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Abstract

In this paper, we present some integral inequalities for
convex and s —convex functions and we give some
remarks and propositions.
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1. Introduction

Let f be defined from I which is a subset of [0, ) to
R and a differantiable mapping on the interior of the
interval I (I°) such that f’ € L[a, b] where a and b
belongs to I with a is less than b. If |f'] is bounded
and its upper bound is M, then the inequality given

below holds:

|G -5 I Fawdu| < L [E220]. 1y

This inequality is Ostrowski inequality which is well
known in the literature (see [5]). One can check [6] to
see some new results related to Ostrowski inequality.

The function f defined from [a, b] interval which is a
subset of R to R, is called to be convex if the
inequality given below holds

fOx+ A =Dy <Af () + A -DfB)
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for all x,y € [a,b] and A € [0,1].. If (—f) is convex
then £ is called as concave.

In [3], Hudzik and Maligranda defined a new class of
convex functions namely s -convex in the second
sense..

This class of functions are defined from R, to R and it
is said to be s-convex in the second sense providing
that the inequality

flax +By) < a® f(x) + B° f(¥)
holds for a, = 0 with a + 8 = 1 with some fixed
s €(0,1] and for all x,y € [0,00). K2 is used to
symbolise this class of functions.
Fors =1 it is easy to see that, classical convexity is
gathered from definition of s-convexity defined on
[0, o0).
Alomari has handled the next equality to prove some
theorems in [1].

Lemma 1 [1] Let f:[a,b] - R be a differentiable

mapping on (a,b). For A € [0,1], a+ Ab%a <x<

azﬂ and the mapping K (x, t) defined as.

K(x,t) =
b—a

t—<a+/1 5 ), t € [a,x]

a+b

t— > te(x,a+b—x]
b—a

t—(b—/l : ) te(a+b—xbl

we have

[} K f @de = (b — ) AL L2 4 (1 -

2 FEE0) - [ f (@t

2
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Now we will give some theorems including Ostrowski type inequalities and also remarks and propositions by using
previous lemma proved by Alomari .

2. Main Results

Theorem 1 Let f:1 c R — R be a differentiable and absolutely continuous mapping on I° where a, b € I with a <

b. If |f'] is convex on [a, b] and f' € L[a, b] we have

[13(b —a)3 (x a)2 _Ap-a)(x-a) (a+b 2x)2
— l24(x- a) 4

X[ +1f'(a+b—2x)]

(2x—2a—21(b—a))3 x-a)? | (2a-2x+A(b-a))(x—a)
+ +
24(x—-a) 3 4

+

x[If' @l +1f' )]
forall 1 € [0,1] anda+/1b%an Sazlb

Proof. From Lemma 1 and using the properties of the modulus, we have
M| = |(b — @) [ALELL 4 (1 — ) LSO (e
< [P 1K@ OIIf (©)ldt
=f:|t—(a+l—)
+ f:+b—x t= (b - A%a)
Since |f’] is convex on [a, b] = [a,x] VU (x,a + b — x] U (a + b — x, b], we have

F'OI< 2@+ =0 @, teax];

a+b—x a+b

‘©ldt + [ 2|10l

IFOI<—="=If'(a+b-0|+ 2220, te(a+b—xl;
and
F'O1 < == B + = |f (a+ b—x),  t€(a+b—xb];

which follows that
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|M| Sf;|t—(a+/1—)

[Z21F Gl + =517 (@)1 dt

T e [ @ b= ol + S @ de
e |t~ (0= 2| [F2 1P O+ 1 @+ b= 0l e

= [ (a2 )[R @l + 2 @l e
+ 17 e (= a =250 [Z21P Gl + 21 @] e

a+b—-x—t

+f (a+b ) [a+b @t b=x)l+ “’__2_ If'(X)|] “

He (=) [ I @+ b =0l + SR I @ e

2 a+b-2x a+b-2

T (b= 2P0 ) [ ) 4 2 kb — )l e

—-X

+fb_ab;a( b+ A=) [Z2E (b)) + o If '(a + b — )| dt

=2 [3(a+b—2x)* +8(a —x)? — 6(a — b)(a — )2 +
x(f' GOl +f'@+b—x))

+2[4(a - 0)? — 6(a — b)(@ — )4+ 6(a — b)22> - X
x(f' @+ 1 ®d)D

where we use the facts

(a- b)l]

X

b-a
[ (a4 220 - 1) (e - yde = fbb_afj_a (t=b+27%) -0yt

_ L 43/ N3
—481(b a)’,

_ b _
f"Mb;_a (t—a—/lea) (x—t)dt = [ (b—/lbz—a—t) (t—a—b+x)dt

a

=L (2x —2a+ al — bA)?,
48

a+b
[ (“zib—t)(t—x)dt—faﬂ*;b * (t—ﬂ)(a+b—x—t)dt

_1 _ 3
—48(a+b 2x)3,

f:%b (ﬂ - t) (a+b—x—t)dt = a“++bb * (t a+b) (t —x)dt

2

_5 _ 3
—48(a+b 2x)3,

b—}tb_—a b— b—
[z (b-2=2—t) (b —tydt = [ (t-a-2Z2) - ayat

a
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= —i(Zx—2a+al—bl)2(4a—4x+la—/1b)

and
b-a
[ ( +/1——t)(x—t)dt—fb e (t—b+/1b%“)(t—a—b+x)dt

= ilz(b — a)2(6x — 6a + Aa — Ab).

So, the proof is completed.

Remark 1 In Theorem 1, if we choose just A = 0 and 2 = 0 with x = aT”’ we have Theorem 5 and Corollary 2 — (2)

respectively which were proved in [2].

Theorem 2 Let f:1 c R — R be a differentiable and absolutely continuous mapping on I° where a, b € I with a <

b.If |f'] iss —convex on [a, b] and f' € L[a, b] we have

2 p-a\5t2  (x-a)? (x—a)
= [(x—a)S(s+1)(s+z) (AT) T (AT) S+1

25+1 , '
ey @+ b = 202 [ @] + I (a + b = 20)]]
2 b—a\5t2  (x-a)?
(x—a)S(s+1)(s+2) (x —a- ’17) t oz

+(a+/'lb;a— x) S UF @+ 17 o))

s+1

forallAe[0,1]anda + 1= <x <2

Proof. From Lemma 1 and using the properties of the modulus, we have

< [} IKGDIIf (0)lde
(a+l—)

I t—(b 22 )

Since |f'] is s —convex on [a, b] = [a,x] U (x,a + b — x] U (a + b — x, b], therefore we have

a+b—x a+b

2|1 @©lae

"(®)]dt.
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FrOl< (Z 17+ () IF@lL teaxl;

Ol (GE2) 1@+ b -0+ (S22 1f 0l te@wa+b—x]
and
Ol < (C222Y o)+ () If '@+ b -2l te(@+b—xb]

which follows that

(a+,1—)

[(Z2) 177 0ol + (55 1 @] de

+fxa+b -7 [(a+b 2) f (a+b x)|+(aa:-bb xet) |f (x)l] dt
+ff+bx (b A2 1ol + (22) 1@ + b - x| de

)
1 a2 = ) (52 1l + () 1 @l e
=)

+fmba(t a =22 [(Z2) 1F Gt + (222) 1 @1 de

L7 (2= [(55) 1@ b=l + (222 i Gol] e

a+b-2x

B (- 52) () oo () o

a+b-2x
1 (0= 250 ) [(F2) o1+ () 1t b = ] e
+fb”_abz;a (t=b+2Z9) (2222 1 @)1 + (Z5) I (e + b - )l de

_ 2 p-a\5t2  (x-a)? —a\ (x—a)
- (x—a)S(s+1)(s+2) (AT) + s+2 _(AT) s+1

s25t14q
25+1(s+1)(s+2)

2 p-a\St2  (x-a)?
(x—a)S(s+1)(s+2) (x -—a- AT) + s+2

x+(a+ 2750 —x) 2| < (I @I+ IF )]

where we use the facts

f;ﬂb (a+ a7t 0) () ar =4, b“(t b+A%) () at

(@+b =202 x [If' @]+ If'(a+b—2x)]

1 b s+2
_(x—a)S(s+1)(s+z)( T) ’

Frane (6= a =259 () de= [ (- 2250 - ) (52)

1 b—a s+2
xal—),

= -G+ D (542) (



42| M. E. Ozdemir, M. Giirbiiz and M. Avcr Ardi¢ EAJS, Vol. IV Issue |
a+b s s
—— (a+b t— +b— +b +b—x—t
fZ(“——t)( ad )dt= b x(t—“—)(“ ad )dt
x 2 a+b-2x = 2 a+b-2x
- r _ 2
T 25%2(s+1)(s+2) (a+b—2x),

a+b
L2 (22—t (‘”b_"_t)s dt = fay " (t-22) (=2 )S dt
X 2 a+b—-2x - 2 a+b—-2x
s25t141

— _ 2
T 25+2(s+1)(s+2) (a+b—2x)7

[ (- a2t - o) (2 e

a+b-x

x—a
fo e e ()
B ("-1“)5 [(x_si)zs —-2 b%a (x_si)ls - (s+1)1(s+2) (’1 b;_a)”z]
and
faau”;—“ (a + Abz;a _ t) (g)s it
= bb—/ll’;—“ (t —b+ ,11’;_“) (%)s i
B ("‘1‘1)5 [(x;i):” + (a + Al)z;a - x) (x_si)fﬂ + (s+1)1(s+2) (x —a- /1’]2;(1)5”].

Remark 2 In Theorem 2, if we choose s = 1, Theorem 2 reduces to Theorem 1.

Remark 3 In Theorem 2, if we choose A = 0, we obtain Theorem 4.10.1 which is proved in [4].

3. Applications to Some Special Means

We now consider the applications of our theorems to the following special means

a) The arithmetic mean:

a+b

A =A(a,b):=T, a,b 20,

b) The harmonic mean:

H=H(a,b):=2%

b
ab’ )

a,b =0,
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c) The logarithmic mean:

a ifa=»b
L=0L(ab):=] b-a ifa % b ,a,b=0
Inb—Ina
d) The p —logarithmic mean:
a ifa=»b
L, =L,(ab): = +1_gptips ,p € R\{-1,0}; a,b =0
P p( ) [bp aPt1p ifa = b p \{ }
(r+1)(b-a)

We now derive some sophisticated bounds of the above means.

Proposition 1 For all a,b,x > 0,1 € [0,1] and a + Ab%a <x< aT”’. we have

[((b —a)[AMA(a™ b™) + (1 — DA™, (a+ b —x)™)] — (b —a)L}(a,b)|
SKXAG™L(a+b—x)"D)+LxA@ b D)

where
- 32'3
K =1"—2[3(a +b—2%)%+8(a—x)%—6(a—b)(a—x)+ (aab_)x ]
L= 171_2[4(a —x)? —6(a —b)(a—x)A+ 6(a — b)?2? _(a;b#]

Proof. By applying f(x) = x™ for n = 2 to Theorem 1, we get the result.

Proposition 2 For all a,b,x > 0,1 € [0,1] and a + Ab%a <x< aT“’. we have
|(b—a)[AH Y (a,b) + (1 —DH *(x,a +b —x)] — (b — a)L™(a,b)|
<MXH (% (@+b—x)?)+NXxH (a?b?

where

M= é [S(a +b—2x)>+8(a—x)>—6(a—b)(a—x)A+ —(a_b)3/13]

a—x

N = i[4(a—x)2 —6(a—b)(a—x)A+6(a—b)?1? —

(a—b)3/13]
12 - '

a—x

Proof. By applying f(x) = ito Theorem 1, we get the result.
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Proposition 3 For all a,b > 0, x,A € [0,1], s € (0,1) and a + Abz;a <x< azlb. we have

(b —a)[AA(a®,b%) + (1 — DAxS, (a+ b —x))] — (b — a)Li(a, b)|
<PXAXS YL (a+b—2x)"Y)+RxA@L,b5Y)

where
P e () - ()5
%(a +b —2x)?
=(x_a)s(szm(x—a—lb%)s+2 +%+ (a+/1b2i—x)%

Proof. The assertation follows from Theorem 2 applied for f(x) = x°.
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