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Keywords Abstract: The article considers linear codes over Hurwitz integers. The codes are
Block codes, considered with respect to a new Hurwitz metric. This metric is more suitable for
Cyclic codes, (QAM)—type constellations than the Hamming Metric and the Lee metric. Also, one
Hurwitz metric. error correcting perfect codes with respect to the Hurwitz metric are defined. The

decoding algorithm of these codes is obtained. Moreover, a simple comparison in
respect to the average energy for the transmitted signal and the bandwidth occupancy
is given.

1. Introduction and Preliminaries

Recently, many researchers in coding theory have investigated some special codes over different fields or rings.
Some of these studies are summarized in the following: Giizeltepe defined the Hurwitz metric and obtain some
codes over hurwitz integers [1]. Abualrub and Siap studied constacyclic codes over F, 4+ ulF; in [2]. In [3],
cyclic DNA codes over F[u]/(u? — 1) are obtained. In [5], Yildiz and Karadeniz defined self-dual codes over
Fy +ulF> 4+ vIF> 4+ uvlF,. Yildiz and Karadeniz studied cyclic codes over Fy + ulF, 4 vIF» 4+ uvlFy in [6]. Cyclic codes
over some finite quaternion integer rings were presented by Ozen and Giizeltepe in [7]. Abualrub and Siap studied
cyclic codes over the rings Z; + uZ, and Zp + uZ, + u*7, and they found a set of generators for these codes in [4].
On the other hand, it is shown that Hamming and Lee distances have been revealed to be inappropriate metrics to
deal with quadrature amplitude modulation (QAM) signal sets and other constellations, [8]. Many authors have
studied on codes over different fields and rings to solve this problem up to now. One of the first example was given
by Huber in [13]. Huber constructed some constellations by using Gaussian integers. Also, Huber defined the
Mannheim metric for linear codes over the constellations. Although, Huber’s constellations is of minimal energy,
unfortunately, the Mannheim metric is not a true metric that it is proved in [15]. Inspired by Huber’s works, T. P.
da Nobrega Neto er al. constructed linear codes over some quadratic fields, defined linear codes over A, [p] and
compared these codes with codes over Gaussian integers Z[i] in terms of bandwidth occupancy and average power
in [12].

Later, C. Martinez et al. obtained perfect codes for metrics induced by circulant graphs in [15]. Moreover, they
proved that the Mannheim metric is not a true metric in [15]. In [16-20], works on codes over Lipschitz or Hurwitz
integers were given.

The present paper is organized as follows. In this section, we give basic definitions and introduce a new Hurwitz
weight and a new Hurwitz distance over Hurwitz integers. In Section 2, we construct a new class of perfect codes
which can correct errors of Hurwitz weight one and give a decoding algorithm of these codes. In Section 3, we
present a simple comparison in terms of bandwidth occupancy, the rate and average power.

In what follows, we consider the following:

Definition 1. [9] The Hamilton Quaternion Algebra over the Set of the Real numbers (R), denoted by H(R), is the
associative unital algebra given by the following representation:
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i)H(R) is the free R module over the symbols 1,e|,e,e3, that is, H(R) = {ao+ a1e1+ arex +azes : ap,ay,a2,a3 €

R};
ii)1 is the multiplicative unit;

i)t =e3=2e5=—1;

iv) e1e; = —eye) = e3, e3¢] = —e1e3 = €2, €263 = —e€36) = €.

The set of Lipschitz integers H(Z), which is defined by H(Z) = {ap + aje1+ axe» +ases : ag,aj,az,a3 € Z},is a
subset of H(R), where Z denotes the set of all integers. If ¢ = ag + aj€] + axe; + aze; is a Lipschizt integer then,
its conjugate quaternion is g = ag — (1€} + az€» + azes). The norm of q is N(q) = qg = a3 + a3 + a3 +a3. The
units of H(Z) are £1,+e,+ep, te3.

Definition 2. [10] The set of all Hurwitz integers is

I = {ao+a1§1 +aye, +azes € H(R) : ag,a1,a2,a3 € Z or ap,ay,az,as € Z—F%}
=H(Z)UH (Z+1).

It can be checked that 57 is closed under quaternion multiplication and addition, so that it forms a subring of the
ring of all quaternions.

Definition 3. If the norm of a Lipschitz integer q is a prime integer, then it is called a prime Lipschitz integer.

Definition 4. Ler w be a prime Lipschitz integer in H(Z). If there exist 8,q1, g2 € H such that q; — g2 = 70, then
q1 and q; are right congruent modulo 7 and it is denoted by q| =, ¢» (mod 7).

Hence, we can consider the quotient ring of the Hurwitz integers modulo this equivalence relation, which we denote
as

Hz={q(modm)|qge A}

This set coincides with the quotient ring of the Hurwitz integers over the left ideal generated by 7, which we denote
as (). The commutative property of multiplication does not hold over .77 since the product of two Lipschitz
integers are not commutative in general. Note that if 7 is a prime Lipschitz integer then, the ring .77 has no zero
divisors. To see this, let gjg» =0 (mod 7), q1,¢92 € 7, and without loss of generality N(q;) < N(g2). In this
case, N(q1)N(¢g2) =0 mod N(x) and therefore we get N(q1) = 1, N(q2) = N(x). This contradicts the fact that
N (qz) <N (717)

In the following definition, we introduce a new Hurwitz weight and a new Hurwitz metric.

Definition 5. Let 7 be a prime Lipschitz integer, Y = ag + aj€1 + azes + azes + agw € 75 and let

A = lag| +|a1| +|az| +|a3| + asas,
! ’ ! ! /A
B= oo+ e + oo ] + i,
o~ ~ ~ !’ PN I~ PN I ! ! !/
where ag + aje] + arer + azes + agw = ag+aer +a,er +azes+aw and some ag,ay,ay,as, ag,a,,a,,a3 € Z,

(14,a£1 € {x1,+ey, ey, +e3}. Here, the symbol |-| denotes the absolute value.
Then, we define the Hurwitz weight of Y = ag +a €1 + axer + azes +aqw as

A, A<B
Whur(’}/) —{ B B<A

Here and thereafter, w will denote %(1 +ei+erte3)
Also, we define the Hurwitz distance dy,,, between o and 3 as

dhur(ayﬁ) = vthr(Y)v
where Y=o — 3 (mod 7).

It is possible to show that dj,, (@, B) is a metric. We only show that the triangle inequality holds since the other
conditions are straightforward. For this, let &, 3, and y be any three elements of .7/7. We have

1) dhw(oc,ﬁ) = Whur(51) = |a0\ + |a1 | + |6l2| + \a3| + |a4|, where Ot—ﬁ =0 =ap+ajel +arer +azes +asw (mod 7'[)
is an element of .77, and |ao| + |a1| + |a2| + |a3| + |a4| is minimum.

il) dpur (@, Y) = Whur(82) = |bo| +|b1| + |b2| 4 |b3| + | ba|, where ot — Yy = 8 = by + b1 €1 + baen + bzes +baw (mod T)
is an element of 7, and |bg| + |b1| + |b2| + |b3] + |b4| is minimum.
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1ii) d;mr(’}/,ﬁ) = th(&) = |Co| + |Cl|+ |6'2| + |C3| + |C4|, where ’}/—ﬁ =& =co+cie) +crer+czes+cqw (mod 7'C)
is an element of .77, and |co| + |c1| + |c2| + |c3]| + |c4] is minimum.

Thus, & — B = 8, + 63 (mod 7). However, W, (02 + 03) > Wiy, (61) since Wy, (01) = |ao|+|a1 |+ |az| + |a3| + |as]
is minimum. Therefore,

dhur(a7ﬁ) < dhur(av }’) +dhur(%ﬁ)-

Note that the Hurwitz weight VY’W i§ not the Hurwitz weight wy defined in [1]. To see this, the Hurwitz weight of
the element g = w = % — 5 —% — 5 is Wj, = 1 and the Hurwitz weight wy of the same element is wg () = 2.

In the following section, we construct one error correcting perfect codes with respect to this new metric. In this
aspect, this present paper has an important advantage according to the paper given in [1]. Also, the dimension
of these perfect code is not only n —k = 1 but also n — k =¢. In this aspect, this present paper has an important

advantage according to the papers given in [17, 19, 20].
2. One Hurwitz Error Correcting Perfect Codes over /77

In this section, we obtain perfect codes correcting errors of the Hurwitz weight one over .77. Recall that, the size of
M7 is equal to p?, where N(t) = p. Also, a Hurwitz error of weight one takes on one of the twenty four values
+1,+ey, +er, *e3, +w, +w, +eyw, terw, Tezw, eyw, Herw, +e3w at the position [, 0 < I < n, for the length n.
The number of error vectors of the Hurwitz weight one including the vector of all zeros over ¢ is 24n+ 1, where
n denotes the length.

Let 7 be a prime in H(Z) and let N(7) = p > 5 be an odd prime in Z. Then, there does naturally exist a partition of
Jt; as follows:

Iy = {O}UG1Uqu---uG(le)/M.

Here,

=24

Gi|=1Ga| =+ = ‘G(pz—l)/%
and 1G;, # Gj, forall iy # ip, 1 <iy,in < (p*— 1) /24 and t € . Here and thereafter </ will denote the set
(1,481, 16>, 163, £w, £, 161w, £Erw, £83w, L61W, L6, L3}
For example, let T = 2 4] + ¢, + e3. Then, we get
Gy ={%1,+e), +ey, +e3, tw, W, e w, Lerw, tezw, teyw, +erw, ez}

and
Gy={x(lzxe)),£(1+e),t(1te3),+(e1+er),t(e1+ez),L(erates)}.

Hence, it is obtained that

%+2} +22+23 = {0} U Gl U G2

and
| iz 460425 | = |G1| +Go| +1 =49

2\n—k
Theorem 1. Let C be a code of length n = (”)274_1 and let p =t > 5, where m € H(Z) is a prime Lipschitz

integer and k denotes the dimension of the code. Assume that a partition of 7y is A7 ={0}UG UGyU---UG ;.
%

Then, the code C defined by the parity check matrix

Hy—iyxn = (Ho| HY| Hy| H3| Hy| Hs]),

where
g 0 0 0 0 - 0
Gi ¢ 0 0 0 - 0
gO, 01 0 0 G, g 0o 0o - 0
8 0 X 1
7 B A P 0 0 G, g o 0 7

oo e 0 0 0 G; g
0 0 8l L 1
: 8i
0 0 0 0 0 G,
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gt 0 0 0 O 0 .
0 g 0 0 o0 0 80,-
Gi 0 g 0 o0 0 0
Hi = 0 G; O 0 0 ... 0 7
0 0 0 G :
. . 0
: 8 G
0 0 0 O 0 G !
gl g & & & 8i gl
Gjl Gjl Gjl Gjl G/l Gjl Gl,
G, O 0 0 0 0 1
G .
2
H; — 0 Gj2 0 0 0 Gj3 ,
0 0 0 0 :
0 Gjndk—l
0 0 0 0 0 Gj
8l gl 8l 8l
0 Gj, Gj, Gji 1
Gj 0 Gj, Gj, éi,
Hy = Gj, Gj . , Hs = ~Jl
J3 .]3 Jn—k—2 Gjnik
: : 0 Gj .,
Giior Gl Gjui
is one Hurwitz error correcting perfect code over 7, except n—k =1 and p = 5. Here, gl-l,giz, e ,gl-24 € G;,

1 <i<24, and #7 =UGjand G, NGj, =0 forall ji # jo, 1 < ji,ja < (p*—1) /24
J

Proof. By the sphere-packing, we get

()t -1

(P") 20 +1) = p* (247 —+ 1) = (p")",

where p = N(m) > 5.
On the other hand, assume that we have the partition of J#; as 7 = {0}UG, UG, U---U G(p271)/24' By

multiplying all error vectors of the Hurwitz weight 1 by the parity check matrix H, the syndromes are distinct
altogether due to the fact that 1G;, # Gj, forall ji # j», 1 < ji,jo < (p*—1)/24 andt € &/. Let n—k =1 and
p =S5. Then, the dimension k of the code C becomes 0 but it is not feasible. This completes the proof.

O

Let us assume that an error of the Hurwitz weight 1 occurs in location /. Decoding is straightforward. Take the
received vector r = ¢ + e and compute the syndrome S of r as S = (rH”)T. The syndrome S is equal to the product
of 6 and the column [ of the parity check matrix H, where 6 € 7. The location of the error is /, and the value of
the error is 6 € &7

Example 1. Let 1 =2+¢| +e3 +e3. If we select n—k = 1, then in general the parity check matrix Hy «,, is obtained
as follows:

1 1. 1
Hiyx, = [g,l] = { 81> 82 ’ g(pZ_l)/24 } (1)
In this case, the parity check matrix H is chosen as
Hyo=[1, a+e |.

Here,
Gy ={%1,Ley, Ley, +e3,tw, +w, teyw, terw, tezw, e w, +erw, +e3w},

Gy={+(148),£(1+&),:(1£e),+ (¢ 1), (61 £63),+ (62 +e3)}
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and g% =1, gé = ¢1 +&,. The code C defined by the above parity check matrix H is one Hurwitz error correction
perfect code. For the decoding, for example, take the codeword ¢ = (—e} —e,1), e = (W,0), and r =c+e =
(e3,1) = (—e1 —er+w, 1) (mod 2+ ey + ez +e3). Then, the syndrome S of r is equal to

S=rHT =w=¢e|+ertes (mod 2+é\1+€2+é\3).

Hence, we see that the error occurs in location 1 since w = W.g} = w and the value of the error is W since
w=0gl=6.1=06.

Example 2. Let 1 =2+ e¢;. If we take n—k = 2, then in general the parity check matrix Hyy,, is obtained as
follows:

1 1
_| & 0 &
Hon = [ 0 & Gj } ’
where 1 <i<24,1<j< (pzf 1)/24. So, we get
%+€Al = {O}UG]

Hence, the parity check matrix H is chosen as

1 1 1 1
& 0 g g - 81}
H =
220 [0 gl ol & o g
_[101 | 1]
01 1 g g - &)

where
Gl=o = {:EL :t/e\l,:té\z, de3, w, +w, Lejw, :|:22W, :|:?3W7 :Izaw, +erw, :E?3W} .

Let us assume that

gi=—l,gl=21,81 =—21,8] = 2,80 = —2,8] = &3,4} = —é3,8] =w,g]" = —w,gj' = w,
O
Then the parity check matrix H becomes as follows:
Hyoo=| p 0 b Lot o el el 1
0 1 1 —1 e —e e —e e3 —e3 W —W W —Ww ew —e3w
Let the codeword ¢
c:(100000000011110~~-0)
and let the error vector e
ez(OOOOOOOOOO%WOOOO~~-0).

Then the syndrome of the received vector r = c + e is computed as follows:
S(}"HT)T< 6/3\W >< 4A_61W ) (m0d2+?1)
es e —w

It is shown that the error occurs in the 11th component since the syndrome S is equal to the product exw and the
1 1th column of the parity check matrix H, that is,

~_ (1
S= 3W( W)'

The value of the error is computed as e3w. Hence, the codeword is obtained by c = r —e.
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3. Comparison Between Codes over .7#;, Codes over Z[p] and Codes over Z|i]

In this section, we give a comparison between codes over .7, codes over A, [p] and codes over Z[i] in terms of
average energy, the code rate and bandwidth occupancy. Note that codes over Z[p] and codes over Z[i] were
presented in [12, 13], respectively. We first give a comparison between the average energy of codes over over 777
and the average energy of codes over A,[p]. Let m =2 +ej + e+ ¢3 and let oo = 54 3p. We show that the average
energy for the transmitted signal, considering constellations with the same cardinality, is smaller in the case of 77
than in the case of A,[p], see Table I.

Note that the average energy is calculated as:

E=— ZON(OCS)v

M
K

where N (@) is in signal space and it has a magnitude (distance from the origin) and M denotes the cardinality of
constellation.

Table I: Comparison between codes over .7 and A ,[p].

Alphabet | Base ring | Average energy
GF(49) H 1.47
GF(49) | A,lp] 7.22

We second give a comparison between the average energy of codes over over .77 and the average energy of
codes over Z[i]q. Let 1 =2+ ¢; and let oc = 4+ i3. We show that the average energy for the transmitted signal,
considering constellations with the same cardinality, is the smaller in the case of 7% than in the case of Z[i], see
Table II.

Table II: Comparison between codes over %z and Z[i]y.

Alphabet | Base ring | Average energy
GF(25) H 0.96
GF(25) Zlila 4.16

Bandwidth is one of the most important parameter of analog/digital communication systems. Various modulation and
coding techniques have developed to provide bandwidth efficiency up to now. It is known from the communication
theory, if we increase the codewords numbers (with the same dimension), we get higher channel capacity required
bandwidth [21].

We now compare the rate and bandwidth occupancy of the codes over .77 with the codes over A, [p], Z]i] o, when

the alphabets considered have the same cardinality. The codes over A,[p] presented in [12] and the OMEC codes

24 2

presented in [13] can be generalized to the lengths n = £ and n = %;—, respectively. Let p =1 (mod 12). Then

we have p =1 (mod 6) and p =1 (mod 4). In this case, a code C; over J%; has length n| = %, a code C;

over Ap[p] has length n, = % and a code C3 over Z[i]q has length n3 = %. Hence, if the dimension &, k> and

k3 of the codes C1,C; and C3 equal to k, then the rate R; of C| is greater than the rate R, of C; and the rate R3 of

C5 since R = b 2% R, = Lo f—fl and R; = ;% = pffl. For example, let p = 13 and k = 1. Then we get

np [)2—1 ’ ny p
R, = %, R, = 21—8 and R; = ﬁ. It is shown that the bandwidth occupancy of the code Cjis better than the bandwidth
occupancy of the code C; and the bandwidth occupancy of the code Cs.

4. Conclusion

In this paper, we define a new Hurwitz metric and construct linear codes over .77z with respect to this metric. We
show that the average energy for the transmitted signal is smaller in the case of ## than in the case of Z[p] and Z[i].
Moreover, the bandwidth occupancy of codes over .7 is better than the bandwidth occupancy of codes over Z[p)]
and Z[i].
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