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1. Introduction

The concept of fractional calculus has played an important role in improving the work based on integer-order (classical) calculus in several
diverse disciplines of science and engineering. In fact, quantum calculus has a rich history and the details of this basic notions, results and
methods can be found in the text [2, 26, 37] and papers [10, 22]. The nonlocal nature of a fractional order differential operator, which take
into account hereditary properties of various material and processes, has helped to improve the mathematical modeling of many natural
phenomena and physical processes, see for example [4, 5, 21]. The increasing interest of fractional differential equations and inclusions are
motivated by their applications in various fields of science such as physics chemistry, biology, economics, fluid mechanics, control theory, etc,
we refer the reader to [9, 17, 30] and the references therein. Realistic problems arising from economics, optimal control, stochastic analysis
can be modelled as differential inclusion. So much attention has been paid by many authors to study this kind of problems, see [4, 5, 36].

On the other hand boundary value problems with local and nonlocal boundary conditions constitute a very interesting and important class of
problems. They include two, three and multipoint boundary value problems. The existence and multiplicity of positive solutions for such prob-
lems have received a great deal of attentinos. To identify a few, we refer the reader to [8, 11, 13, 18, 19, 20, 24, 25, 27, 28, 29, 31, 32, 33, 34].

In this paper, we are interested in the existence of solutions for the Caputo fractional differential inclusion
‘DYu(t) € F(ru(t),u' (1)), teJ=][0,1], (1.1)
subject to three-point boundary conditions
Bu(0)+yu(1) =u(n),
u(0) = fo u(s)ds, (1.2)
BDPu(0)+y"DPu(l) = “DPu(n),

where2 <@ <3, 1<p<2, 0<n<l, B,yeR", feC ([O, 1] x Rz,R) and °D? denotes the Caputo fractional derivative of order o.

The current paper is organized as follows. In section 2, we introduce some definitions and preliminary results that will be used in the
remainder of the paper. In section 3, we present existence results for the problem (1.1) — (1.2) when the right-hand side is convex-compact
as well as nonconvex-compact values. In the first result we use the fixed-point theorem (Lemma 2.12) for multivalued maps (see [3]) while
in the second result we prove the existence by applying a fixed-point theorem for contraction multivalued maps due to Covitz and Nadler and
we give two examples to illustrate our results.
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2. Preliminaries

In this section, we introduce some necessary definitions and lemmas of fractional calculus to facilitate the analysis of the problem (1.1) — (1.2).
These details can be found in the recent literature; see [1, 12, 16] and the references therein.

Definition 2.1. Lera >0, n—1 < a <n,n=[a]+1andu € C([0,%),R). The Caputo derivative of fractional order & for the function u
is defined by

DYy (1) ﬁ 0/ (1 —5)™ %1l (5) ds.

where I'(+) is the Euler gamma function.

Definition 2.2. The Riemann-Liouville fractional integral of order a > 0 of a function u : (0,00) — R is given by

() = r(la)b/(t—s)alu(s)d& >0,

where I'(+) is the Euler gamma function, provided that the right side is pointwise defined on (0, o).

Lemma 2.3. [22] Leta, B > 0andu € L? (0,1),0 < p < +oo. Then the next formulas hold.
(i) (zﬁzau) (1) = 1B u (1),

(i) (Dﬁlo‘u> (1) = 1% Bu 1),

(iii) (D*I%u) (t) = u(t).

Lemma 2.4. [26] Let o0 >0, n— 1 < & < n and the function g : [0,T] — R be continuous for each T > 0. Then, the general solution of the
fractional differential equation °D%*g (1) = 0 is given by

g(t) =co+cit+-+cp 11",
where cy,c1,...,cp—1 are real constants and n = [o] + 1.

Lemma 2.5. [4] Assume that u € C[0,1]NL' (0,1) with a Caputo fractional derivative of order o > 0 that belongs to u € C" [0, 1], then
1%D%(t) = u(t)+co+crt+--+cpi ",
where cy,c1,...,cy—1 are real constants and n = [o] + 1.

We will present notations, definitions and preliminary facts from multivalued analysis which are used throughout this paper. Here (C[0,1],R)
denotes the Banach space of all continuous functions from [0, 1] into R with the norm |ju|| = sup {|u ()| : forallt € [0,1]}, L' ([0,1],R),
the Banach space of measurable functions u : [0, 1] — R which are Lebesgue integrable, normed by ||ul|;, = fol |u(¢)|dt, and AC* ([0, 1], R)
the space of i — times differentiable functions u : [0,1] — R whose i — rh derivative ul®) is absolutely continuous.

Let (X,d) be a metric space induced from the normed space (X, ||-||). We denote

P (X)={AcP(X):A#¢},

P,(X)={A€Py(X) : Aisbounded}
Py(X)={Ae€Py(X) : Aisclosed},

Pepev(X) ={A € By(X) : Aiscompact and convex}

Py (X)={A€Py(X) : Aisclosed and bounded} .

Definition 2.6. A multivalued maps G : X — P (X).

(1) is convex (closed) valued if G (X) is convex (closed) for all u € X,

(2) is bounded on bounded sets if G (B) = gBG (u) is bounded in X for all B € Py, (X) i.e. sup{sup{|v|,v € G(u)}} < oo,
u ucB

(3) is called upper semicontinuous (u.s.c) on X if for each ug € X, the set G (ug) is a nonempty closed subset of X and if for each open set N
of X containing G (ug) there exists an open neighborhood Ny of ug such that G (Ng) C N,

(4) is said to be completely continuous if G (B) is relatively compact for every B € P, (X),

(5)has a fixed point if there is u € X such that u € G (X). The fixed point set of the multi-valued operator G will be denote by Fix G.

Remark 2.7. It is well known that, if the multi-valued map G is completely continuous with nonempty compact values, then G is u.s.c if and
only if G has closed graph i.e., uy — u, vy — v, vy € G (uy) imply v € G (u).
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Definition 2.8. A multi-valued maps G : [0,1] — P.; (R) is said to be measurable if for every y € R the function
t—d(y,G(1)) =inf{lly—zll : z€ G(1)},

is measurable.

Definition 2.9. A multi-valued maps F : [0,1] x R x R — 2R is said to be Caratheodory if,

(i) t — F (t,u,v) forall u,v € R,

(if) t — F (t,u,v) is upper semi-continuous for almost all t € [0,1]. Further a Caratheodory function is called L' — Caratheodory,
(iii) for each p > 0, there exists ¢p € L' ([0,1],RT) such that ||[F (t,u,v)| = sup{|v|, v € F (t,u,v)} < & (t), for all |u] ,|v| < p.

Definition 2.10. Let Y be a nonempty closed subset of a Banach spase E and G : Y — P.; (E) be a multivalued operator with nonempty
closed values. G is said to be lower semicontinuous (l.s.c) if the set {x € X : G(x)NU # @} is open for any open set U in E.

For y € (C[0,1],R), define the set of selection of F by
Spu={v€AC([0,1],R) ,v€ F (t,u(t) ,u' (t)), foralmost all t € [0,1]}.
For P (X) = 2% consider the Pompeiu-Hausdorff metric (see[?])
Hy; : 25X x 2% [0, 00) given by
H; (A,B) = max {supd (a,B),supd (b,A)} ,
acA beB
where d (a,B) = infd (a,b) and d (b,A) = infd (a,b). Then (P, o (X),H,) is a metric space and (P, (X),H,) is a generalized metric space

beB acA
see [7].

Let Y be a nonempty closed subset of a Banach spase E and G : Y — P.; (E) be a multivalued operator with nonempty closed values.

G is said to be lower semicontinuous (l.s.c) if the set {x € X : G(x) NU # ¢} is open for any open set U in E.

G has a fixed point if there is x € Y such that x € G (x). For more details on the multi-valued maps, see the book of Aubin and Celina [14],
Demling [15], Gorniewicz [16] and Hu and Papageorgiou [35].

Lemma 2.11. [] Let X be a Banach space. F : [0,1] x X — Pp ¢, (X) an L' —Caratheodory multifunction and © a linear continuous
mapping from L' ([0,1],X) to C([0,1],X) . Then the operator (®0Sp)(u) = ® (Sgu) is a closed graph operator in C([0,1],X) x
c([0,1],X).

Lemma 2.12. [3] Let E be a Banach space. C a closed convex subset of E, U an open subset of C and 0 € U. Suppose that F : U — Pepev (C)
is an upper semi-continuous compact map, where P, o, (C) denotes the family of nonempty, compact convex subset of C. Then either F has
a fixed point in U or there exist u € OU and A € (0,1) such that u € AF (U).

Lemma 2.13. [12] A multifunction F : X — C(X) is called a contraction whenever there exists y € (0,1) such that Hy (N (u) ,N (v)) <
vd (u,v) for all u,v € X

Lemma 2.14. ( Covitz-Nadler) Let (X ,d) be a complete metric space. If N : X — P.; (X) is a contraction, then FixN # 0.

3. Existence results

Let X ={u: u,u’ € C([0,1],R)} endowed with the norm defined by ||u|| = sup |u(t)|+ sup |’ (¢)| such that ||u]| < e. Then (X, ||.||) is
t€(0,1] t€[0,1]

a Banach space.

Lemma 3.1. Lery € C([0,1],R). Then the integral solution of the linear fractional differential equation

Deu(t)=y(t) 1€0,1], ae (23], G.1)
subject to three-point boundary conditions
Bu(0)+yu(1)=u(n), B=0,v=0, (3.2)
n
u(0) = /u(s)ds, ne,1), (3.3)
0
BEDPu(0)+ ¥ DPu(1) = DPu(n), pe(1,2), (3.4)
is given by
’ 1 -t MG H T s—ne!
_ | _
/ F ds+1 77/ /71_((1) y(t)dr dszl(l_n)/ / (@) y(t)dt | ds
0 0 0 0 0
n
Az (1) My (n—s)*""" ) P!
“e(1-m)o; 0/ (a=p) Y/ Y

n a—1
EYIIED
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where
A0 =B +y-) (n?+20-m)r) = O
A ()= (P B+y=1+3(r=n2) (1=m)) (n*+201-m)r) — 1 (B +3(1-m)12),
and

O1=2(1-n)(y—m)+n*(B+y—1) #0.

Proof. In view of Lemma 2.3 and Lemma 2.5, the solution of equation (3.1) can be written as

F(t—s5)%

u(t):I“y(t)+c0+clt+c2t2=/ (@) y(s)ds+c0+clt+czt2, (3.6)
0

where cp,c1,cp € R are arbitrary constants.
Differentiating both sides of (3.6) and applying Definition 2.1, Lemma 2.3 and Lemma 2.5, we obtain

i l2 4 ! Ot p—1 2127[)
“DPu(r) = 1°Py(1) + er / r Yt e 3.7)
0

where a € (2,3] and p € (1,2].
Integrating both sides of (3.6), we obtain

/ /(/t d)dt—i—con—i- cin +lcz17 (3.8)

0 0

By using the boundary condition (3.2) in (3.6), we obtain

1 —5)%! ; -
wB+r-nra-mte(r-n?) = [T y@as-y [ ULy 69)
0 0

By using the boundary condition (3.3) in (3.6) and (3.8), we obtain

n o1 |
/ F ds—fcln _,n = (3.10)
0

By using the boundary condition (3.4) in (3.7), we obtain

n iy oc 1
cZ_”?(/ (nr(a) . y/ - (s)ds). (3.11)
0
Solving the above system of the equations (3.9), (3.10) and (3.11) for ¢g, ¢, c2, we get
M TI (x p—1 oc p—1
c'z=71(1“*py(n) yI* Py (1 / F 7/ y(s)ds |,
0
o = ﬁJﬂ/l/17 / (r)dr ds+ — /” /S(Sir)a_ly(r)dr ds
) lfno J I'la)
_ _ ] _n3
_(77 [77 B+y-1+ ((7: T)TQ)l( ] —n’01) M, [19Py (1) — 1% Py (1)]
n? Fn—9)* 1—
"o L/ I () y/ ds]’
and
B ) O s— et 3 _ —n)(1-
o = 72(ﬁ51y ])/(/( F(T;) y(r)dr) as— (T BEY 1”?8 ) (L) 1Py (n) =y Py (1)]
0 \0
n
2(1-m) | [ (n—5)" )
o L/ r(a) y/ ds]’



Journal of Mathematical Sciences and Modelling 49

where
n ot p—1 l—S a—p—1
1%7Py(m) =y Py( / r -y / y(s)ds.
0
Substituting the values of constants cp,c; and ¢; in (3.6), we get (3.5). The proof is complete. O

Throughout the paper, we let

~ I'(3-p)

pitaeeT Rl ke =m0, 0= 20 =m) (y=m)+n?|B+y-1]| 0,

A =1B+y=1](n*+201-n)r),
and

B = (n1B+y—11+3)y—n2|0-m) (n*+201-m1) —0(n*+301-m)).
The following inequalities hold:

A0 < B+r—1l(n?+2(1-m) =4y,
BOI< |(n¥1B+y=11+3]y=n| (01 =m) (n*+20-m) -2 (n*+3(1-m)| =51,

A/ ()] <2B+y—1](1—n) =4},
and
|8 0] <2(1-m)|(n*1B+7-11+3[y—n*|(1-m) - 30| = 5.
To simplify the proofs in the forthcoming theorems, we establish the bounds for the integrals arising in the sequel.

Lemma 3.2. Fory e C([0,1],R), we have

n

/ (j@;z—zgly(r)dr) ds| <

0

a+1

_ne
L

Proof. Obviously,

I'(a) I'(a) ol () T(a+1)
Hence
n s 1 1
(S_T)a / o+
< .
0/(0/ g (04T as| < bl Fa+1)d rarz M
O
For the sake of brevity, we set
Aot A MBy (%" +7) A1 (n®+7) ! 3.12)
T =nT(a+2) o -mT(a+2)  (1-m)Ql(a—p+1)  QB+y—1(a+1) T(a+1)’ '
and
Az _ A/lnoc+1 MB/I (ﬂa7p+7) A/l (T]a-i-)’) 1 (3.13)

o(-mT(@+2)  (-mol(a—p+l)  QB+y—1T(a+1) T(a)

An element u € AC% ([0, 1,RR]) is called a solution of the problem (1.1) whenever it satisfies the integral boundary conditions and there exists

a function y € S, such that
1 _ a p—1
—y / ) ds]

t n n

O/ oy e+ "o/(o/ N a’f)ds L/ e

Q‘ﬁﬂ,,” [/” (S)dS—Y/(IF(%_Iy(S)ds.] —Qa(t)n)/n( )dr) ds. (3.14)
0 0

0

forallt € J.
For investigation of the problem (1.1) — (1.2) we provide two different methods.
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Theorem 3.3. . Suppose that F : J X R xR — P o, (R) is L' —Caratheodory multifunction and there exist a bounded continuous
nondecreasing map

Y : [0,00) — (0,00) and a continuous function p : J — (0,0) such that

| (t,u(t)), o @) =sup{|v] : veF @t,u@®),u @) <p@)w(|ul)}, forallt €J and u € X. Then the inclusion problem (1.1) — (1.2) has
at least one solution.

Proof. Define the operator

a1
heX,: there exists y € Spﬁu such that h(t) = [} O;‘sz) y(s)ds

BOM [ (nfs)“””' (=g)*?!
N(u) = _6(1*77()4)2 [ 0 1"((05 [;) y\/‘O 1" (a a‘”? (S) :|
nm
+Q\ﬁ+y 1l [ T(a) ( ) on yI s)d]
+ﬁf0 (fo y(t )d’C>ds— 1 17 fo (fo s— Ta Ny )ds,te]

We show that the operator N has a fixed point. First, we show that N maps bounded sets of X into bounded sets. Suppose that » > 0 and
B, ={ueX: ||lu| <r}.Letu € B, and h € N (u). Choose v € Sf,, such that & (r) defined above for almost all € J. Thus

)O(l

Lo g n/s o) /s PRpYES
/ tr y()lds+ ln/(/ [Clnka i F(Ta) y(r)|d1’) ds+7Q‘(Al(i)L’)/ (/ [Clnka i Fa) y('c)|d17) ds
0 0 0 0 0
n
|M a,p 1 7S ot p—1
12 g L/ o |ds+7// (s)|ds]

n
(y—m) A1)l
+2Qﬁ+y_1 L/ mE \ds+y/ )|ds]

Arllplle v (llul)),

IN

and

/ n _Sa— —1 1 _Sa,,
B (0)|m l/m sy [ 00
0 0

a-me |/ Ta=p y“)'”“]

/ 1 a—1 1 a—1
(r=mIA" @I | [ (n=s) (1-s5)
"20(+7-1) L/ r() 'y(s)"“‘”b/r(a)y@lds]

< Kollpley (),

for all 7 € J, where || p||., = sup|p (¢)|.
teJ

Hence,

11l = max|h ()] +max|h (1)] < (A1 +82) [|plloo w ([l
teJ teJ

Now, we show that N maps bounded sets into equicontinuous subsets of X. Let u € B, and t, t, € J with t; < t,. Then we have

|h(t2) — ] IdS+/ (s)|ds
0

n
|B(t) —B(t)|M | [ (n—s)%"P 1 L
im0 L/ To—7) |ds+y/ (s)|ds]
n o1
(y=m)|A(n) - n—s)
+ 2Q([3+y_1 |:0/ T (a) \ds—i—y/ )|ds]

1 n S (S_T)afl |A(l2)—A(l‘1)‘ (s_,r)(xfl
+1_710/ 0/ T(a) [y(t)ldT | ds+ o(1—n) 0/ J @) ly(t)|dt | ds
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n _Slel_ _S(x
: 0/ e F(a()tl E v s + / el v (lellds
n
‘B(ZZ)fB(tI)‘M (T[*S)aipil Ot p—1
TThiono L/ Tla—p) Pl ‘l’(|u|]ds+7//I))[pIml//(|u||)}ds]

n
(y—m)A@)-A@)| | [ (n=5)""
0B D) [/ (@) ol (e dsﬂ/ ) " ol wlul) ]
(s a—1 n
! (s—1) |A (1) —A(11)]
+1—n0/(0/ (o) [||P|m‘l/(|u|)]d’t>ds+ o) 0/( |p|ml//(|u||)d17>ds,
It is seen that |(h) () — (h) (t;)| — 0, as r, — ;. Also, we have
W () -1 (1) < f2=3) (s)|ds (s)|ds
[
|B' (1) =B (t)|M | [ (n—s)* """ yoe—p-l
TThRa-noe L/ T(a—p) |ds+7’/y(~v)lds]
n
(y=m)IA () A ()| | [ (n—5)"
2B - L/ () |d‘+7/ ds]
|A/ l/ / )dr)ds
1 s 2 75
= ()/(t2 )r(a,(lf) - [Ilpll w( Iul\]ds+/ H|p||m (llull)]ds
n
|B’ |M —s5)% ! (1—s)%r!
+ L/ NCED Iplmw(lull)}dsw()/m_p)[||p||mw(||u)]ds]

/ / 1 - 1 o1
(y—m) A" () A" (1) (n—9)" (I-s)
20B+7-1) L/ () [|P|mllf(|u|)}ds+1’0/ @)

|A’ |/(/ (@) plww(lull)dr) ds.

J’_

[Ipmllf(ull)}ds]

Again, we see that |(h) (1) — (h) (11)| — 0, as rp — 1. Also, we have ||(k) () — (k) (t1)|| — O, as t; — ;. Thus N is equicontinuous and so
N is relatively compact on B,. Consequently the Ascoli-Arzela theorem implies that N is compact on B,

Now, we show that N has a closed graph. Let u, — ug, h, € N (u,) for all n and h — hy. We prove that hg € N (up). For each n choose
Yn € SFu, such that, forall t € J,
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Consider the continuous linear operator 6 : L' (J,R) — X defined by

t

N A A |
/ r ()ds+ 1= n-/ / o (D40 ds—m/
0 0 \0 0
1 06 p—1 1—;0‘ p—1
12 17 L/ C(a—p) (s Y/ (s)ds]
1 . a—1
(I—s)
+2Q B+y71 L/ I'(a (“)‘“"’0/ r(a)y(S)ds] :

By using Lemma 2.13, 6 o Sr is closed graph operator. Since u, — u and h,, € 6 (S F-,un) for all n € N, there exist yg € Sf, ,, such that

s - a—1
/ %y(f) dl’) ds
0

! m/ls ~1 m/ls a—1
(t—s)% 1 (s—1)% A(r) (s—1)
(RPN (=GR PRI = ki A
I'la 1- r 1- r
/ no ] T oa-n ) \/ T
n _ 1
(n—s*" / )P
/ T(a—p) ' )’o(s)ds
0
n —1
B (1-5)*
A 0/ o Y0 (9)ds yb/r(a) o (s)ds
Thus N has a closed graph.
Now we show that N (u) is convex for all u € X. Let hy, hp € N (u) and w € [0,1]. Choose y;, y2 € SF,,. Then
/ 1 -t
w ()= (1=wia () = [ Z o - - @+ [ [ 0 -y e | as
s -ns\y T

1 p a—1
A(I) (571)
_Q(ln)o/ / Ty D1 (AU =wn(e)dr | ds

0
’7 oc 1 oc 1
- T 0/ b () (1w dH/ " v ()= (1= w)y2 (9)]ds
n
L iy 0/ o o (-1 -w) y/ ot ()~ (=) 0] ds

forall t € J. Since F has convex values, Sg,, is convex and so why (1) — (1 —w)hy () € N (u).
If there exists A € (0,1) such that u € AN (u) then there exists y € Sg,, such that

t

/ §)ds+—— /n /Sﬂy(r)d‘c ds— AW /n /S (v)dr | ds
J F 1— no ) () Q(l—ﬂ)o

n _Sa 1
12 1— L/ (o y/ : 5 (s)dS]

1 a—1
(1-5)
+2Q ﬁ+7*1 [0/ I'(« (S)ds—'}’b/r(a)y(s)dsl,

L _ .
for almost all 7 € J. Choose L > 0 such that e > 1 forall u € X. Thus llul| < L. Now, put U = {u€X : ||ul]| <L+1}.

Note there are no u € dU and A € (0, 1) such that u € AN () and the operator N : U — Pp ¢, (U) is upper semi-continuous because it is
completely continuous. Now, by using Lemma 2.12, N has fixed point in U which is solution of the inclusion problem (1.1). This complete
the proof. O

We provide another result about the existence of solutions for the problem (1.1) — (1.2) by changing the assumptions of convex values for
multifunction.

Theorem 3.4. Let m € C (J,RT) be such that ||m||, (A +Az) < 1.

Suppose that F : J x R xR xR — P, (R) is an integrable bounded multifunction such that the map t — F (t,u,v,w) is measurable and
Hy (F (t,ur,up,uz) , F (t,v1,v2,v3)) < m(t) (lug —vi|+ |up —va|+ uz —v3|) for almost all t € J and u,v,w,uy,uz u3,vy,v2,v3 € R. Then
the problem (1.1) — (1.2) has a solution.
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Proof. Note that, the multivalued map 7 — F (¢t,u(t),v(f),w(t)) is measurable and closed for all u € X. Hence, it has a measurable
selection and so the set Sg, is nonempty. Now, consider the operator N : X — 2X defined by

N (u) ={h€X : there exists v € Sp,, such that h(t) =u(t), t €J},

where u (t) defined by (3.5), for all t € J.
First, we show that N (u) is a closed subset of X for all u € X. Let u € X and {u, },~, be a sequence in N (u) with u, — u for each n, such
that -

‘ g n/s o gyl n/s g 7)o-!

O/ tl_ )d?—l—llno/ O/(F(Z)C)yn(’c)dr ds—Qg(t)n)O/ 0/( 1_8‘) yn(7)dT | ds
TI oc 1

121— 0/ I'(a 7/ )
n

+2Q B+y—1 O/ (o 7// Ty @)

for almost all 7 € J. Since F has compact values, {y,},~; has a subsequence which converges to some y € L' (J,R). It is easy to check that
y € Spy and uy (t) — u(t) for all t € J. This implies that u € N (u). Thus the multifunction N has closed values.

Now, we show that N is a contractive multifunction with constant

1= ml.. (A1 +42) < L.

Letu,v € X and h; € N (v). Choose y| € Sf,, such that

a—1

/ 1 Fs—oo! A0 H -1
/ r v (s)ds —— n/ /Wyl(r)dr dsfm/ /Wyl(r)dr ds
0 0 0 0 0

M| =5 jor!
) QL/ U o
n
+2QB+}/71 L/ I(a y/ )dS]’

for almost all # € J. Since
Hy (F (t,u(t),u’ (1)), F (t,v(t),V (1)) <m(t)(lu(t) —v(t)|+ |« (t) =V (¢)]) for almost all # € J there exists w € F (t,u(t),u’ (1)) such that

1 (&) =wl <m(t) (Ju(e) =v (O] +[u (1) = (1))

for almost all t € J.
Define the multifunction U : J — 2K by

={weR: |y (t)=wl <m(t) (ju(t)—v(O)|+|u () =V (1)) foralmostallt €J}.
It is easy to chek that the multifunction U (-) N F (+) ,u(-),u’ () is measurable. Thus, we can choose y, € Sg.,, such that
1 (©) =2 (O] < m(e) (Ju(e) =v O]+ (1) =" (1)])

for almost all t € J. Now, consider &y € N (1) which is defined by

' n/s a1 n/s a-1
1 (s—7) A(0) (s—1)
n 1
(n—s5)"""! (15!
0/ T(o—p) )72(5)d5*7/r(a7_p)y2(5)d5

+

n
2Q [3+y—1 0/ T'(a
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Hence, we get

! a—1

(t 7s)a71 1 n s (sf 1,')
/W'yl (S)_y2(5)|d5+1n‘0/ O/F(Ol)yl (T)—y2(1)|d1' ds

0

|1 (£) = ha ()]

IA

n K]
e (92 (0)las | as
0 0

|M '7 (x p— a p—1
m

1
1 (5) =32 s |ds+y/ip)

ly1 (s) —y2 (s)|ds

1217 0 r

0

a—1

n
eI 0/ = |y1(s)y2(s)ds+yo/“;(i}0y.<s>y2<s>|ds

20 ﬁ+7’—1
< Arflmllg flu =l

and so ||hy — ha|| < (A1 + 2L3) ||m]|. |lu — v]| = I||u— v||. This implies that the multifunction N is a contraction which closed values. Thus,
by using the result of Covitz and Nadler, N has a fixed point which is solution for the inclusion problem.

O
We construct two examples to illustrate the applicability of the results presented.
Example 3.5. Consider the problem
‘D3u(r) € F (t,u,v), t€l0,1], (3.15)
subject to the three-point boundary conditions
ot (0) + g (1) =u(3),
u(0) = o u(s)ds, ; (3.16)

where = 0,5, =0,01,y=0,1,p=1,5and F (t,u,v) : [0,1] x R> = 2R multivalued map given by

3412 3
u—s F(t,u,v) = + i +sin(v) ,L+513+4 ,u,vER

verifying (Hy).
Obviously, for f € F, we have

341 Jul , uf? 3 19
|f| = max T +sin(v) ,<7+5t +4 §77M7V€R.

1+ Jul - ful)

Thus
19
IF (@)l = sup{lf] £ € F )} < 2wy € R,

where p(t) =1 and y (t) = 179, then one can check that the assumptions of Theorem 3.3 hold. and so the problem (3.15) — (3.16) has at
least one solution.

Example 3.6. Consider the problem (3.15) — (3.16), wherenn =0,5,8 =0,01,y=0,1,p=1,5and F (t,u,v) : [0,1] x R? — 28 multivalued
map given by

3
u] vl

201+ [u]) *2(1+|V|3>

u— F(t,u,v)= 1|0, ,u,v € R.

Obviously,

r1\ &
Hd(F(t,ul,uz),F(t,vl,vz)) < (§+§>;|ui7vi\,u,v€R, te [O,l}.
2
Ifm(t) = %—i—%forallte [0,1] Hy (F (t,uy,u2) ,F (t,v1,v2)) <m(t) ¥ |u; —vil-
i=1

On the other hand, it can be easily found that M = 1,4597546147, Q = %, A1 =20,4141664514 and A, = 079758011659.
Finally, since ||m||., (A + Ap) =2£0,143492 < 1, thus all assumptions of Theorem 3.4 are satisfied. Hence, The inclusion problem has at
least one solution.
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