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1. Introduction

Smarandache [1] proposed a novel philosophical perspective that examines the origin, nature, and extent of neutralities, along with their
interactions in diverse contexts. The central tenet of neutrosophy asserts that any concept possesses not only a degree of truth—as typically
considered in many-valued logic systems—but also independent degrees of falsity and indeterminacy. In this approach, Smarandache appears
to interpret indeterminacy from both subjective and objective standpoints, including aspects such as uncertainty, imprecision, vagueness, and
error. Neutrosophy constitutes a recent mathematical theory that extends classical logic and fuzzy logic, encompassing constructs such as
neutrosophic set theory, neutrosophic probability, neutrosophic statistics, and neutrosophic logic.

Recently, Bisher and Hatip in 2020 [2] employed the concepts of random variables and the indeterminacy associated with neutrosophic
sets, offering an initial formulation of NRVs by introducing several fundamental notions. Subsequently, in 2021, Granados [3] established
additional theoretical developments related to NRVs, and later, Granados and Sanabria [4] investigated the concept of independence within
the context of NRVs. Furthermore, in 2020, Granados et al. [5,6] examined certain neutrosophic probability distributions, both discrete [5]
and continuous [6], based on the structure of NRVs.

On the other hand, the concept of statistical convergence can be traced back to A. Zygmund in 1935, and it gained further attention following
its reintroduction by Steinhaus [7] and Fast [8] in 1951 for sequences of real numbers. Since then, various generalizations and applications
have been explored. These developments have also been employed in neutrosophic theory. For instance, Kirisci and Simsek [9] proposed the
concept of neutrosophic normed space (briefly NNS), where they investigated statistical convergence and statistically Cauchy sequences,
along with statistical completeness. Granados and Dhital [10] extended these results to double sequences in NNS, defining notions such
as double statistically Cauchy sequences and their associated completeness. Kisi [11] explored the notions of ideal convergence and ideal
Cauchy sequences in NNS. Khan et al. [12] defined lacunary statistically Cauchy sequences and examined the relationship between statistical
completeness and classical completeness in NNS. In a subsequent work, Khan et al. [13] utilized A-statistical convergence to generalize
these concepts, presenting A-statistically Cauchy sequences and completeness results in NNS, along with relevant inclusion relations. Ali
et al. [14] investigated statistical convergence and statistically Cauchy sequences in neutrosophic metric spaces, inspired by analogous
definitions in fuzzy metric spaces, and provided several characterizations. Al-Hamido [15] proposed a new generalized neutrosophic
topological space that goes beyond both classical and crisp neutrosophic topologies, introducing novel types of neutrosophic sets and
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related concepts. Granados and Choudhury [16] formulated the notion of quasi-statistical convergence for triple sequences in NNS as an
extension of statistical convergence, investigated key properties, and demonstrated that quasi-statistical Cauchy sequences are equivalent to
quasi-statistical convergent sequences in this setting.

Inspired by the aforementioned studies and the growing interest in the investigation of neutrosophic statistical convergence, this paper aims
to introduce three novel types of statistical convergence for sequences of NRVs, which are as follows:

1. Neutrosophic . -statistical convergence in probability.
2. Neutrosophic .#-lacunary statistical convergence in probability.
3. Neutrosophic .#-A-statistical convergence in probability.

In the present study, all the existing results provided in [17-20] are generalized and refined.

2. Preliminaries

In this section, we outline key concepts that are essential for the progression of the study.

Definition 2.1. (see [21]) Let T denote a non-empty, fixed set. A neutrosophic set < is characterized by the expression {t, (U< (t), 84 (t),y</ (t)):
t € T}, where 0o/ (t),0.47(t) and y</ (t) represent the respective degrees of membership, indeterminacy, and non-membership of each
element t € 7 within the set <.

Definition 2.2. (see [22]) Let # represent a field. The neutrosophic field associated with ¢ and I is represented as (. UI), where the
operations are those of %, and I is the neutrosophic element satisfying the property I* = I.

Definition 2.3. (see [23]) A classical neutrosophic number takes the form a+ bl, where a and b are real or complex numbers and 1
represents the indeterminacy satisfying 0.1 = 0 and I* = I, which implies that I" = I for all positive integers n.

Definition 2.4. (see [23]) The neutrosophic probability associated with the occurrence of event < is given by
NP(ef) = (ch(<),ch(neutsl),ch(antie?)) = (T,1,F)

where T,1,F signify standard or non-standard subsets of the non-standard unitary interval | ~0,17 .

Now, we put forward some notions of NRVs [2].

Definition 2.5. Let 7 be a real-valued deterministic random variable, with the mapping:
T: Q=R

where Q is the event space. An NRV Y is defined by:

Ty : Q—R(I)

and

Ty=T+I

where I denotes indeterminacy.

Theorem 2.6. Consider the NRV Jy = 7 + 1, with the cumulative distribution function of Jy given by Fg, (x) = P(Jy <t). The following
expressions hold:

1. Fyu(t) :Fy(tfl),
2. fg,(t) = fa(t=1).

In these, Fg, and fg, denote the cumulative distribution function and the probability density function of J, respectively.

Theorem 2.7. Consider the NRV Ty = 7 + 1. The expected value is given by:
E(9y)=E(7)+1

Next, we provide some definitions concerning ideal spaces, as defined by Kuratowski [24]:

Definition 2.8. A ideal I on a set X, as defined by [24] is a collection of non-empty subsets of X that meets the following requirements.

1. WhenA CBandB € I, then A € I.
2. WhenAe€landBel, then AUB € I.

3. Neutrosophic .7 -Statistical Convergence in Probability
Definition 3.1. Consider a sequence { I, }qen of NRVs, where each 7, is constructed on a same event space ., along with a specified

class A of subsets of .7, and a probability function & : A — R. This sequence is regarded as neutrosophic % -statistically convergent
(N-. -stat-convergent) in probability to an NRV Iy, where T : . — R, if for any p,G,p > 0,

1
{aeN: a\{[3 <a: (%, — vl =p) =6} zp} s,
or equivalently,

1
{aen Jip<aii-2(, -l <p 2 czp ) e s

Stu (S
This convergence is represented by Ty, $ ) Ty. The collection of all sequences of NRVs that are N-.7 -stat-convergent in probability is
referred to as SPu (.F).
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Theorem 3.2. If 7y, ° ") Ty and Ty, ° ") @y, then 2{ Ty =y} = 1.

Proof. Letp,g>0and 0 < p < 1, then

%:{aeN:é){ﬁga:@(\ﬂuﬁ—ﬁﬂzg)2%}‘<§}e§(ﬂ),

and

“I/:{aeN:é’{ﬁga:@(\ﬂuﬁ—iffng)2%}’<%}6fi(,ﬂ).

Since # NY € F(F) and 0 ¢ .F (.7 ) implies that ZZ NV # 0. Now, let y € Z NV Then,

%HB <r:2 (17, -2 5) 25} <2
and

ﬂ{ﬁ <r:2 (17, -2 5) =25} <5
This implies,

ﬂ{ﬁgyﬂ(l%ﬁ—ﬂng)zgor@(%ﬁ—%mg)zg}]<p<1.

Therefore, there exists any 8 < ¥ such that &2 (|5Uﬁ - Tyl > g) < % and & ("?UB —%y| > g) < % Hence,

2Ty -2 2p) < 2 (10, - Tl 2 5) < S+ 2 (190, - 212 8) <.
O
sP %ﬂ ) . . P ,
Theorem 3.3. If a sequence of constants T, Ty, we can treat each constant as an NRV with a one-point distribution at that specific
. §7U ()
value, thus expressing the convergence as T
Proof. The proof is succeeded by the definition. O

The reverse of the above theorem is not always valid, as demonstrated in the following example:

Example 3.4. Consider # = {a*+ .7}, where o = 1,2,3, ... and let the neutrosophic density Ty, be defined as fo(x— ) =1+.9

for F <x < 1+.7, and equal to I otherwise. If o € ¥, then fo(x— I ) = W}'f{)%l,ﬂ)rf<x<2+ﬂ; and fo(x—F) =9 if
o € N—#. Now, for p € (0,1), we have
(i) P(|Ty, —2| > p)=1+1ifa €% and

(ii) P(| Ty, —2| > p) = (pp +J)" ifaeN— %

2
SPU ()
i

Thus, Ty, 2+ 7.

Theorem 3.5. The properties listed below hold for N-.7 -stat-convergence in probability:

U (I U (I
T, Sﬂ )3[] ifandonlyifyya—yysg )0,
Pu (S U (S
i s % ) Ty, then p Ty, s % >p§U, where p € R,
U (I U (I v (7
qua ) Ty and WUa § S ) Wy, then ‘7Uoz +Wya § g ) Ty + My,
S () 57U (F)
yUa yU and WU(Z WU, then yUg, — Wya 9{] — My,
Pu (S U (S
Ty g >t+1, then yUza S (t+1)?
Py (F Py (F Py (7
yua s li >l‘+11 and Wua s ﬂ )W+12, then QUQWUD[ § g ) (t+11)(w+12) where I} # I,
P 7 P a P, 7
T, s ﬁ )t+11 and W, s ﬁ ) w+ b, then Iy, W, s ﬁ ) [fw+I(1+t+w)] wherely =L =1,
P, (ﬁ P (ﬁ P, (ﬁ
Ty S >t+11 and Wy, S )w+12, then 9y, /M, S ) (t+1))/(w+1) provided w # —1.
SPu () SPu (F) SPu ()
<7Ua <7U and WU‘Z Wy, then <7Ua WU,, gUWU,
U (I U (I
L IF0< Ty, < Wy, and Wiy, S0, then 7, 80,
U (S
Af Ty, s g ) Ty, then for each p,g > 0, there exists B € N so that any p > 0

SPu (7)

O %0 N S AR N~

N~
~ O

1
{aens Lup<as 20, - A1 2p 2 g 2p ) e .

This will be called the neutrosophic .# -statistical Cauchy condition in probability.
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Proof. Let p, ¢, p denote arbitrary positive real values. Then,

Properties (1), (2), (3), and (4) directly follow from the definitions, so their proofs are omitted.
U (S Pu (S
1t 2, * 5 0, then 22 78 0 for
(B<a:2(25, —02p)=¢t={B < a: 2y, —0/>p)=¢}

Next, let

TG, = (To, — -+ D420 4+1)( Ty, — 1+ D)+ +02° 5 (12,

(6) We get
T, M0e = 3T, +P0,)* = (T — Y0,)*}
P,
§ %ﬂ> %{(l-ﬁ-ll +W+12)2 — ([+11 — (W+[2))2 = (l+11)(w+12).
(7) We have

T e = 3T+ P02)* = (T — W)}

SPu (&
- )%{(I+w+21)27(17w)2:[tw+l(l+t+w)],
(8) Let % and ¥ be events of |#y, —(w+h)| < |w+ L], /ﬂ%ja—ﬁ > p, respectively. Now,
'L_ U | Py, —(wtb)|
Yo, wth|  |(w+h)7y,|
_ |WUO,_(W+I2)
w+bL||(w+ L)+ Py, — (w+D)|
Wy — (WD)

< .
- ‘W+12H(‘W+12‘ — |Wya —(W+12)|)|

If % and ¥ occur simultaneously, then

plw+h[
Wy, —w+h)| > —
o = (wtb)l 2 1+plw+h|
. . P|W-i-12|2 .
that follows from the above inequality. Next, let py = THpwth| and let ¢ be the event |#y, — (w+1L)| > po. This implies Z# ¥ C ¥,
w+h

then 2(B) < € + F (<), where the bar represents the set of complement. This implies

1
{ﬁga;@(‘%afwﬂz‘zp)zg}

C{B <a: Z( Wy, —(w+h)| = po)
> LeU{B <a: P Wy, — (w+h)| > [w+h]) > L}

stu(s) 1 g, Su(s) t+1
Therefore, /ﬂi S provided w # I. Consequently, ,’Z/Ua ﬁ ) 1+h provided w # I,. If I, =I; = I, it can be seen that
Vot w+1 Vot w+h
SPu (&
,’ZZ"‘ ) 1 provided w #1.

SPu (7 SPU (.7
(10) First at all, we should prove that if .77, g ) Jy and 2y is a neutrosophic random variable then .7, 2y ﬂ ) Ty Zy. Since 2y
is a neutrosophic random variable, given ¢ > 0, there exists an k > 0 such that 2(|2y| > k) < %g. Then, for any p > 0,

P( Ty %y - Ty 2o 2p) =P, - Tul| Zu| 2 .| %y > x)
+2(1 %y, — Tl 2u| = p,| 20 < x)
<35+ 2%, — Tl > p/x).

This implies,
B<o: 2(1%y,2u - Tu2ul > p) > 6}
C{B<a:P( Ty, —(+1)| = p/K) > be} €.7.

U (S Py (7
Thus, (Ju, — Tu)( Py, — ?u) § g ) 0. Therefore, this implies Jy, #y, s ﬂ ) TuHy.
(11) Proof is straightforward and hence omitted.
(12) Take B € N such that (|7, — Jy| > %p) < %g. Then,

{B<a:2( 7y, — Tyl zp) 2 ¢t 2 p}
c{B<a:2(7,—|>1ip)>ist>ples.
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4. Neutrosophic .7 -Lacunary Statistical Convergence in Probability

Fridy [25] defined a lacunary sequence is an increasing integer sequence 6 = {sy } Ny {0} such that so =0 and hy = sy —5y_| — oo, as
Sv

U — ooy and Iy = (541,56, and qy = e
v-1

Next, we define neutrosophic .#-lacunary statistical convergence in probability:

Definition 4.1. The sequence { Ty, }qen is regarded as neutrosophic .9 -lacunary statistically (N-.%-Sg) convergent in probability to a NRV

Ty, where T S = R, if forany p,c,p >0,

{ver: Lipen: 247, - 12 p) 2 0l zp} e.s.

SN (7
This convergence is represented by Iy, 9—<> ) Ty. The collection of all sequences of NRVs that are N-.% -Sg-convergent in probability is

referred to as SB" (7).

Example 4.2. Let Ty, (0) = 0+ #, where o is a random variable uniformly distributed over [0,1], and define T (®) = . Let the
lacunary sequence 0 = {k, } .c be given by k, = 2', so that the lacunary intervals are I, = (k,_1,k;] = (2""1,2"), and the interval length is
b, =k, —k,_1 =2""1. Let the ideal .7 be the family of subsets of N with natural density zero. Now consider the sequence {9y, }- For each
o, we have

,1)05
04

o) - @) =| 1 = 2.

Then the probability that the absolute difference exceeds any fixed p > 0 is

L ifg>p,
0, otherwise.

29y, — Tl >P)={

Let us fix p = 0.1, ¢ = 0.5, and p = 0.25. In each lacunary interval I, the number of indices f§ such that (| Ty, — Jy| > p) > ¢ is
finite and gets smaller as B increases. Specifically, for large enough r, most 3 € I, satisfy % < P, so the corresponding probability is zero.
Therefore, the proportion
1
by

becomes less than any p > 0 for large r. Hence, the set

{Bet:2(7,-7|2p) 2 ¢}

{reN:éHﬁ €l: 2| Ty, - Tl zp)zg}) zp}

has natural density zero, so it belongs to 7.
856V () . . . .. . e
Thus, we conclude that Ty, “— ~ Ty, ie., the sequence is neutrosophic .% -lacunary statistically convergent in probability to .

s () 86" ()
_>

Theorem 4.3. If 7, Ty and Ty, "= Yy, then P{ Iy =Wy} = 1.
Proof. Let Z(| 9y — %y| > p) = ¢ > 0, where for some p > 0. Then,
Py~ 2p) < 2 (1T, - T = 5)

+9(|<7U,3 -y > %)

Thus,
{ver: tiwen: 202 - 212 p) > )1 > 4
c{vensLiupen: 29, - 212 §)2 iz 4
U{UEN: hiv|{ﬁelvz,@(|ﬂuﬁ—gu| > %)Z %}| 2 %} €,
where .4 is a neutrosophic set. O

Theorem 4.4. The following statements are equivalent:

. 7, 7.

2. Forall p,g >0,

bo o€l

{DEN:I Yy 32(|%a—%>p)>g}eﬂ-
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SV (7
Proof. We begin proving (1) = (2): First, let’s consider that .7, 9—(> ) Ty, then we have
1 1 G G
Y 2, - ol 2p) < g-HB € o: 2Ty~ Tl 2p) = SH+ 5.

bo acl,

Consequently, we obtain

1
{ver: L ioa, 2015, - 712 p) 2 ¢}

1 )
c{veN:—\{ﬁ EIU:W(L?U,;—@/U\ZP)E%HZ%}Eﬂ'
v

Next, we prove (2) = (1) : Let’s consider that for all p,¢ > 0,
1
veN:— ) P(Ty,~Tul=p)=cresd.
bo ocl,
supplies. Then,
1 1
—— Y 2%~ Tu|zp) = —HB el : (| Ty, — | 2 p) = G}I.
Ghv ocl, hv

Then, for any p > 0,

1
{vers Lipen: 207, -212p) 2 2 p)
v
1
c{vers -rae, 209, - A=) 2 0} e s

SN (7
Therefore, we have 77, 6—(> ) Ty. O

5. Neutrosophic .7 - A-Statistical Convergence in Probability

In [17], Ghosal formulated the following concepts. Let A = {A4}4en be a non-decreasing sequence of positive real numbers such that
A =1,Aq41 < Ag+1and Ay — o0 as a — oo. For a given sequence of real numbers (WB) Ben the generalised De la Valeé-Pousin mean is
demonstrated by

1

ta(x) = EﬁZQ Wﬁ
€0«

where Qg = [ — Aq + 1, ].
Next, we present the definition of neutrosophic .#-A-statistical convergence in probability:

Definition 5.1. The sequence { T, } qcn is termed neutrosophic & -A-statistical convergent in probability to a NRV Jy;, where T :  — R,
if forany p,g,p >0,

1
{aet: LHBe0us 21 - Al 2p) 262 p} e s

S (s
This type of convergence will be written as T, l—(> ) A.

Example 5.2. Let J, (0) = 0+ ﬁfor each a € N, where @ is a random variable uniformly distributed over [0, 1], and define Iy (®) = ®.
Then

| T, (@) = Ty (@)] =

i~

Thus,

L if gz 2p.

0, otherwise.

(1%, — ZP){

Now, define the non-decreasing sequence A = {Aq }qeN as Aq = 0 and the intervals Qg = [0 — Ay + 1, 0t] = [1, 0] for all oo € N. Let the
ideal .7 be the family of subsets of N with natural density zero.
Fix p =0.05, ¢ =0.5, and p =0.2. Then for large o, ﬁ <p, so

P(|Tyy — Tyl 2 p) <g formost B € Qq.

Therefore, the number of B € Qg for which the probability exceeds ¢ becomes negligible compared to Ag, i.e.,

i‘{ﬁ €0u: (T, ~ Tul 2 p) 2 c}| <p
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for all sufficiently large o.
Hence, the set

{aen: L |{Beow: 20, - 712 0)2 )| 20

is finite, and so belongs to the ideal .7 .
U (g
Thus, we conclude that Ty, Aﬁ( Ty, i.e., the sequence is neutrosophic % -A-statistically convergent in probability to .
Definition 5.3. The sequence { T, } qen is regarded as neutrosophic [V, A]-.% -summability in probability to a NRV F;, where ' :  — R,
provided that for any p,¢ > 0,

1
aeN:— Y Py, —Tu|>p)>gref.
Ao 525, ’

[VJL]”_‘;(J) T,

Example 54. Let 7, (0) = o+ éfor each o € N, where ® is a random variable uniformly distributed on [0, 1], and define T (®) = o.
Then,

We denote this summability as Ty,

T, (@)~ Tp(@)] =,

so that
L ifg=>p,
(| T, ~ Tu| = p) = w=P
0, otherwise.
Now, define A = {Aq}gen by Ao = 0, and Qg = [0 — Aq + 1,a] = [1,Q]. Let & be the family of all subsets of N with natural density zero.
Fix p =0.01 and ¢ = 0.1. For sufficiently large @, we have é <p, so P(| Ty, — Ty| = p) =0 for most B € Qq. Therefore,
1

= Y 2%y, - Tu1=p) =0 aso— oo
% BeQa

Hence, the set
1
{oc EN:— Y 2(%, -l >p)> g}
% BeQa
is finite and therefore belongs to the ideal .9

VAP ()

Consequently, T, Ty, i.e., the sequence is neutrosophic [V, A]-.% -summable in probability to J.

Theorem 5.5. For any sequence of NRVs { Zy, }nen, The statements listed below are equivalent:

PU 7
1. 2.5 7.

VAU (#
2. g, VS g,
Proof. The proof proceeds in a similar manner to that of Theorem 4.4 and is therefore omitted. O

PU ) PU ( ,)

SV (I V(I
Theorem 5.6. If T, 5 Ty and Ty, *S" %4y, then P{ T = B} = 1.

Proof. Since the reasoning parallels that of Theorem 3.2, we omit the detailed proof. O

6. Conclusion

In this paper, we have introduced certain notions of statistical convergence in probability for sequences of NRVs. We also established some
fundamental properties and examined their interrelations. Furthermore, it can be observed that the results presented here extend the classical
framework developed in [17-19]. This aligns with the viewpoint expressed by Smarandache in [1,20], which suggests that the neutrosophic
statistical framework provides a broader generalization than its classical counterpart. For future studies, we recommend extending these
notions by using [26-30].
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