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ABSTRACT.  This study aims to define a new structure inspired by the Hsu and golden structures, termed the
almost Hsu-golden structure. We investigate certain properties of this structure and define the almost Hsu-golden
B-manifold. Finally, we also examine integrability and parallelism conditions and give some curvature relations for
the almost Hsu-golden structure.
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1. INTRODUCTION

Hretcanu [17] defined the golden structure, while Crasmareanu and Hretcanu [9, 19, 20] examined its application
to Riemannian manifolds. Notably, these studies created a suitable framework for subsequent research. Gezer, Sal-
imov, and Cengiz [14] examined the integrability conditions of golden Riemannian structures. Ozkan [26] studied the
horizontal and complete lifts of the golden structure and its geometry on the tangent bundle. Akyol and Sahin [31]
investigated the golden maps between golden Riemannian manifolds and the constancy of these maps. Ozkan and
Yilmaz [27] examined the r-lift and integrability conditions of the higher-order tangent bundle of the golden structure.
Etayo, Santamaria, and Upadhyay [13] examined the first canonical and well-adapted connections to the golden Rie-
mannian structure. Yasar and Poyraz [28] defined the light-like hypersurfaces of a golden semi-Riemannian manifold
and investigated their various properties. Hretcanu and Blaga [7] defined golden warped product Riemannian man-
ifolds and examined their curvature properties. Erdogan and Yildirim [11, 12] carried out studies on semi-invariant
and totally umbilical semi-invariant submanifolds of a golden Riemannian manifold. Bahadir and Uddin [1] character-
ized golden Riemannian manifolds by examining their slant submanifolds. Hretcanu and Blaga [18] examined warped
product pointwise hemi-slant and semi-slant submanifolds in a locally golden Riemannian manifold. Sahin, Sahin,
and Erdogan [32] investigated Norden golden manifolds with a constant sectional curvature, proposing a new notion
of Norden golden sectional curvature and examining semi-invariant submanifolds of the Norden golden space form.
The existing literature shows that research in this area is constantly advancing and being enriched with new findings.

On the other hand, Hsu [21,22] created the Hsu-structure and examined the integrability of this structure. Nivas and
Verma [24] investigated the semi-symmetric non-metric connection on a manifold with a generalized Hsu-structure,
examining the Nijenhuis tensor and integrability conditions of this manifold. Singh [30] introduced a general algebraic
Hsu-structure and investigated its integrability conditions. Nivas and Verma [25] examined Hsu-structure manifolds,
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submanifolds, and Hsu-metric structure manifolds. Bisht and Shanker [4] defined recurrence and different types of
symmetry in the Hsu-structure manifold. Bisht [3] defined various forms of the Nijenhuis tensor according to the Hsu-
structure and examined some of its properties. Bisht and Shanker [5] expressed the Nijenhius tensor in various forms
in a hyperbolic Hsu-structure manifold. Bisht and Shanker [6] investigated the flatness of the Hsu-structure manifold
for a variety of curvature tensors. Chand De, Gezer, and Karaman [10] defined the Hsu B-manifold and examined the
curvature tensor field of the semi-symmetric F-connection on this manifold.

As possible connections and common applications between the golden structure and the Hsu-structure have not yet
been sufficiently investigated, this study aims to fill this gap in the literature.

In this study, inspired by the Hsu and golden structures, we define a new structure called the almost Hsu-golden
structure. This paper consists of six sections. The first section summarizes the studies conducted on the golden structure
and the Hsu-structure from the past to the present, while the second section provides details on some fundamental
ideas and notation. In the third section, we examine the mathematical properties and formulations of the considered
structures, including definitions of the almost Hsu-golden structure and almost Hsu-golden B-manifold, along with an
examination of certain properties. We investigate the integrability and parallelism conditions of this structure in the
fourth section, and provide some curvature relations in the fifth section. We have provided a concise summary of the
primary findings and contributions of the investigation in the final section.

2. DEFINITIONS AND NOTATIONS

This section provides fundamental information regarding the Hsu-structure and the golden structure, in order to
form a basis for development of the almost Hsu-golden structure.

Through this paper, M refers to an n-dimensional C*-class differentiable manifold.

We assume that all tensor fields and connections on this manifold are of class C*. We denote by X("t) the Lie
algebra of the vector fields on 9, and I denotes the identity operator on X(I).

A polynomial structure with structure polynomial Q(X) = ¥2 — X~/ is termed the golden structure. A golden struc-
ture on I is defined as a tensor field @ of type (1, 1) and of class C*, where ®?% — @ — ] = 0 is satisfied.

A golden Riemannian structure is defined as a pair (g,®) on M, where g represents a fixed Riemannian metric and
(DX, ) = g(X,09) for X, € X(M). The triple (M, g,®) is called the golden Riemannian manifold [9, 17,19, 20].

Having established the foundational aspects of the golden structure, we now turn our attention to the Hsu-structure
to further elucidate the comprehensive framework.

Hsu [21,22] constructed a new structure for any (1, 1)-type tensor field § and vector field X, such that F2(X) = a'/(X)
on a differentiable manifold Mt of class C*. This structure is called the Hsu-structure. Here a is a complex number and
ris an integer. Under the given conditions, when a = —1 and r is an odd number, the structure is classified as an almost
complex structure. If a = 1 or r = 0 (a # 0), it is categorized as an almost product structure. On the other hand, when
a = 0 (r # 0), it is classified as an almost tangent structure. Additionally if v = 2, then it is a ®F-structure and for
a # 0, it is a -structure; for a = =i, it is an almost complex structure; for a = 1, it is an almost product structure; for
a = 0, it is an almost tangent structure [10].

3. ArmosT Hsu-GOLDEN STRUCTURES ON MANIFOLDS

In this section, we first introduce a new structure, the almost Hsu-golden structure, and discuss some aspects. Then,
we define almost the Hsu-golden B-manifold.

Definition 3.1. Let Mt be a differentiable manifold and J be a (1, 1)-type tensor field that satisfies the equation below

1 —5a"
~2 o~
=3- 1, 3.1
S =3-— (3.1
where r € Z, a € C \ {0}. Here, J is called an almost Hsu-golden structure on 9t. Furthermore, we designate the pair

(M, J) as an almost Hsu-golden manifold.

According to this new structure, if we take

e a=1orr=0(a#0),then we have a golden structure defined in [9];

e a =0 (r # 0), we obtain a tangent golden structure defined in [9];

e a = —1 and r is an odd number, then we have a complex golden structure defined in [9];
e =2,
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— for a = 0, we obtain a tangent golden structure defined in [9];
— for a = 1, we obtain a golden structure defined in [9];
— for a = Fi, we obtain a complex golden structure defined in [9].

We highlight certain characteristics of these structures in the following:

Proposition 3.2.
i. An almost Hsu-golden structure J has two eigenvalues: o = H‘T@ and 1 - 0.
ii. Vp e M, the almost Hsu-golden structure J is an isomorphism with 1 — 5a* # 0 in the tangent space T,IN.

~ . . . .. . K ~—1 .
iii. It can be concluded that J is invertible with 1 — 5a* # 0, and its inverse, written as 5 =3 , satisfies the
equation 5% = (5 - 1.

1-5a*
Proof.
i. If o is the eigenvalue of J on X(M), then J(X) = AX for all X € X(M). From (3.1), we have
1-5a" 1-5a"
F() = 302 1) = 2 = (a L )ae
1-5a"
=>=1- :
4
Thus, 1| = '“2@ =0 and A, = "‘2@ = 1 — o are the eigenvalues of the almost Hsu-golden structure J.
ii. As Ker3 ={X € X(M) | J(X) = 0} and J is linear, from (3.1), we have
-~ o 1 =5a" N 1-5a"
JEQ(X)) = J(X)- I(¥) = 3(0)=0- X
1-5d
0=0- X
= 4
=X=0
= KerJ = {0}.

Therefore, J is injective. We now proceed to verify its surjectivity:
dim X(M) = rankJ + dim(Ker3) = dim X(M) = dim FJ(X(N))
= X(M) = J(XON)).

Hence, we establish that J is surjective.
iii. Given that J is an isomorphism, J it is invertible. Therefore, from (3.1),

1 -5a" 1-5a"
~2 o~ ~20—1 =1 ~-1
= — I:) = —
N} N 4 RN RN 2
ﬁo_l l_sat&—l
3= I S
1-5a"__; -
= 2 S 1\5 1:\5 1_[
1-5a"4, &
=— F2-S+1=0. O

Proposition 3.3. It follows that 5 = I — 3 is an almost Hsu-golden structure if 3 is an almost Hsu-golden structure.
Proof. This can be directly derived from (3.1). O
Theorem 3.4. An almost Hsu-golden structure is induced by a Hsu-structure § in the following way:

~ 1
On the other hand, any almost Hsu-golden structure J produces a Hsu-structure:

23—/
F= ‘/“_20—1'
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Proof. For a Hsu-structure &, we find that

~2

N)

-lkl'—‘-hl’—‘ C,?

°3)
(I + \/58') o (I+ \/53)]

[
= (I+V5%) - }‘(1 ~5a%) 1

1 - 50
—y- 20
4

Thus, J is an almost Hsu-golden structure. We now proceed to examine the almost Hsu-golden structure J. This yields

F=FoF

= Q;‘fl)z (23 - 1) o (23 - D]

B 5(ar)2
T Qo -1)?
=a'l,
establishing that & is a Hsu-structure. O
Definition 3.5. An almost Hsu-golden B-structure is defined by a pair (g, J), where g is a B-metric, such that
9%, D) = 6(X,39) (3.2)
or, equivalently,
1-5a"
a(3%,39) = o(X,3Y) - 9(X,9). (3.3)
The triple (9, g, J) is referred to as an almost Hsu-golden B-manifold.

4. INTEGRABILITY AND PARALLELISM OF ALMOST HSU-GOLDEN STRUCTURE

In this section, we investigate the structure’s integrability and parallelism conditions.
We introduce some tensor fields characterizing the properties of the Hsu-golden distributions defined by J for an
almost Hsu-golden B-structure (3, g) on the smooth manifold 9t, where V is the Levi—Civita connection of g, as follows:

e The Nijenhuis tensor of J

N3(X,Y) = J([IX, V] + [X, 3] - J([X, D)) - [3X, 3], 4.1
e The Jordan tensor associated with J
M3(X,Y) = JAIX, V) + {X, 3V} - (X, DY) — (3%, 3V}, (4.2)
e The deformation tensor associated with J
H3(%,9) = @ o VaJ - Vaxd)¥), (4.3)

which satisfies 295 = 95 + N5 [8, 16].

The complementary distributions on Mt are represented by B and S, corresponding to o and 1 — o, respectively. Given
the corresponding projections, v and s, we have v® =v,s% =s,0+s=1,and vs = sv =0. Then, it is clear that
o—1 1

D=20__11+2O__1\s 4.4

and :
o
= I - 5. 4,
s 20— 1 200 — 1\S .5

Proposition 4.1. Let (M, g, J) be an almost Hsu-golden B-manifold. For arbitrary vector fields X and %) on I,

4
N3(X,Y) = —‘ﬁ“ﬁ(% 9). (4.6)
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Proof. Let X and 9 be arbitrary vector fields on 9t. From (3.1), (4.1), and Theorem 3.4, we have

R D) = %91+ 1123~ D, 23~ DV - 523~ DI - DE,I)
- $@3 - DIEEI - DY)
= W% D1+ ZI3EQ3 - D] - £[%,23 - D] - 223~ D]
+ 523~ DIE D] - 2023~ DI 3V + 223~ DIE, )
:(Sa‘—1+4

(o3 5 — _(\, o~ — i(\' Ns é_“ (o3 o3
5 3\5) [X,9] [3X,9] So[%,oD] + 5[\536,\52)]

|

4@ l_sar y _fc~<\4 _iz\ 239 fcw o~
= g(\s— 7 )[3€, V] 5\5[\5&,2)] 5\5[35,\51)] + 5[\536,\5%]

4
= S D). O

Remark 4.2.

i. If N5 =0, then J is integrable.
ii. For all vector fields X and %) on M, the distribution B is integrable if s[vX,vY] = 0, and S is integrable if
o[sX, sY] =

Proposition 4.3. Let (I, g, J) be an almost Hsu-golden B-manifold. The following relations hold:
1
s[vX,0Y] = s‘ﬁ 5(0X, 09),

v[sX, Y] = 1 Dﬁt 5(sX, s9),

Based on Remark 4.2 and Proposition 4.3, the following proposition can be established.

Proposition 4.4. T is integrable if and only if s95(vX,vY)) = 0 and S is integrable if and only if vVIi5(sX,sY) = 0.
The distributions B and S are both integrable if J is integrable.

Proposition 4.5. It is evident that N, =N, = —9?3 =M, =M and Hy = Hs = 55 553 apply to the two projection
operators, v and s.

Proof. For an almost Hsu-golden structure J, Equations (4.1)—(4.3), Remark 4.2, and Equations (4.4)—(4.6) yield that

I[X, Y] = 933[35 9] = N[%, D]
and
0, [X,9] = ! Wﬁ\s[% 9] = M [X,D].
Furthermore, we obtain
2
= 2 O, + MIE DD

= H3(X,9) = 5<1 Do(X,9)

93(X,9) =
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and
5 T
93(%,9) = %(%[35,‘1)] + M [X, V1)
= 93(X,9) = 5a"9.(X, ),

from which we obtain that

1
H(X,9) = H:(X,Y) = 553(35,‘1))- a

Corollary 4.6. On a B-manifold with an almost Hsu-golden structure, the projectors v and s exhibit g-symmetry, while
the distributions B and S are g-orthogonal. Additionally, the almost Hsu-golden structure is Nx-symmetric.

Proof. The proof of this proposition is a direct consequence of Remark 4.2. O

Lemma 4.7. Consider (M, g,3) as an almost Hsu-golden B-manifold. Then,
N3(X,Y) = (V323 — (VI X + I(VyI)X - J(VxI) 4.7)
holds for all vector fields X and ) on IN.

Proof. Considering the Lie bracket [X,?)] = Vi — Vy X and the covariant derivative of J with respect to X and ),
(Vx3)Y = Va3 — IV, we obtain

Ny(X,9) =F2[X, 9] + [3X,3IV] - J[3X, 9] - J[X, 3]
1-5a" 1 -5a*
=3J(Vx?) — 3(VyX) - 2 Vi + 7] Vg X
+ (V3IXI)Y + I(V3xD) — (Vay )X = I(Vyn X)

- - - - 1 -5a'
= J3(V3xD) + J(VyI)X + J(Vy X) —

Vi

~ at ~
=3J(VeI)Y - I(VxY) + 1 Vi + 3(Vyg X)
=(V3x3)Y — (V393X + J(VyI)X — J(V3)Y. O

When 9ty = 0, the almost Hsu-golden structure J is termed integrable, and the triplet (I, g, J) is referred to as a
Hsu-golden B-manifold. As a direct consequence of Lemma 4.7, we obtain the following result.

Corollary 4.8. Consider an almost Hsu-golden B-manifold (I, g, J). When the condition V3 = 0 is satisfied, the Hsu-
golden structure J is integrable and the triplet (I, g, J) is termed a Hsu-golden B-manifold.

Based on (4.7), we derive the following integrability condition expressed in terms of a Codazzi-like equation.

Theorem 4.9. For a given almost Hsu-golden B-manifold (M, a,3), the integrability of J is equivalent to the satisfac-
tion of the following Codazzi-like equation:

(V3x3) - J(VeI)Y =0
for arbitrary vector fields X and ) on IN.
For a pure tensor Q of type (0, a), the operator ¢ with respect to J is explicitly given by the relation
(3 DX, D1, ..., 90) = (FOQLD1, ..., Do) — XQAIV1s -, Vo)

Q01 Ly D, D)
A=1
for X,91,...,9, € ['(TM), where Ly denotes the Lie derivative with respect to 9.

The following theorem further relates to the integrable property of the Hsu-golden structure J.

Theorem 4.10. Given an almost Hsu-golden B-manifold (I, g, 3), the integrability of J is characterized by the van-
ishing of ¢x9; that is, 59 = 0.

Proof. As the proof’s methodology closely resembles that of Theorem 2.1 in Gezer [14], we do not reproduce it
here. ]
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In 1930, the Schouten—van Kampen connection was defined [29], while the Vrinceanu connection was introduced
in 1931 [33]. Ianus provided coordinate-free formulas for these connections in [23], and Bejancu named them in [2].
Definition 4.11 ( [15]). The Schouten—van Kampen and Vrinceanu connections are characterized as follows:
e The Schouten—van Kampen connection
Se
Vx Y = 0(Vx0d) + s(VxsY);
e The Vranceanu connection
B
Vx 9 = 0(Vyx0Y) + 5(VexsY) + v[sX, vY] + s[vX, sY],
where X, € X(IN).
Proposition 4.12. Given any linear connection V on I, the projectors v and s are parallel with respect to the Schouten—

van Kampen and Vrdnceanu connections. Additionally, J is parallel with respect to the Schouten—van Kampen and
Vrdnceanu connections.

Proof. According to Definition 4.11 and Remark 4.2, for all X,9) € X (), the parallelism of projector v with regard to
the Schouten—van Kampen and Vrdnceanu connections is characterized by

(Vi) = V09 — (V)
= 0(Vx0Y) + s(Vxs(09)) — v[vo(Vx0Y) + s(VxsY)]
=0
and

B B @
(Vx0)D = VoY — 0(VxY)

= 0(Vyx0®) + 0[sX, 0(0Y)] - (Vox0Y) — v[sX, 0]
=0.
Analogously, the parallelism of the projector s with respect to these connections can be established. Furthermore,

the almost Hsu-golden structure J is parallel with regard to the Schouten—van Kampen and Vrdnceanu connections
precisely when

(V3D = V39 - 3(VY)
B(V0(3D) + 5(Vs(3D)) — I[0(Vx0D) + (V)]
0

and
B B B
(Vi)Y = V3D - 3(VxY)
= 0(Vox0(3Y) + s(V:xs(3D))) + v[sX, 0(IJY)] + s[vX, s(3JV)]
=30(Vox09) — Is(VsxsY) — Jo[sX, Y] — Io[vX, Y]
=0. O

Proposition 4.13. For any linear connection V on M, regarding both the Schouten—van Kampen and Vrdnceanu
connections, the distributions 8 and S satisfy the parallelism condition.

Proof. Let X € X(M) and Y € T'(V). Given that Y € I['(B), it follows that s(Y) = 0 and v(Y) = ¥, which yields

Se

Vi = 0(Vx0®) + 5(Vys9)
= (V) e B

and
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g;‘l} =0(Vx09)) + s(VsY) + v[sX, 0Y] + s[vX, 59 ]
= (0(VxY) + v[sX,Y]) € V.

Similarly, let X € X(M) and Y € I'(S). Given that Y € I['(S), it follows that v(2)) = 0 and s(¥) = ¥, which yields

VD = (Vo)) + 5(VsY)

=4(VyY) e S
and
B
Vi = 0(Vx0?) + s(VxsY) + v[sX, 0Y] + s[vX, 59 ]
= (s(VxD) + s[vX,Y]) € C. o

Theorem 4.14. The set of linear connections V such that V3 = 0 is

1

Sa"+ 1~
Vx‘l]=§

S Ve U+ 23(Ve 39) — 3(Vx )— Vi 39

+ Oz2(X,9),

where V represents an arbitrary fixed linear connection and Q denotes a (1,2)-tensor field such that OgQ corre-
sponds to an associated Obata operator

1 & . G
O:2(X,9) = =| X, 3Y) + —Q| %, 3
k= e s Lafn L)
for the corresponding almost Hsu-golden structure.

Proof. For the set of linear connections V, where % is an arbitrary fixed linear connection and Q is a (1, 2)-tensor field
with Oz Q as its associated Obata operator, the application of Equation (3.2) and Proposition 3.3 for all X,?) € X(9t)
yields

1 (5a"+1/~ _ [ ~ (= - ~
V.{3‘D=§ 3 (V.{ ;S‘Z))+2\5(Vx\52?])—\5(V35 ;S‘D)—Vee JZ‘D]
+ OzQ(%,39)
D [Se =1/~ _\ _{~ —\ 1-50_/=
=§[ ) (on‘l))+o(on‘D)— 2 J(VX‘D)
1—-5a" ~
+ Vx 9|+ Ox (X, 3V),
1[50 +1_ = R =
AV = o |53V 0) + 237 (V2 39) - 3 (7 9) - 3 (Vi ;@)]

+ 305X, )
1 [5a"=1_/> ~ 1-5a" ~
- [ | [ ogl _ )
Sar[ 3 \S(V& ‘D)+\5(Vx \5)) 5 Vx 39

1—5a" ~
.S
n Vx 9

+

+ (O3, D)),

and
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O5Q(%,3Y) =

3 13 Vsa H
QX,39) + — Q| %,
[( S))+\/E ( 2@2”2«/52)

1
[(‘TSD(%, V) + < FIN, ‘?‘D)] .

R — ] —

Moreover,

1
IORE D) = 3 [3@(36,2)) " %sn(%, \i_y)}

and OgQ(X, JV) = J(OzQ(X,Y)). As aresult, we obtain
(Vxd)Y = Va3 - 3(Va®) = 0,
which implies that VI = 0. O
5. CurvaTURE TENSOR FIELD OF ALMOST HsU-GOLDEN B-MANIFOLDS

This section provides some properties of the Riemannian curvature tensor of an almost Hsu-golden B-manifold

M, 3, 9).
Let (9, 3, g) denote an almost Hsu-golden B-manifold, and let R be the Riemannian curvature tensor of g. Within this

framework, the curvature operator acting on vector fields X, ?), 3, W € X(IN) is characterized by

RE, V)3 = VyVx3 = VaVy 3 + Vix g1 3.
The corresponding curvature tensor, defined for smooth vector fields X, 2, 3, W € X(M), takes the form

R, Y, 3, W) = g(R(X, D)3, W).
Lemma 5.1. Let (I, J, g) denote an almost Hsu-golden B-manifold. We have that

1-5a"

RSX,JY) = R(EX,JY) -
for any vector fields X and %) on M.

R(E, )

Proof. Through Equations (3.2) and (3.3), direct calculations, and the known properties of ‘R, we establish that

1-5a"

SRECX, IV, W) = g(R(X, 3Y) - R(EX, D)3, W)

for all X,9), 3,2 € X(M). Consequently,

4

Proposition 5.2. If (M, 3, o) represents an almost Hsu-golden B-manifold, then the Riemannian curvature tensor R of
g satisfies the following identities:
e RIX,Y, 3, W) = R(EX, IV, 3, W),
RE, D, 33, W) = R(EX, Y, 3, IW), ,
RFX, 39,3, W) = R, 3V, 3, W) - 12CR(EX, D, 3, W),
R(X,D,33,3W) = R(X, D, 3,IW) - 12ERE, Y, 3, W),
R(E, 39,33, W) = REAX, D, I3, W) = RIX, Y, 3, IW) = R, JY, 3, IW)
forany X,9, 3, € X(M).

Proof. Through the application of Equations (3.2) and (3.3), Lemma 5.1, and the standard properties of R, one can
verify that the proposition holds. O

RECX,JIY) = R(EX,3Y) - TR, v). o
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Lemma 5.3. Consider (M, 3, ¢) as an almost Hsu-golden B-manifold, and let R be its curvature tensor. We have the
subsequent relation:

9(R(X,J¥)Y, 3) = g(R(X,IJX)DY, IV) = g(R(X, JNJIX, ¥) =0
for arbitrary vector fields X,%), and 3 on X(I).

Proof. Using (3.2) and Proposition 5.2, the lemma follows immediately as a direct consequence of the algebraic prop-
erties involved. ]

6. CONCLUSIONS

This paper presents a novel geometric structure termed the virtually Hsu-golden structure, derived from the recog-
nised Hsu and golden structures. We commenced by synthesising the advancements and current findings pertaining
to golden and Hsu-structures from historical to contemporary contexts. Subsequently, we established the definitions
of the almost Hsu-golden structure and the almost Hsu-golden B-manifold, and analysed their fundamental aspects
through theoretical examination and illustrative instances. Additionally, we examined the constraints for integrability
and parallelism related to this novel structure. In the final part of the study, we established certain curvature relations
that enhance understanding of its geometric properties. The findings of this study indicate that the almost Hsu-golden
structure is a viable avenue for further investigation in differential geometry, with possible implications in both theo-
retical and applied mathematics.
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