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ABSTRACT. In this paper, we define null curves of constant breadth in Minkowski
4-space and obtain a characterization of these curves. Also we give an example
for such curves.

1. INTRODUCTION

The concept about curves of constant breadth were introduced by Fuler in 1780
[2]. After then, this subject were studied by many geometers. Kose [7] investigated
some properties of curves of constant width in plane. Also Kose [8] showed that
when a space curve is given, another space curve can be obtained such that the
tangents at corresponding points of the curves are parallel in the opposite direc-
tions and the distance between these points is always constant. In [9] and [I], the
concepts about the curves of constant breadth were extended to spaces E* and
E™ | respectively. However, many mathematicians have been interested in studying
curves of constant breadth in semi-Euclidean space [4],[5],[6], [11], [13], [14]. In [12],
they proved that there does not exist null curves of constant breadth in Minkowski
3- space.

In this paper, we define null curves of constant breadth in Minkowski 4 - space
and give a characterization of these curves. Also we obtain a differential equation
for null curves whose tangents at the corresponding points are parallel in opposite
direction and give an example for such curves.

2. PRELIMINARIES

Let Ef be the 4- dimensional Minkowski space-time. Then the metric tensor g
in B{ is given by
g = —dz? + dai + da? + da?,
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where (21, 9,73, 4) is a standard rectangular coordinate system of E} . There are
three casual characters in Minkowski space. Let v be a vector in Ef. If g(v,v) > 0
or v =0, then it is called spacelike vector, if g(v,v) < 0, then it is called timelike
vector and if g(v,v) = 0 and v # 0 then it is called null vector. The norm of a
vector v is defined by ||v|| = v/|g(v,v)| and if ||v|| = 1 then v is said to be unit
vector. A curve (3 in Ej is called spacelike, timelike or null, if all of its velocity
vectors are spacelike, timelike or null, respectively. If a spacelike (or a timelike,
resp.) curve 3 is given by arc-length parameter s, then its velocity vector S’(s)
satisfy the equality g(5'(s),8'(s)) = 1 (or g(p'(s),8'(s)) = —1, resp.) [10]. But
that case is different for null curves. If a null curve § is parameterized by arclength
function s, then g(8"(s), 8" (s)) = 1.

Let the Frenet frame along a null curve 3 in Ef be denoted by {7, N1, No, N3}.
Then the Frenet formulae of 3 is given as [I5]:

T = kN,

NI = kT — ky N, W
Né = —kQNl + k3N3,

Ni = —ksT,

where T and N are null vectors that hold g(7T, N2) = 1 and N; and N3 are spacelike
vectors. Also k1 (s), k2 (s) and k3 (s) are the curvature functions. If « is a straight
line, then the first curvature ki (s) vanishes but it is equal to 1 in other cases. In
this paper, we assume that the null curve § is not a straight line.

3. NuLL CURVES OF CONSTANT BREADTH IN MINKOWSKI 4-SPACE E}

In this section, we define null curves of constant breadth in Minkowski 4-space
and have a characterization of these curves. Also we give an example for these
curves at the last of the section.

Definition 1. Let 8: J C R — Ef and v : J C R — E} be null curves. If the
curves 3 and 7y have parallel tangents in opposite directions at the corresponding
points 3(s) and ¥(3) and the distance between these corresponding points is always

constant, then the pair of null curves B and v is called null curves of constant
breadth.

Let 8 and v be a null pair of curves which have parallel tangents in opposite
directions. Then the position vector of v at the point (5) can be written as:

V(5) = B(s) +a(s)T (s) +ax (s) Ni(s) +az(s) Na(s) +as(s) Na(s), (2)

where a and a; (i = 1,2, 3) are C°°—functions on .J.
If we take the derivative of (2) with respect to s and use (1) , then we obtain
—._.ds
TGE)— = (1+ad +arks —asks) T (s)+ (a} + a— asks) Ny (s) (3)

ds
+ (ah — a1) N2 (s) + (a5 + agks) N3 (s),
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where T is the tangent vector of . Since T = —T, by using (3), we get

s
1+d +arks —azks = _dE’ (4)
ay +a—azky = 0, (5)

a/2 —a = 07 (6)

aé +asks = 0. (7)

Since the tangents at the corresponding points 5(s) and «(3) of the null curves S
and ~ are parallel in opposite directions we can write

T=-T.

If we take the derivative of this equation with respect to s and use (1) again, we

have
- ds
N1(§)£ = —N1 (S)

Since the vectors N; and N; are spacelike vectors, we have

2
)
ds

On the other hand, by using (5), (6) and (7), we can rewrite (3) as follows:

d
(TZ = (1+d +arks — asks) T (s). (8)
Differentiating (8) with respect to s, we have
d2
d—sz = (]_ +d + arks — agkg)/T (S) + (]. +a + arks — CL3]€3) Nl(s) (9)

There exists a regular map defined by ¢ : J — J

5=(s) = /O g(y" (), (¢))idt, forallseJ (10)

where 5 denotes the pseudo-arc length parameter of the curve . By using (9) and
(10), we have

ds _ VI + a4 arks — azks)|
ds 1R2 — a3ky)|.

So we can say that the value of ;T‘f is positive and % =1.

Theorem 1. Let 3:J CR — Ef and v : J C R — E} be null curves. If the
tangents at the corresponding points 3(s) and v(3) of the curves B and ~y are parallel
in opposite direction then the following differential equation is satisfied

(CLQ/GQ — a’Q’)/ + Cllgkz +2
k3

’
> + asks = 0. (11)
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Proof. We assume that the tangents at the corresponding points S(s) and ~(3)
of the curves § and  are parallel in opposite directions. By using the equations
(4),(5),(6) and (7) we obtain the differential equation given by (11). O

Remark 1. The differential equation (11) is a characterization for null curves
which have parallel tangents in opposite directions. Via its solution, the position
vector of v can be determined. The general solution of this differential equation has
not yet been found. But it can be considered for some special cases.

Corollary 1. Let3: J CR — E$ be a null curve whose the curvatures are constant
and vy :J C R — Ef} be a null curve. If the tangents at the corresponding points of
the curves B and v are parallel in opposite direction then we obtain as as follows:

as = dleﬁs + clge_‘&s + d3 cos \/— 5 + dy sin\/—pus, (12)

where X = ¢y + /3 +¢3 and p = ca — \/c3 + 3.

Proof. Let us suppose that [ is a null curve whose the curvatures are constant.
Then we can consider them as k; = ¢o and k3 = c3, where ¢; and c3 are non-zero
real constants. In that case we induced differential equation (11) to following linear
differential equation.

a8 — 2esal] — ay = 0. (13)
If we solve the differential equation is given by (13), we have (12). Tt completes the
proof. ([l

Theorem 2. Let f:J CR — Ej and v : J C R — E} be null curves. Let the
tangents at the corresponding points 5(s) and v(3) of the curves § and ~y be parallel
in opposite directions. Then B and v are null curves of constant breadth if and only
if the curve ag = 0, where ay is the component of v in the direction Na(s).

Proof. We assume that the tangents at the corresponding points (s) and (3) of
the curves 8 and ~ are parallel in opposite directions and the distance between
these points is always constant. Then we obtain

[7(5) = B(s)|I> = 2a (s) az (s) + a? (s) + a2 (s) = constant. (14)

By differentiating (14) with respect to s and by using (4),(5),(6) and (7), we
have as = 0.

Conversely we assume that the component of v in the direction Nz(s) is equal
to zero. In that case, by using the differential equations given by (4-7), we get a =
a1 = 0 and a3 =constant and azks = 2. Then we can write v(3) = f(s) + azNs(s).
So, the distance between corresponding points of the curves § and -y is constant. It
completes the proof. O

Corollary 2. If 8 and v are null curves of constant breadth then the curvatures of
2

B are ko = ko(s) and k3 = = =constant.
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Corollary 3. If B and v are null curves of constant breadth then the curve v is
determined as (3) = [(s) + asN3(s), where az = k% =constant.

Example 1. (This null curve is given in [3] ) Let B be a null curve in E given by

B(s) = —= (sinh (), cosh (s) ,sin (s),cos (s)).

S

The Frenet Frame of 3 is given by

1 . .

T(s) = 7 (cosh (s),sinh (s),cos (s), —sin (s)),
Ni(s) = % (sinh (s),cosh (s),—sin (s),— cos(s)),
Ny (s) = % (—cosh s, —sinh s, cos (s), —sin (s)),
N3 (s) = L (sinh (s), cosh (s),sin (s),cos (s)) .

S

Then, we get the curvatures of B as follows:
kl (S) = ].7 kz (S) = 0, ]{53 (8) = —1.

From Theorem (2), we obtain null curve y as follows:

1 . .
~v(s) = 7 (—sinh (s), —cosh (s), —sin(s), —cos (s)).

So, B and ~y are null curves of constant breadth and |v(s) — B(s)| = 2. Also, it can
be easily seen that the tangent of v T = —T.
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