an IFPS topological space, F5 and Fz [FPS sets in X. Then,
a)F; EFzandF; E Fy.

b) Fs € F5 F5 € Fjand F; € Fp.

c) (FAS)O = F;and F; = Fj.

d) (Fs N F5)° = F; N Fzand (F;UFg5) = F; UFj.

Proof. a) It can be easily shown from the interior and closure definitions.
b) Let F5 € F5. Then;

FE {Fg:FgETannggFg}
{Fs:Fs € Tand Fs (= F5}

B

e
- Q Q

Similarly, it can be shown that F; c Fj3.

c) Since the proposition is from 2 and F_A is closed, then F_g = F_g. Similarly, it can be shown that (FAf)o = F;.

d) Since (Fz N F3)° € F; and (F;z N F5)° € Fg, then (Fz N F3)° € F; N F5. On the otherhand, Since F; C F;
and Fz C Fj,then F; N F5 € Fz N Fz. Moreover, since F; N Gg € T, then F; N F3 € (Fz N F)°.This completes the
proof.

Definition 15 Let (X, 7, E) and (Y, g, K) IFPS topological spaces, Up: IFPS(X,E) = IFPS(Y,K) IFPS function. If
u,(Fg) € T forall F5 € o, then u, is said to be IFPS continuous.
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Example 11 Let us consider u,, [FPS function in Example 5 and 7 = {X,,, X1, F5} and 0 = {Yy4, Y10, F5} be two
topological spaces. Then u, is continuous.

Theorem 5 Let (X, 7), (Y, 0) be two IFPS and u,: (X, 7) = (Y, 0)be a intuitionistic fuzzy parameterized function.
Then the following are equivalent:

(1) up, is IFPS continuous;

(2) u,* (F5) IFPS is closed, for all Fz € o*;

(3) up(F1) € u,(Fy), forall F; € IFPS(X, E);

(4) u,'(F5) € up'(Fp) forall F5 € IFPS(Y,K);

(5) up ' (F3) € (up'(Fp))° forall F3 € IFPS(Y,K);

Proof. (1)=(2) Let u,, be IFPS continuous and F € o¥.Then F,»C( € o. u;l(Ff() € 7 since [FPS is continuous. From
here (u," (Fg))¢ € 7. This gives u,* (Fg) € t*.

(2)=>(3) Let Fz € IFPS(X,E). From the proposition 1 3) F; € u;l(up(F,q)). On the otherhand, since
u,(Fz) € u,(Fz) and from Proposition 1 (2), Fz € u;l(up(F,q)) c u;l(up(F,q)) € 7*. From proposition 1 (1), It
becomes w, (F7) € u,(up*(u,(Fz)) € u,(Fz), this means it is u, (Fz) € u,(Fy).

(3)=>(4) Let Fz € IFPS(Y,K). If u;l(Fg) is taken instead of Fz in (3), u,(up*(F5)) € u,(uy*(Fp)) € Fj5 is
obtained. This shows that u;1(F5) & u,*(Fp).

(4)e(5) Itis clear from proposition 1 (9) and Theorem 3.

(5)=(1) Let F5 € 0. Then u, ' (F5) = u, ' (F5) € (u,'(F5))° € u,'(Fp). Since Fj is a IFPS open set, from (5).
This gives that u;l(Fg) is an [FPS open set. Consequently, the function u, is IFPS continuous.
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