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Abstract. This study aims to define a new structure inspired by the Hsu and golden structures, termed the
almost Hsu-golden structure. We investigate certain properties of this structure and define the almost Hsu-golden
B-manifold. Finally, we also examine integrability and parallelism conditions and give some curvature relations for
the almost Hsu-golden structure.
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1. Introduction

Hreţcanu [17] defined the golden structure, while Crasmareanu and Hreţcanu [9, 19, 20] examined its application
to Riemannian manifolds. Notably, these studies created a suitable framework for subsequent research. Gezer, Sal-
imov, and Cengiz [14] examined the integrability conditions of golden Riemannian structures. Özkan [26] studied the
horizontal and complete lifts of the golden structure and its geometry on the tangent bundle. Akyol and Şahin [31]
investigated the golden maps between golden Riemannian manifolds and the constancy of these maps. Özkan and
Yılmaz [27] examined the r-lift and integrability conditions of the higher-order tangent bundle of the golden structure.
Etayo, Santamarı́a, and Upadhyay [13] examined the first canonical and well-adapted connections to the golden Rie-
mannian structure. Yaşar and Poyraz [28] defined the light-like hypersurfaces of a golden semi-Riemannian manifold
and investigated their various properties. Hreţcanu and Blaga [7] defined golden warped product Riemannian man-
ifolds and examined their curvature properties. Erdoğan and Yıldırım [11, 12] carried out studies on semi-invariant
and totally umbilical semi-invariant submanifolds of a golden Riemannian manifold. Bahadır and Uddin [1] character-
ized golden Riemannian manifolds by examining their slant submanifolds. Hreţcanu and Blaga [18] examined warped
product pointwise hemi-slant and semi-slant submanifolds in a locally golden Riemannian manifold. Şahin, Şahin,
and Erdoğan [32] investigated Norden golden manifolds with a constant sectional curvature, proposing a new notion
of Norden golden sectional curvature and examining semi-invariant submanifolds of the Norden golden space form.
The existing literature shows that research in this area is constantly advancing and being enriched with new findings.

On the other hand, Hsu [21,22] created the Hsu-structure and examined the integrability of this structure. Nivas and
Verma [24] investigated the semi-symmetric non-metric connection on a manifold with a generalized Hsu-structure,
examining the Nijenhuis tensor and integrability conditions of this manifold. Singh [30] introduced a general algebraic
Hsu-structure and investigated its integrability conditions. Nivas and Verma [25] examined Hsu-structure manifolds,
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submanifolds, and Hsu-metric structure manifolds. Bisht and Shanker [4] defined recurrence and different types of
symmetry in the Hsu-structure manifold. Bisht [3] defined various forms of the Nijenhuis tensor according to the Hsu-
structure and examined some of its properties. Bisht and Shanker [5] expressed the Nijenhius tensor in various forms
in a hyperbolic Hsu-structure manifold. Bisht and Shanker [6] investigated the flatness of the Hsu-structure manifold
for a variety of curvature tensors. Chand De, Gezer, and Karaman [10] defined the Hsu B-manifold and examined the
curvature tensor field of the semi-symmetric F-connection on this manifold.

As possible connections and common applications between the golden structure and the Hsu-structure have not yet
been sufficiently investigated, this study aims to fill this gap in the literature.

In this study, inspired by the Hsu and golden structures, we define a new structure called the almost Hsu-golden
structure. This paper consists of six sections. The first section summarizes the studies conducted on the golden structure
and the Hsu-structure from the past to the present, while the second section provides details on some fundamental
ideas and notation. In the third section, we examine the mathematical properties and formulations of the considered
structures, including definitions of the almost Hsu-golden structure and almost Hsu-golden B-manifold, along with an
examination of certain properties. We investigate the integrability and parallelism conditions of this structure in the
fourth section, and provide some curvature relations in the fifth section. We have provided a concise summary of the
primary findings and contributions of the investigation in the final section.

2. Definitions and Notations

This section provides fundamental information regarding the Hsu-structure and the golden structure, in order to
form a basis for development of the almost Hsu-golden structure.

Through this paper,M refers to an n-dimensional C∞-class differentiable manifold.
We assume that all tensor fields and connections on this manifold are of class C∞. We denote by X(M) the Lie

algebra of the vector fields onM, and I denotes the identity operator on X(M).
A polynomial structure with structure polynomial Q(X) = X2 − X−I is termed the golden structure. A golden struc-

ture onM is defined as a tensor field Φ of type (1, 1) and of class C∞, where Φ2 − Φ − I = 0 is satisfied.
A golden Riemannian structure is defined as a pair (g,Φ) on M, where g represents a fixed Riemannian metric and

g(ΦX,Y) = g(X,ΦY) for X,Y ∈ X(M). The triple (M, g,Φ) is called the golden Riemannian manifold [9, 17, 19, 20].
Having established the foundational aspects of the golden structure, we now turn our attention to the Hsu-structure

to further elucidate the comprehensive framework.
Hsu [21,22] constructed a new structure for any (1, 1)-type tensor field F and vector field X, such that F2(X) = arI(X)

on a differentiable manifoldM of class C∞. This structure is called the Hsu-structure. Here a is a complex number and
r is an integer. Under the given conditions, when a = −1 and r is an odd number, the structure is classified as an almost
complex structure. If a = 1 or r = 0 (a , 0), it is categorized as an almost product structure. On the other hand, when
a = 0 (r , 0), it is classified as an almost tangent structure. Additionally if r = 2, then it is a GF-structure and for
a , 0, it is a π-structure; for a = ±i, it is an almost complex structure; for a = 1, it is an almost product structure; for
a = 0, it is an almost tangent structure [10].

3. Almost Hsu-Golden Structures onManifolds

In this section, we first introduce a new structure, the almost Hsu-golden structure, and discuss some aspects. Then,
we define almost the Hsu-golden B-manifold.

Definition 3.1. LetM be a differentiable manifold and J be a (1, 1)-type tensor field that satisfies the equation below

J
2 = J−

1 − 5ar

4
I, (3.1)

where r ∈ Z, a ∈ C \ {0}. Here, J is called an almost Hsu-golden structure on M. Furthermore, we designate the pair
(M,J) as an almost Hsu-golden manifold.

According to this new structure, if we take
• a = 1 or r = 0 (a , 0), then we have a golden structure defined in [9];
• a = 0 (r , 0), we obtain a tangent golden structure defined in [9];
• a = −1 and r is an odd number, then we have a complex golden structure defined in [9];
• r = 2,
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– for a = 0, we obtain a tangent golden structure defined in [9];
– for a = 1, we obtain a golden structure defined in [9];
– for a = ∓i, we obtain a complex golden structure defined in [9].

We highlight certain characteristics of these structures in the following:

Proposition 3.2.
i. An almost Hsu-golden structure J has two eigenvalues: σ = 1+

√
5ar

2 and 1 − σ.
ii. ∀p ∈ M, the almost Hsu-golden structure J is an isomorphism with 1 − 5ar , 0 in the tangent space TpM.

iii. It can be concluded that J is invertible with 1 − 5ar , 0 , and its inverse, written as Ĵ = J
−1

, satisfies the
equation Ĵ2 = 4

1−5ar (Ĵ − I).

Proof.
i. If σ is the eigenvalue of J on X(M), then J(X) = λX for all X ∈ X(M). From (3.1), we have

J
2(X) = J(X)−

1 − 5ar

4
I(X)⇒ λ2X =

(
λ −

1 − 5ar

4

)
X

⇒ λ2 = λ −
1 − 5ar

4
.

Thus, λ1 =
1+
√

5ar
2 = σ and λ2 =

1−
√

5ar
2 = 1 − σ are the eigenvalues of the almost Hsu-golden structure J.

ii. As KerJ = {X ∈ X(M) | J(X) = 0} and J is linear, from (3.1), we have

J(J(X)) = J(X)−
1 − 5ar

4
I(X)⇒ J(0) = 0 −

1 − 5ar

4
X

⇒ 0 = 0 −
1 − 5ar

4
X

⇒ X = 0
⇒ KerJ = {0}.

Therefore, J is injective. We now proceed to verify its surjectivity:

dimX(M) = rankJ + dim(KerJ)⇒ dimX(M) = dimJ(X(M))
⇒ X(M) = J(X(M)).

Hence, we establish that J is surjective.
iii. Given that J is an isomorphism, J it is invertible. Therefore, from (3.1),

J
2 = J −

1 − 5ar

4
I ⇒ J2J−1 = JJ−1−

1 − 5ar

4
J
−1

⇒ J = I −
1 − 5ar

4
J
−1

⇒
1 − 5ar

4
J
−1
J
−1 = J−1−I

⇒
1 − 5ar

4
Ĵ
2 − Ĵ + I = 0. □

Proposition 3.3. It follows that J̃ = I − J is an almost Hsu-golden structure if J is an almost Hsu-golden structure.

Proof. This can be directly derived from (3.1). □

Theorem 3.4. An almost Hsu-golden structure is induced by a Hsu-structure F in the following way:

J =
1
2

(
I +
√

5F
)
.

On the other hand, any almost Hsu-golden structure J produces a Hsu-structure:

F =
√
ar

2J − I
2σ − 1

.
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Proof. For a Hsu-structure F, we find that

J
2 = (J ◦ J)

=
1
4

[(
I +
√

5F
)
◦
(
I +
√

5F
)]

=
1
4

(
I +
√

5F
)
−

1
4

(
1 − 5ar

)
I

= J −
1 − 5ar

4
I.

Thus, J is an almost Hsu-golden structure. We now proceed to examine the almost Hsu-golden structure J. This yields

F
2 = F ◦ F

=
ar

(2σ − 1)2
[(2J − I) ◦ (2J − I)]

=
5(ar)2

(2σ − 1)2
I

= arI,

establishing that F is a Hsu-structure. □

Definition 3.5. An almost Hsu-golden B-structure is defined by a pair (g,J), where g is a B-metric, such that

g(JX,Y) = g(X,JY) (3.2)

or, equivalently,

g(JX,JY) = g(X,JY) −
1 − 5ar

4
g(X,Y). (3.3)

The triple (M, g,J) is referred to as an almost Hsu-golden B-manifold.

4. Integrability and Parallelism of Almost Hsu-Golden Structure

In this section, we investigate the structure’s integrability and parallelism conditions.
We introduce some tensor fields characterizing the properties of the Hsu-golden distributions defined by J for an

almost Hsu-golden B-structure (J, g) on the smooth manifoldM, where∇ is the Levi–Civita connection of g, as follows:
• The Nijenhuis tensor of J

NJ(X,Y) = J([JX,Y] + [X,JY] − J([X,Y])) − [JX,JY], (4.1)

• The Jordan tensor associated with J

MJ(X,Y) = J({JX,Y} + {X,JY} − J({X,Y})) − {JX,JY}, (4.2)

• The deformation tensor associated with J

HJ(X,Y) = (J ◦ ∇XJ − ∇JXJ)(Y), (4.3)

which satisfies 2HJ = NJ +MJ [8, 16].

The complementary distributions onM are represented by V and S, corresponding to σ and 1−σ, respectively. Given
the corresponding projections, v and s, we have v2 = v, s2 = s, v + s = I, and vs = sv =0. Then, it is clear that

v =
σ − 1

2σ − 1
I +

1
2σ − 1

J (4.4)

and

s =
σ

2σ − 1
I −

1
2σ − 1

J. (4.5)

Proposition 4.1. Let (M, g,J) be an almost Hsu-golden B-manifold. For arbitrary vector fields X and Y onM,

NF(X,Y) =
4
5
NJ(X,Y). (4.6)
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Proof. Let X and Y be arbitrary vector fields onM. From (3.1), (4.1), and Theorem 3.4, we have

NF(X,Y) = ar[X,Y] +
1
5

[(2J − I)X, (2J − I)Y] −
1
5

(2J − I)[(2J − I)X,Y]

−
1
5

(2J − I)[X,(2J − I)Y]

= ar[X,Y] +
2
5

[JX,(2J − I)Y] −
1
5

[X, (2J − I)Y] −
2
5

(2J − I)[JX,Y]

+
1
5

(2J − I)[X,Y] −
2
5

(2J − I)[X,JY] +
1
5

(2J − I)[X,Y]

=

(
5ar − 1

5
+

4
5
J

)
[X,Y] −

4
5
J[JX,Y] −

4
5
J[X,JY] +

4
5

[JX,JY]

=
4
5

(
J −

1 − 5ar

4

)
[X,Y] −

4
5
J[JX,Y] −

4
5
J[X,JY] +

4
5

[JX,JY]

=
4
5
NJ(X,Y). □

Remark 4.2.
i. If NJ = 0, then J is integrable.

ii. For all vector fields X and Y on M, the distribution V is integrable if s[vX, vY] = 0, and S is integrable if
v[sX, sY] = 0.

Proposition 4.3. Let (M, g,J) be an almost Hsu-golden B-manifold. The following relations hold:

s[vX, vY] =
1

5ar
sNJ(vX, vY),

v[sX, sY] =
1

5ar
vNJ(sX, sY),

Jv = vJ = σv,

Js = sJ = (1 − σ)s.

Based on Remark 4.2 and Proposition 4.3, the following proposition can be established.

Proposition 4.4. V is integrable if and only if sNJ(vX, vY) = 0 and S is integrable if and only if vNJ(sX, sY) = 0.
The distributions V and S are both integrable if J is integrable.

Proposition 4.5. It is evident that Nv = Ns = 1
5arNJ = Mv = Ms and Hv = Hs = 1

5arHJ apply to the two projection
operators, v and s.

Proof. For an almost Hsu-golden structure J, Equations (4.1)–(4.3), Remark 4.2, and Equations (4.4)–(4.6) yield that

Nv[X,Y] =
1

5ar
NJ[X,Y] = Ns[X,Y]

and

Mv[X,Y] =
1

5ar
MJ[X,Y] = Ms[X,Y].

Furthermore, we obtain

HJ(X,Y) =
NJ +MJ

2

=
5ar

2
(Nv[X,Y] +Mv[X,Y])

⇒ HJ(X,Y) = 5arHv(X,Y)
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and

HJ(X,Y) =
5ar

2
(Ns[X,Y] +Ms[X,Y])

⇒ HJ(X,Y) = 5arHs(X,Y),

from which we obtain that
Hv(X,Y) = Hs(X,Y) =

1
5ar
HJ(X,Y). □

Corollary 4.6. On a B-manifold with an almost Hsu-golden structure, the projectors v and s exhibit g-symmetry, while
the distributions V and S are g-orthogonal. Additionally, the almost Hsu-golden structure is NJ-symmetric.

Proof. The proof of this proposition is a direct consequence of Remark 4.2. □

Lemma 4.7. Consider (M, g,J) as an almost Hsu-golden B-manifold. Then,

NJ(X,Y) = (∇JXJ)Y − (∇JYJ)X + J(∇YJ)X − J(∇XJ)Y (4.7)

holds for all vector fields X and Y onM.

Proof. Considering the Lie bracket [X,Y] = ∇XY − ∇YX and the covariant derivative of J with respect to X and Y,
(∇XJ)Y = ∇XJY − J∇XY, we obtain

NJ(X,Y) =J2[X,Y] + [JX,JY] − J[JX,Y] − J[X,JY]

=J(∇XY) − J(∇YX) −
1 − 5ar

4
∇XY +

1 − 5ar

4
∇YX

+ (∇JXJ)Y + J(∇JXY) − (∇JYJ)X − J(∇JYX)

− J(∇JXY) + J(∇YJ)X + J(∇YX) −
1 − 5ar

4
∇XY

− J(∇XJ)Y − J(∇XY) +
1 − 5ar

4
∇XY + J(∇JYX)

=(∇JXJ)Y − (∇JYJ)X + J(∇YJ)X − J(∇XJ)Y. □

When NJ = 0, the almost Hsu-golden structure J is termed integrable, and the triplet (M, g,J) is referred to as a
Hsu-golden B-manifold. As a direct consequence of Lemma 4.7, we obtain the following result.

Corollary 4.8. Consider an almost Hsu-golden B-manifold (M, g,J). When the condition ∇J = 0 is satisfied, the Hsu-
golden structure J is integrable and the triplet (M, g,J) is termed a Hsu-golden B-manifold.

Based on (4.7), we derive the following integrability condition expressed in terms of a Codazzi-like equation.

Theorem 4.9. For a given almost Hsu-golden B-manifold (M, g,J), the integrability of J is equivalent to the satisfac-
tion of the following Codazzi-like equation:

(∇JXJ)Y − J(∇XJ)Y = 0

for arbitrary vector fields X and Y onM.

For a pure tensor Ω of type (0, a), the operator ϕ with respect to J is explicitly given by the relation

(ϕJΩ)(X,Y1, . . . ,Ya) = (JX)Ω(Y1, . . . ,Ya) − XΩ(JY1, . . . ,Ya)

+

a∑
λ=1

Ω(Y1, . . . , (LYλJ)X, . . . ,Ya)

for X,Y1, . . . ,Ya ∈ Γ(TM), where LY denotes the Lie derivative with respect to Y.
The following theorem further relates to the integrable property of the Hsu-golden structure J.

Theorem 4.10. Given an almost Hsu-golden B-manifold (M, g,J), the integrability of J is characterized by the van-
ishing of ϕJg; that is, ϕJg = 0.

Proof. As the proof’s methodology closely resembles that of Theorem 2.1 in Gezer [14], we do not reproduce it
here. □
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In 1930, the Schouten–van Kampen connection was defined [29], while the Vrănceanu connection was introduced
in 1931 [33]. Ianus provided coordinate-free formulas for these connections in [23], and Bejancu named them in [2].

Definition 4.11 ( [15]). The Schouten–van Kampen and Vrănceanu connections are characterized as follows:
• The Schouten–van Kampen connection
Sc

∇X Y = v(∇XvY) + s(∇XsY);
• The Vrănceanu connection
V

∇X Y = v(∇vXvY) + s(∇sXsY) + v[sX, vY] + s[vX, sY],

where X,Y ∈ X(M).

Proposition 4.12. Given any linear connection∇ onM, the projectors v and s are parallel with respect to the Schouten–
van Kampen and Vrănceanu connections. Additionally, J is parallel with respect to the Schouten–van Kampen and
Vrănceanu connections.

Proof. According to Definition 4.11 and Remark 4.2, for all X,Y ∈ X(M), the parallelism of projector v with regard to
the Schouten–van Kampen and Vrănceanu connections is characterized by

(
Sc

∇Xv)Y =
Sc

∇XvY − v(
Sc

∇XY)

= v(∇Xv2Y) + s(∇Xs(vY)) − v[v(∇XvY) + s(∇XsY)]
= 0

and

(
V

∇Xv)Y =
V

∇XvY − v(
V

∇XY)
= v(∇vXvY) + v[sX, v(vY)] − v(∇vXvY) − v[sX, vY]
= 0.

Analogously, the parallelism of the projector s with respect to these connections can be established. Furthermore,
the almost Hsu-golden structure J is parallel with regard to the Schouten–van Kampen and Vrănceanu connections
precisely when

(
Sc

∇XJ)Y =
Sc

∇XJY − J(
Sc

∇XY)
= v(∇Xv(JY) + s(∇Xs(JY)) − J[v(∇XvY) + s(∇XsY)]
= 0

and

(
V

∇XJ)Y =
V

∇XJY − J(
V

∇XY)
= v(∇vXv(JY) + s(∇sXs(JY))) + v[sX, v(JY)] + s[vX, s(JY)]
−Jv(∇vXvY) − Js(∇sXsY) − Jv[sX, vY] − Jv[vX, sY]
= 0. □

Proposition 4.13. For any linear connection ∇ on M, regarding both the Schouten–van Kampen and Vrănceanu
connections, the distributions V and S satisfy the parallelism condition.

Proof. Let X ∈ X(M) and Y ∈ Γ(V). Given that Y ∈ Γ(V), it follows that s(Y) = 0 and v(Y) = Y, which yields

Sc

∇XY = v(∇XvY) + s(∇XsY)
= v(∇XY) ∈ V

and
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V

∇XY = v(∇XvY) + s(∇XsY) + v[sX, vY] + s[vX, sY]
= (v(∇XY) + v[sX,Y]) ∈ V.

Similarly, let X ∈ X(M) and Y ∈ Γ(S). Given that Y ∈ Γ(S), it follows that v(Y) = 0 and s(Y) = Y, which yields

Sc

∇XY = v(∇XvY) + s(∇XsY)
= s(∇XY) ∈ S

and

V

∇XY = v(∇XvY) + s(∇XsY) + v[sX, vY] + s[vX, sY]
= (s(∇XY) + s[vX,Y]) ∈ S. □

Theorem 4.14. The set of linear connections ∇ such that ∇J = 0 is

∇XY =
1

5ar

[
5ar + 1

2
∼

∇X Y + 2J(
∼

∇X JY) − J(
∼

∇X Y)−
∼

∇X JY

]
+OFQ(X,Y),

where
∼

∇ represents an arbitrary fixed linear connection and Q denotes a (1, 2)-tensor field such that OFQ corre-
sponds to an associated Obata operator

OFQ(X,Y) =
1
2

[
Q(X,JY) +

F
√

ar
Q

(
X,
F
√

ar
JY

)]
for the corresponding almost Hsu-golden structure.

Proof. For the set of linear connections ∇, where
∼

∇ is an arbitrary fixed linear connection and Q is a (1, 2)-tensor field
with OFQ as its associated Obata operator, the application of Equation (3.2) and Proposition 3.3 for all X,Y ∈ X(M)
yields

∇XJY =
1

5ar

[
5ar + 1

2

(
∼

∇X JY

)
+ 2J

(
∼

∇X J
2
Y

)
− J

(
∼

∇X JY

)
−
∼

∇X J
2
Y

]
+OFQ(X,JY)

=
1

5ar

[
5ar − 1

2

(
∼

∇X JY

)
+ J

(
∼

∇X JY

)
−

1 − 5ar

4
J

(
∼

∇X Y

)
+

1 − 5ar

4
∼

∇X Y

]
+OFQ(X,JY),

J(∇XY) =
1

5ar

[
5ar + 1

2
J

(
∼

∇X Y

)
+ 2J2

(
∼

∇X JY

)
− J2

(
∼

∇X Y

)
− J

(
∼

∇X JY

)]
+ J(OFQ(X,Y))

=
1

5ar

[
5ar − 1

2
J

(
∼

∇X Y

)
+ J

(
∼

∇X JY

)
−

1 − 5ar

2
∼

∇X JY

+
1 − 5ar

4
∼

∇X Y

]
+ J(OFQ(X,Y)),

and
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OFQ(X,JY) =
1
2

Q(X,JY) +
F
√
ar
Q

X, F
2
√
ar
Y +

√
5ar

2
√
ar
Y


=

1
2

[
(JQ(X,Y) +

1
ar
FJQ(X,FY)

]
.

Moreover,

J(OFQ(X,Y)) =
1
2

[
JQ(X,Y) +

F
√
ar
JQ

(
X,
F
√
ar
Y

)]
and OFQ(X,JY) = J(OFQ(X,Y)). As a result, we obtain

(∇XJ)Y = ∇XJY − J(∇XY) = 0,
which implies that ∇J = 0. □

5. Curvature Tensor Field of Almost Hsu-Golden B-Manifolds

This section provides some properties of the Riemannian curvature tensor of an almost Hsu-golden B-manifold
(M,J, g).

Let (M,J, g) denote an almost Hsu-golden B-manifold, and letR be the Riemannian curvature tensor of g. Within this
framework, the curvature operator acting on vector fields X,Y,Z,W ∈ X(M) is characterized by

R(X,Y)Z = ∇Y∇XZ − ∇X∇YZ + ∇[X,Y]Z.

The corresponding curvature tensor, defined for smooth vector fields X,Y,Z,W ∈ X(M), takes the form

R(X,Y,Z,W) = g(R(X,Y)Z,W).

Lemma 5.1. Let (M,J, g) denote an almost Hsu-golden B-manifold. We have that

R(JX,JY) = R(X,JY) −
1 − 5ar

4
R(X,Y)

for any vector fields X and Y onM.

Proof. Through Equations (3.2) and (3.3), direct calculations, and the known properties of R, we establish that

g(R(JX,JY)Z,W) = g((R(X,JY) −
1 − 5ar

4
R(X,Y))Z,W)

for all X,Y,Z,W ∈ X(M). Consequently,

R(JX,JY) = R(X,JY) −
1 − 5ar

4
R(X,Y). □

Proposition 5.2. If (M,J, g) represents an almost Hsu-golden B-manifold, then the Riemannian curvature tensor R of
g satisfies the following identities:

• R(JX,Y,Z,W) = R(X,JY,Z,W),
• R(X,Y,JZ,W) = R(X,Y,Z,JW),
• R(JX,JY,Z,W) = R(X,JY,Z,W) − 1−5ar

4 R(X,Y,Z,W),
• R(X,Y,JZ,JW) = R(X,Y,Z,JW) − 1−5ar

4 R(X,Y,Z,W),
• R(X,JY,JZ,W) = R(JX,Y,JZ,W) = R(JX,Y,Z,JW) = R(X,JY,Z,JW)

for any X,Y,Z,W ∈ X(M).

Proof. Through the application of Equations (3.2) and (3.3), Lemma 5.1, and the standard properties of R, one can
verify that the proposition holds. □
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Lemma 5.3. Consider (M,J, g) as an almost Hsu-golden B-manifold, and let R be its curvature tensor. We have the
subsequent relation:

g(R(X,JX)Y,Z) = g(R(X,JX)Y,JY) = g(R(X,JX)JX,X) = 0
for arbitrary vector fields X ,Y, and Z on X(M).

Proof. Using (3.2) and Proposition 5.2, the lemma follows immediately as a direct consequence of the algebraic prop-
erties involved. □

6. Conclusions

This paper presents a novel geometric structure termed the virtually Hsu-golden structure, derived from the recog-
nised Hsu and golden structures. We commenced by synthesising the advancements and current findings pertaining
to golden and Hsu-structures from historical to contemporary contexts. Subsequently, we established the definitions
of the almost Hsu-golden structure and the almost Hsu-golden B-manifold, and analysed their fundamental aspects
through theoretical examination and illustrative instances. Additionally, we examined the constraints for integrability
and parallelism related to this novel structure. In the final part of the study, we established certain curvature relations
that enhance understanding of its geometric properties. The findings of this study indicate that the almost Hsu-golden
structure is a viable avenue for further investigation in differential geometry, with possible implications in both theo-
retical and applied mathematics.
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[15] Gök, M., Keleş, S., Kılıç, E., Schouten and Vrănceanu connections on golden manifolds, Int. Electron. J. Geom., 12(2019), 169–181.
[16] Holm, M., New insights in brane and Kaluza-Klein theory through almost product structures, arXiv, (1998), arXiv:hep-th/9812168v1.
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