Sakarya University Journal of Science, 22 (6), 1743-1751, 2018.

SAKARYA UNIVERSITY
JOURNAL OF SCIENCE

e-ISSN: 2147-835X
http://www.saujs.sakarya.edu.tr

Received
25-01-2018

Accepted
22-05-2018

Doi

10.16984/saufenbilder.383770 SAKARYA

UNIVERSITY

Korovkin Theorem via Statistical e-Modular Convergence of Double Sequences

Sevda Yildiz"

Abstract

The main purpose of the present paper is to obtain an abstract version of the Korovkin type theorem via the
concept of statistical e-convergence in modular spaces for double sequences of positive linear operators.
After proving this theorem, we give an application showing that the new result is stronger than classical
ones. Also, we study an extension to non-positive operators.
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1. INTRODUCTION AND PRELIMINARIES

The Pringsheim convergence is well known
convergence method for double sequences. Let N
denote the set of all natural numbers. A double

sequence x=(x ) is said to be convergent in

l’/
Pringsheim's sense if, for every &> 0, there exists
M=M/(&)eN such that ‘x,.,j —Z‘ <& whenever

i, j>M . In this case the Pringsheim limit of X is

denoted by P-limx=Z and Z is called the
Pringsheim limit of X (see [1]). In addition to the
Pringsheim convergence, Boos et al. [2,3]
introduced and investigated the following notion
of e-convergence of double sequences, which is
stronger method than Pringsheim's:

A double sequence x = (x ) is e-convergent to a

l’/
number L if
Ve>0 Jj,eN

s
Vz_zj.‘xw. Z‘<5.

Vj>j, 3ieN

Then, we write e—limx,; =Z. Recently, the

statistical e-convergence has been introduced in
[4] hereinbelow:

Let B < N. Then the natural density of B is given
by
5(B):= hml_\{k <j:keBj|
)

provided that the limit on the right-hand side
exists, where|A| denotes the cardinality of the set

) 1s called

statistically e-convergent to the number Z if for
every €>0,

5({1':5({1':\&.,]. —z\zg})zo})zl.

In that case, we write s¢, —limx, ; =Z . Clearly, if
l’j

A. Then a sequence x=(xl.j

a double sequence x = (x ) is e-convergent then

L]
it is statistically e-convergent, too. But, the
converse of this implication may not be true.
Namely, if the sequence statistically e-convergent
then, it does not need to be e-convergent. Also, a

double sequence which 1is statistically e-
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convergent need not to be statistical convergent
(see also [4]).

Many researchers studied some versions of
Korovkin type theorem by using different type of
convergence methods after Bardaro and
Mantellini's work[5] on modular spaces and they
get interesting results [6-11]. In this paper, we

study generalized version of the Korovkin type
approximation theorem for the operators 7, ,

i,jeN, are acting on an abstract modular

function space via statistical e-modular
convergence. Then, we give an application
showing that our result is stronger than classical
ones. We also study an extension to non-positive
operators.

Now we recall some well known notations and
properties of modular spaces.

Assume that G be a locally compact Hausdorff
topological space given via a uniform structure
U c 29 that generated the topology of G (see,
[12]). Let B be the c-algebra of all Borel subsets
of G and x:B— R is a positive o-finite regular

measure. Let the space of all real valued p-
measurable functions on G with identification up

to sets of measure p zero denoted by L'(G),
C,(G) be the space of all continuous real valued
and bounded functions on G and C,(G) be the
subspace of C,(G) of all functions with compact
support on G. In that case, a functional
p:L'(G)—>[0,%] is a modular on L'(G) if the
following conditions are provided:

(i) p(f)=0 iff /=0 p-almost everywhere on
G,

(i) p(=f)=p(f) forevery feL’(G),

(i) p(af+pg)<p(f)+p(g) for every
f.gel’(G) and for any «,f>0 with
a+p=1.

If there is a constant N >1 such that the
inequality

p(af+pBg)<Nap(Nf)+Npp(Ng)

holds for every f,gel’(G), a,f>0 with

a+ [ =1 then we say that a modular p is N -
quasi convex. Note that if N =1, then p is called
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convex. Furthermore, if there exists a constant
N >1 such that

p(af)< Nap(Nf)

holds for every feL’(G) and ae(0,1] then a

modular p is called N -quasi semiconvex.

The modular space LP(G) with modular p,
given by

L,(G)={f eL'(G): lim p(2f)=0|

A-0"

and the space of the finite elements of L (G),
given by

Ep(G)::{feLp(G):p(/if)«ao forall/?,>0}

Also, note that if p is N -quasi semiconvex, then
the space {f e L’(G): p(Af) <o for some A > 0}
coincides with L, (G).

We will need the following notions in this paper.

A modular p is monotone if p( f )S p(g) for
| f | S| g|. A modular p is called finite if
X eLp(G) whenever 4 €B with y(A)<oo. A
modular p is strongly finite if 7, € £, (G) for all
AeB such that p(A4)<co and a modular p is

said to be absolutely continuous if there exists an
a>0 such that: for every feL'(G) with

p(f) <, the following conditions hold:

o for each & >0 there exists a set 4 € B such that
p(A4)<oo and p(afxs,)<e,

o for every £>0 there is a 0>0 with
plafy,)<e forevery BeB with u(B)<3.

If a modular p is monotone and finite, then
C(G)<L,(G). If p is monotone and strongly
finite, then C(G)CEP(G).

monotone,
continuous, C

c

Also, if p is
strongly finite and absolutely
(G):LP(G) with regard to the

modular convergence in the ordinary sense (for
details and properties see also [13-15]).
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Now we introduce the statistical e-modular and e-
strong convergence of double sequences.

1.1 Definition: Let ( /i j) be a double function
sequence that its terms belong to L,(G). Then,
( f,]) is said to be statistically e-modularly
convergentto f e L (G) iff

st, —lgnp(ﬂn (£:,-7))=0
for some A, >0.

Also, ( /i j) is statistically e-strongly convergent to
fiff

ste—lgrjnp(i(fi,j—f))z()

for every 41 >0.

We note that if there exists a constant M >0 such
that p(2/)<Mp(f) for every feL’(G) (see
[16]) then it is said that the modular p satisfies a
A,-condition. These two convergence methods
are equivalent if and only if the modular satisfies
the A, -condition.

Let we introduce the statistical e-superior limit and
e-inferior limit of double sequences. For any real

double sequence x=(x ), the statistical e-

i.J

superior limit of x is

st, —limsupx, ; =
l’./

supB_, ifB #O,

{ —o  ifB =0,
where
szz{beRzﬁ({jﬁ({i:xI,’j>b})¢0}):1} and

& denotes the empty set. Concordantly, in
general, by 5(K) #(0 we mean either §(K) >0

or K fails to have the natural density. Similarly,
the statistical inferior limit of x is

o infd, ifd #,
st, —liminf x, . = ]
VA o if4d =0,

A :={aeR:5({j:5({i:xi’j<a})¢0}):1}. For

any real double sequence x = (xi,j ),
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st, — lln}}nf x,; <st,—limsupx, ;
’ v

and also that, for any double sequence x =(xl.’ j)

satisfying

5({j 8({isfy, | > M}) = 0}) -1

for some M >0,

st, —1}1}1%,/ =Z

iff sz, —liminf x, , =57, —limsupx, , = Z.

i,] ij

2. KOROVKIN TYPE APPROXIMATION
VIA STATISTICAL E-CONVERGENCE

Here, we prove a Korovkin type approximation
theorem with respect to an abstract finite set of test

functions ¢,,¢,...,e, via the statistical e-

convergence.

Let T =(7: j) be a double sequence of positive
linear operators from D into I’ (G) with
C,(G)ceDcL’(G). Let p be monotone and
finite modular on L’ (G). Suggest that the double

sequence T, together with modular p, satisfies
the following property:

there exists a subset X; cDNL (G) with
C, (G) c X such that the inequality

st, —limsup p( AT, ;h) < Rp(Ah) (2.1)
i,

holds for every he X, A>0 and for a positive
constant R .
Set e, (v) =1 forall veG,lete., r=1,2,...,k and
a,, r=0,1,2,..,k, be functions in C,(G). Put
k
Pu(v):Zar(u)er(v), u,veG, (2.2)
r=0
and suppose that P, (v), u,veG, satisfies the

following properties:

(P.1) P, (u)=0, forall ueG,
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(P.2) for every neighbourhood U € U there exists
a positive number 77 with P,(v)>7 whenever

u,veG, (u,v) ¢ U (see for examples [17]).

Now, we can give our main theorem of this paper.

2.1.Theorem: Let p be a monotone, strongly
finite, absolutely continuous and N -quasi
semiconvex modular. Suppose that e, and a,,

r=0,1,2,....k, satisfy properties (P.1) and (P.2).
Let T=(7;’ j) be a double sequence of positive
linear operators from D into LO(G) satisfying

(2.1). If
ste—lgnp(}t(T e —er)) 0

l]}"

2.1.1)

forevery >0, r=0,1,2,....,k in L,(G), then for
every feDNL (G),with /-C,(G)c X,

st, —hmp( (]jjf f))

for some 4,>0 in L (G).

(2.1.2)

Proof: We first claim that, for every f €C, (G),

st,~limp(7(7,,./ - 1)) = (2.13)

for every y >0.

To see this assume that /'€ C, (G). Then, since G

is furnished with the uniformity U, f is bounded
and uniformly continuous on G . By the uniform
continuity of f, choose ¢ e(O,l], there is a set

UeU such that ‘f(u)—
u,veG, (u,v)eU.

f (v)‘ <& whenever

Forall u,ve G let P,(v) beasin (2.2),and 77>0

satisfy condition (P.2). Then for u,veG,
(uv)2 U, we have |f(u)- /(v )\<%p( v)
where M :=sup|f(v)|. Therefore, in any case we
get ‘f(u)—f(v)‘£5+2—MPu(v) forall u,ve G,
namely, !

oM p <) - f(v)<e+ 2P ()
(2.1.4)77
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Since T; ; is linear and positive, by applying it to

(2.1.4) for every i, j € N we have

2M
—¢T, ; (epsu) ~ TZJ (Piu)

<f(u)T, (esu)-T,,(f5u)

IN

1,]

EZ’_i(eo;u)+%T. (P;u)

Hence

7, ()= 1 (u) <]
|

£5+(5+M)‘7;’j (eo;u)—eo(u)‘

k
+27M;a, ()|, (¢,:10) e, (u)
Let » >0.Now foreach »=0,1,2,...,k and ue G
, choose M, >0 such that ‘%(“)‘SMO the last
inequality gives that

y|T, ()= f(u) < 78+K7§,\Ti,f (e.:u)—e, (u)|

2M
where K =¢+M +(—jMO. By applying the
n

modular p to the above inequality and using the
monotonicity of p, we get

(7,1 -7)) Sp[%%KyrZ(YZ € —er)j

Thus, we can see that

p(r(7,1 - 1)) <p((k+2)5)
+gp((k+2)l(}/(7:je, —e,))

Because of p is strongly finite and N -quasi
semiconvex, we get,

Pl 1)< Nep{ (k-2
+Zp( k+2 Kj/(]:]er—e ))

(2.1.5)
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For a given & >0, choose an & (0,1] such that
ng((k+2)7/N)< g .

followings:

S, ::{j:5({i:p(}/(];’jf—f))25*})20}

S,, :={j:5({i:p((k+2)K (Z]er—e ))
>g*_ng((k+2)}/N)H:0},

k+1

where »=0,1,2,...,k . Then, by hypothesis (2.1.1)
we get 5(5 S)=1, r=01,2,..k. If we take

Now we define the

ﬂs

yar?

we have 5(S%k+1):1. For each

7 k+1

jes

S/ —{1 p((k+2)K7(Zjer r))
L€ —ng((k+2)7N)}

, we define

k+1

r=0,1,2,....k. From the inequality (2.1.5) for
each je§

(7)) 2} 2 O

Hence 5(S;’r ) =0, we obtain

5({i:p(y(z,jf—f))25*}):0.

cS,. So, 5(S,)=1,
which proves our claim (2.1.3). Now, let
feDNL,(G) with f-C(G)cX,. It is
known from ([14], [18]) that there exists a
sequence (gk’,)CCC(G) such that p(3lgf)<oo

and P—l%{glp(&lé‘(gw —f))=0 for some 4, >0

This implies that S

7,k+1

. That is to say, for every & >0, there is a positive
number k, =k, (&) with

p(3% (g0, — 1)) <& forevery k.12 k,. (2.1.6)

For all 7, j € N, since the operators 7, ; are linear

and positive, we have
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W[, (fa) =1 ()] <A

ij (f Ekyky Y )‘
+2, (T, (gko,ko;”)_gko,ko (“)‘
5|, ()= 1 (u)

holds for every u € G. Now, applying modular p

in the last inequality and using the monotonicity of
P, we get

p( (T, f- f))S p(3/1;71 (S -2 ))
(345781~ 211, ))

+p(3/1(: (gko,kl, _f))

Hence, we have
plA (T, =) <o+ (AT, (-84
+p(3/1 ( 1,78k ke~ 8oy ))

By property (2.1) and also by using g, , €C,(G)
and f-g, , €X;,we obtain

s, —hmsupp( (1,7 -1))<e+Rp(34 (£ ~2is,))

tst, —11msupp(3ﬁo( - ))
<e(1+R)+st, —llmsur)p(MO( 18k ~ ko ko ))

also, by (2.1.3)

0=st,~lim p(32 (T, 21,1, ~ 21,1, ))

= s, _11msupp(3/1 (7,810~ sy ))
which gives

0<st, —hmsupp( (7,1 -1))<e(1+R).

From arbitrariness of ¢ >0, it follows that

st, —limsupp(ig (];’jf—f)) -

i,J

Furthermore,
st, —hmp( (ij f))z

this completes the proof.

2.2.Remark: In general, it is not possible to get

statistical ~e-strong convergence unless the
modular p  satisfies the A,-condition in
2.1.Theorem.
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If we take the e-limit instead of the statistical e-
limit, then the condition (2.1) reduces to

e—limsup p(AT, ,h) < Rp(Ah) (2.2.1)
i,

for every heX;, A>0 and for an absolute

positive constant R . In that case, the following
result immediately ensue from our 2.1.Theorem.

2.3.Corollary: Let p be a monotone, absolutely
continuous, N -quasi semiconvex and strongly
finite modular. Suppose that e and a,,

r=0,1,2,....k, satisfy properties (P.1) and (P.2).
Let Tz(Z) be a double sequence of positive
linear operators satisfying (2.2.1). If ( i r) is e-
r=0,1,2,...k, in
L,(G) then (7; W ) is e-modularly convergent to

strongly convergent to e,

f in L(G) where f is any function in
DNL,(G) with f-C,(G)c X;.

give an application showing that in general, our
result is stronger.

Now, we

2.4.Example: Let us consider
G =[0,1]" =[0,1]x[0,1] c R? and let
¢:[0,00) > [0,0) is a continuous function with

@ is convex, 9(0)=0, ¢(x)>0 for any x>0
and limg(x)=o. Then, the functional p*

X—>0

defined by

o'—.—-

Jl‘(ﬂ(‘f(x,y)‘)dxdy for feL’(G),

is a convex modular on L’ (G) and

L¢’(G):={feL°(G):p¢’(if)<+oo forsomel>0}
is the Orlicz space generated by ¢.

For every (x,y)eG, let ¢ (x,y)=a,(x,y)=1,
e(x,y)=x
e(xy)=a,(x,y)=x>+)",
a, (x,y) =-2y.

62 (an’):y,
al (x’y)z_zxa
For  every i,jeN, u,,u, e[O,l], let
Ki,_/(U1,U2)=(i+1)(j+l)ufu'2/ and for feC(G)
and X,ye[O,l] set
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Mi,j (f;xay):

Then we get

K, () f(ux,u,y) dudu,.

S e —
S S——

S e —

1
IK (u,,u, ) du,du,
0

oo o i)

0 0

and hence, M., (eo;x,y) =¢, (x,y) =1. Also, we

know from [19] that

‘Mi,j(el;x,y)—e1 (x,y)‘é 1’

1
o)L

e} (x,y)‘ <

s ) 25

‘Mz‘,j (€550, 7)-e (x,y)‘<J—J2r3

and for each i,j>2, fel’(G) we get
p”’(Mi’jf)£32p‘”(f). Now, we define the
following double sequence of positive linear
operators T=(T. ) on [’(G) by using the

LJ

operators M =(M, )

L,(fsx.y)=s,M,(f;x.y), for feLl’(G),

x,y€[0,1] and i,/ €N, where (s, ;) is given by
i</,

2
s;; =40, i>jandi is square,
1

i > j and i is not square.

st, —hms =1.
i,j

Observe now that However,

e— hms P- hms do not

i,j i,j
exist. Then, it can be easily seen that, for every
heX,=I’(G), >0 and for positive constant

R, that

and st-—lims,
ij "

st, —limsup p” (/U;Jh) < R,p’ (Ah).

ij
Now, observe that

T, (€3, 7) =€ (x,y) =5, 1
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2
i+2 +(Sf,.f _1)’

2
Ti,j(ez;x,y) e (x, y)<]j+( iJj 1)’

T, (eixy)-a ()<

T, (esxy)—e(x,»)

1 1
<4[m+mj+2( y 1).

Hence, we can see, for any A >0, that
o (/1(7;,_/80 eo)) =p’ (ﬂ’(si,j _1))

j).(p(‘ﬂ(si,j - 1)‘)dxdy = (p(‘l (Si,j - 1)‘)

= ‘Si,_/ _1‘40(}“)

o'—.»—

(2.4.1)

because of the definition of (Si,j) . Now, since

st, —hm(

LJ

1) 0, we get

st, —lg’rjnp‘” (/1(7;,1.60 —eo)) =0.

s (+{iZ5+0. 1)
A

<p? ( +2j+p (2/1(sl.,j—l))

—co( ‘ jw(\m -1))),

which implies, for any A >0, that

p* (AT, 6 -e))< q)(l fz) |5, ~1)¢(24)

(2.4.2)

since ¢ is continuous, we have

A A
e—lim e—lim—— |=¢(0)=0,
ij ¢(z+2j gp( i i+2j ¢( )

—1) =0, from the

Also, we have

P’ (ﬁ“(];,jel

also considering ste—lim(si ;
ij "

inequality (2.4.2), we get
st, —l%’r]np“’ (/1(7},_/61 —e )) =0.

Similarly, we can write that

Sakarya University Journal of Science, 22 (6), 1743-1751, 2018.

st, —lgnp“’ (/1(]11.62 —ez)) =0.

Finally, since

P’ (A(T, e —e))

3p¢(,1[4($+ﬁj+2( 1)}]

<p? (82[%+%D+p‘” (4/1(%. —1))
(8A(E+ﬁﬁ+¢(\4z(% ~1)

which yields
161 164
Pw(’i(Twes _83))S(p(i+3j+(p(j+3j
‘ _1‘(p(4/1
(2.4.3)

then, since ¢ is continuous
e— hmqa(mij 0 and e—limp| —— 164 =0,
i i+3 i j+3

it follows from the inequality (2.4.3) that

st, —lgglpw (1(71_/63 —e, )) =0.

So, our new operator T=(71j) satisfies all

conditions of 2.1.Theorem and therefore we obtain
t -1 AT . F— =
st ~limp* (A(,,.f - 1))

for some A>0, for any fel’(G). However,
(Tl.’jeo) is not e-modularly convergent. Thus (T;,j)

does not fulfil the 2.3.Corollary. Also, (T,-,,-eo) is

neither modulary convergent nor statistically
modularly convergent. Hence, modular Korovkin
theorem and statistical modular Korovkin theorem
for double sequences do not satisfy.

3. AN EXTENSION TO NON-POSITIVE
OPERATORS

In this section, we relax the positivity condition of
linear operators in the Korovkin theorem. In ([17],
[19]) there are some positive answers. Following
this approach, we give some positive answers also

1749



"Sevda Yildiz
Korovkin theorem via statistical e-modular convergence of double sequences..."

for statistical e-modular convergence and we
prove a statistical e-modular Korovkin theorem.

Let /<R be a bounded interval, C*(I) (resp.
C; (1)) be the space of all functions defined on /

, (resp. bounded and) continuous with their first
and second derivatives,

C, :={fer2(1):f20},
Cl={feCy(I):f =0}.

Let e, r=L2,.,k and a,, r=0,12,...k, be
functions in Cb2 (1) , P (v) , u,vel, be as in
(2.1.4), and suppose that P, (v) satisfies the
properties (P.1), (P.2) and

(P.3) there exists a positive real constant S, such
that P (v)>S, for all u,vel (The second
derivative is intended with respect to v).

Now, we prove the following Korovkin type
approximation theorem for linear operators that
not necessarly positive .

3.1.Theorem: Let p be asin2.1.Theorem and e,
,a,, r=0,1,2,...k and P,(v), u,vel, satisfies
the properties (P.1), (P.2) and (P.3). Assume that

T= (1: j) be a double sequence of linear operators

and Z,A/(Qme)cQ forall i, jeN.If T, e, is

i,jr
statistically e-strongly convergent to e

o

r=0,1,2,...k,in L,(I) then T, f is statistically
e-modularly convergent to f in L, (I ) for every
feDNL,(I) with f-C,(I)c X, .

Proof: Let feC, (). Since f is uniformly
continuous and bounded on 7, given & >0 with
0<&<l1, there exists a o>0 such that
‘f(u)—f(v)‘ﬁg for all u,vel, [u—v|<5. Let

P(v), u,vel, be as in (2.2) and let 7>0 be

u

associated with &, satisfying (P.2). As in
2.1.Theorem, for every f>1 and u,vel, we
have

M < flu)-— v£g+% %
=2 TR ()< (W) () <+ 2R ()

G.1.1)
where M = sup‘ f (v)‘ .From (3.1.1) it follows that

vel

Sakarya University Journal of Science, 22 (6), 1743-1751, 2018.

h, (V) =g+ 2A7;[ﬁg(v)+f(v)—f(u)20,
(3.1.2)
b, (V) =e+ 22L p (W)= £ (v)+ £ (u) 0.
(3.1.3)

Let H, satisfy (P3). For each ve I, we get

Ha(v)2 2R (1),
i (v) zzMUﬂ— 7).

Because of f is bounded on I, we can choose
B =1 in such a way that h;’ﬁ (v)=0, h;,ﬂ (v)=0

for each vel. Hence hw,hmeQme and

then, by hypothesis
Z,A/(hkﬁ;u)zo for all 7,jeN, wuel and
K=12. (3.1.4)

From (3.1.2)-(3.1.4) and the linearity of 7 ., we

Lj?

get

thus,

—gT’j(eO;u)——’BTﬁ.(P'u)

YBr (piu).

Similarly as in the proof of 2.1.Theorem, using the
modular p and for i, j € N, we have the assertion.
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