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Keywords: Nonlinear difference equations provide a framework for modeling natural
Difference equations phenomena in nonlinear sciences. In this paper, we investigate the periodicity,
Stability boundedness, oscillation, stability, and exact solutions of such equations. Employing

the standard iteration method, we derive closed-form solutions and analyze the
stability of equilibrium points using established theorems. Numerical simulations,
implemented in Wolfram Mathematica, corroborate the theoretical findings. The
proposed method can be readily extended to other rational recursive problems. This
paper investigates the dynamical behavior of solutions to the rational difference
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where the initial conditions are arbitrary nonzero real numbers. We analyze the
stability properties, periodic solutions, and long-term behavior of this equation,
employing both analytical and numerical approaches to characterize its dynamics.

foundational studies on first and second-order
equations and gradually extending to higher-
order and nonlinear forms. The present work
employs the definitions and theorems related to
stability, periodicity, and global asymptotic
stability as established in [1]. Early works by
Kulenovic et al. [2] and DeVault et al. [3]

1. Introduction

Rational difference equations have become an
important area of study in recent years, mainly
due to their applications in fields like
mathematical  biology, economics, and
engineering. These equations are a useful tool for

modeling discrete-time dynamical systems. The
solutions can display complex behaviors, such as
periodicity, bifurcations, and chaos. Analyzing
key properties, such as stability, boundedness,
and oscillation, is essential for understanding the
system’s dynamics and developing control
strategies.

The literature on rational difference equations
has evolved significantly, beginning with

established key stability results for linear
fractional recursive sequences, while Amleh et
al. [4] and Gibbons et al. [5] expanded these
findings to more complex nonlinear structures.
The theoretical framework was further solidified
by Elaydi [6], whose comprehensive text
provided essential tools for analyzing difference
equations, including Poincare -Perron theory and
transformation methods.
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Recent research has focused on higher-order
rational difference equations, with notable
contributions from Elsayed [7], who investigated
periodic solutions in sixth-order equations, and
Agarwal and Elsayed [8], who derived closed-

form solutions for fourth-order recursive
sequences. The work of Stevic et al. [9]
introduced solvable product-type systems,

offering new insights into exact solutions.
Meanwhile, numerical and computational
approaches, such as those by Alogeili [10] and
Karatas, et al. [11], have complemented
theoretical analyses by verifying stability and
chaos in specific cases.

A parallel line of inquiry has explored the
connections between differential and difference
equations, as demonstrated by Karpenko et al.
[12] and Bohner et al. [13], who examined the
relationship  between  boundedness  and
oscillation in continuous and discrete systems.
The latest advancements, including Almatrafi et
al. [14] study on fractional difference equations,
highlight the growing interest in extending
classical results to more generalized frameworks.

High-order and nonlinear rational difference
equations have garnered significant interest in
recent years due to their ability to model complex
and rich dynamical behaviors in discrete systems.
A growing body of research has focused on
exploring various qualitative aspects of such
equations particularly those of very high order
including boundedness, stability, periodicity, and
chaotic dynamics. The studies in [15-23]
contribute to this expanding literature by
introducing novel forms of rational recursive
equations and analyzing their global behavior,
equilibrium structures, and long-term dynamics.
These works collectively demonstrate that as the
order and nonlinearity of a system increase, so
does the diversity of its dynamical outcomes,
making analytical and numerical investigations
both challenging and essential.

The aim of this study is to examine several
dynamical features, including equilibrium points,
local and global behaviors, boundedness, and
analytical solutions to nonlinear recursive
equations.

Xn-3%n-6
an—Z i Xn—2Xn-3Xn-6

(1)

Xn+1 =

The initial values X_g, X_g, X_4, X_3,X_2,X_1,Xq
are arbitrary non-zero real numbers. This study
also employs Wolfram Mathematica to depict
several 2D figures, so validating the conclusions
achieved.

2. Solution the Difference Equation

Xn-3Xn-6

X =
n+l Xn-21Xn-2Xn-3Xn-6

This section presents a particular form of the

answers to the following difference equation,

assuming the beginning conditions are arbitrary

real integers,

Xl’l—3Xn—6 (2)
Xn-2 T Xp—2Xn-3Xn-¢
where, x_¢ =g, x_s=f, x_,=e, x_3=4d,
X_p,=¢,X_1=Db,xy =a.

Xn+1 =

Theorem 2.1. Suppose that {x,},-_o be a
solution of Eq(2). Then,

[1251(( + 3D)ad + 1) [T ((3 + 3i)cf + 1)db?" g?+le?
1‘[3%((1 +30)dg + 1) TIZ51((2 + 3)be + 1)a2n c2n+ifan
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N [12,(Q1 + 30)be + 1) [12%,((2 + 3D)ad + 1)b?+2 g2n+1 g2n+1
T12%((2 + 30)dg + 1) T12%((3 + 3i)be + 1)a2n+1 c2n+1 fan+t’
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1725 ((2 + 30)dg + 1) [172((3 + 3i)be + 1)a?m+2 c2n+2 fansz
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Where’ X6 =9, X_5 = fa X_g4 =€, X_3= d’
X_p,=¢,X_1=b,xy =a.

Proof. For n = 0 the result holds. Now suppose
that n > 0 and that our assumption holds for
n — 1. That is,

T12%53((1 + 3)ad + 1) T17%53(3 + 30)cf + 1)db2n=2 g2n-1e2n-2
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X24n—22 = Zn Z((1+3l)cf+1) l—Izn 3((2+3L)ad+1)gzn 2 p2n-1p2n-2’
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2" 25 2(2 +30dg + 1) 1725°(3 + 30)be + 1)a?* 1 21 f2n—t
X24n-16 = Zn Z((2+31)ad+1) 1—[2n 2((1+3l)cf+ 1)ezn 2 p2n-1g2n- 1
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X24n-12 = 211 2((2+3I)Cf+1) l—[zn 2((3+3L)ad+ 1)bzn 1 g2n-1g2n— 1’
2" 2((1 +30)ad + 1) [12%2((3 + 3i)cf + 1)b? 1 e?n1g27d
Feano1t = (1 4 30)dg + 1) [127% (2 + 30)be + 1)@ ¢z f2nt
2" no2((2 + 30)dg + 1) T175%((3 + 3i)be + 1)a?™ "t c2nf2n
X24n-10 = 2n 1((1 + 3L)Cf + 1) Hzn 2((2 + 3l)ad + 1)b2n eZn+192n 1
N 22" 22+ 3Dcf + 1) 12543 + 3D ad + 1)b? e?ng2nt
n1((1 4 30)be + 1) 17543 + 3i)dg + 1)a2n c2n-tfan-t’
2" m7H (1 + 30)dg + 1) TI2%52((2 + 3)be + 1)a?™ ¢ f2n1
Foan-s T TRnt((1+ 30)ad + 1) [127 2((3 + 30cf + 1)b> 1 e2n1 g2
Z" n (14 30)cf + 1) T122((2 + 3D)ad + 1)b*" e 1g?nd
X2an-7 = s 1((2 +30)dg + 1) s 2((3+ 3i)be + 1)a2n 1C2nf2n’
2" no1((1 + 30)be + 1) [127%5%((3 + 3i)dg + 1)a?" c3n+2f2n
X2an-6 = Zn 1((2 + 3L)Cf + 1) Hzn z((3 + 3l)ad + 1)b2n eznan 1’
2n 1 2n-2
Sounes = i 553((1+ 30ad + 1) [1252(G3 + 30)cf + b ePng?”
(2 +30)be + 1) 125 1((1 +3i)dg + 1)a?n canfn-t’
Zn 1((2 4+ 3l)dg + 1) HZn 2((3 + 3l)be + 1)(12" anZn
X24n-4 = Zn 1((2 + 3L)ad + 1) Hzn 1((1 + 3l)cf + 1)b2n e2n- 1g2n
2" (2 + 3D)cf + 1) [12%2((3 + 31)ad + 1)b?" e?"g?"d
Xoan-3 = zn 1((1 T 3l)be + 1) Hzn 1((3 + 3l)dg + 1)a2n Cznfzn )
2" 1((1 +3i)dg + 1) | ey 1((2 + 3i)be + 1)a2" cintifan
242 = TRn (1 + 30)ad + 1) [127 (G + 30)cf + 1)b2n ezngen ’
2" 1((1 +3i)cf + 1) [17%1((2 + 3i)ad + 1)b2n+t g2ng2n
X2an-1 = Zn 1((2 + 3l)dg i 1) HZn 1((3 + 3i)be + 1)(12" CanZn !
. 2" 1((1 +30be + 1) [1255'((3 + 30)dg + 1)a®*! c*nf2n
24n =

M2%5((2 + 30)cf + 1) [12% (3 + 30)ad + 1)b?" e g2

Now, it follows from (2) that

X24n—-3X24n-6

Xoan+1 =
Xpan—2 T X24n—2%X24n-3%X24n—6

By substituting the previously obtained values of
Xpan—2, X24n—3 and X,4,_e into the expression,
the following equality is obtained.

T12%51((1 + 3D)ad + 1) [12%1((3 + 3i)cf + 1)db*" g?r+ie?n
Hf"o((l +30)dg + 1) [12% (2 + 3D be + 1)a2n czn+ifn

X2an+1 =

In a similar manner,

X24n—2X24n-5

Xoan+2 =
X2an—-1 T X24n-1%X24n—2%X24n—5

By substituting the previously obtained values of
Xpan—1, X24n—2 and X,4,_s into the expression,
the following equality is obtained.

Zn 1((1 4+ 3l)dg + 1) HZn 1((3 + 31)be + 1)(12" CZn+1f2n+1
l'[f"o((l +30cf + 1) [1251((2 + 3i)ad + 1)g2n b2n+ien

X2an+2 =

Similarly, other relations can be obtained and
thus, the proof has been completed.

2.1. Numerical investigation

This part is dedicated to validating the theoretical
findings presented in Eq. (2).

Example 2.1.1. For Eq. (2) we consider
following initial conditions. The graph of the
solutions corresponding to the considered initial
conditions is shown in Figure 1.

X_g = 0.295, x_s = 0.305, x_, = 0.315, x_5 = 0.325,
x_p = 0.335,x_, = 0.345, x, = 0.355.

o
w

0.2

i | mlw \‘[ i

0.1

Al bl

50 100 150 200

Figure 1. (Example 2.1.1)
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3. Solution of Difference Equations x, ., =
Xn-3%Xn-6

Xn-2—Xn-2Xn-3Xn-6

Here the specific form of the solutions of the
difference equation

X _ Xn-3Xn—6
n+1 — )
Xn—2 — Xpn—2Xn-3Xn—¢

ne N(D)’ (3)

where the initial conditions are arbitrary nonzero
positive real numbers, will be derived.

Theorem 3.1. Let {x, };-_¢ be a solution of Eq.
(3). Then for n € Ny,

1% ((1 + 3D)ad — ) [1251((3 + 3i)cf — 1)db?" g?+ie

X. = )
anet l'[f"o((l +3i)dg — 1) 1125 ((2 + 3)be — 1)a?r c2n+1f2n
. __ 2n 1((1 + 3l)dg _ 1) 1‘[271 1((3 + 3l)b€ _ 1)a2n 02"+1f2"+1

ant2 l'[f"o((l +3i)cf — 1) [17%51((2 + 3i)ad — 1) g?" b2n+ie2n '’
. _ Zn l((3 + 3L)ad _ 1) HZn 1((2 + 3l)Cf _ 1)eZn+1 b2n+1 2n
aan+3 l'[f”o((l +3i)be — 1) [1751((3 + 3i)dg — 1)a2n+1 c2nfan
o (1 + 30)dg — 1) [T *((2 + 3i)be — 1)@+ 2+ f2n
Zanta ]'[f”o((l +3i)ad — 1) [1751((3 + 3i)cf — 1)g?**1 b2rne2n ’
. I (( +30)cf = DI (2 + 3Dad — 1)db>™+! g>+te2n
2mts = [122,((2 + 30)dg — 1) 1751 ((3 + 3i)be — 1)a?n c2n+1fn+1
. szno((l + 3l)b€ _ 1) HZn 1((3 + 3l)dg _ 1)a2n+1 2n+1f2n+1
24n+6 = leno((z +3i)cf — 1) l-[2n 1((3 +3i)ad — 1)an p2n+lg2n+l ’
leno((l + 3l)ad _ 1) l—[2n 1((3 + 31)Cf _ 1)an+1 b2n+1 2n+1
Yoans7 = [122,((2 + 3i)be — 1) [17%((1 + 3i)dg — 1)f2n c2n+1g2n+t *
. szno((z + 3l)dg _ 1) HZn 1((3 + 31)be _ 1)a2n+1 2n+1f2n+1
2448 = T (2 + 30)ad — 1) [12%((1 + 30)cf — 1)e2n ban+igen+i
. 1‘[3"0((1 +3i)dg — 1) [12%((2 + 3i)be — 1)a?n+t c2n+2 fon+t
24m+10 = Hf”o((l + 3i)ad — 1) = ((3 +3i)cf — l)bZ"+1 e2ntlgan+1’
. _ _ IE%((1 + 30)be — 1) 1% ((2 + 3i)ad — 1)b2"+2 2+t g2t
ML TR (2 + 30)dg — 1) TT2%((3 + 3i)be — 1)a2n+t c2n+ifen+t’
. __ TTE2((1 + 30)be — 1) [IF((3 + 3)dg — 1)a?™+2 2+t f2ntt
24mH2 T TR (2 4 Bi)ef — 1) [T2((3 + 30)ad — 1)b2n+ g2n+igznst’
. _ (1 + 30)ad — 1) TTE((3 + 3i)ef — 1)b*"+! e?t1g?2d
2n+13 T12%((2 + 3D)cf — 1) [12%((3 + 3i)ad — 1)b2n+1 e2n+igan+i’
. _ _ (2 + 30)dg — 1) ITZ((3 + 30)be — 1)a’™+t 2tz 2nt2
M TR (A + 3D)cf — 1) TI2%((2 + 3D)ad — 1)b2n+2 e2n+igznti’
. [122,((2 + 3)cf — 1) [122,((3 + 3i)ad — 1)p2"+2 g2n+2 g2n+i
24n+15 = ’
Hf"gi((l +3i)be — 1) [17%((3 + 3i)dg — 1)a2n+2 c2n+1fan+l
. 2n+1((1 + 3l)dg _ 1) l-LZnO((Z + 31)be _ 1)a2n+2 2n+2f2n+1
24nt16 = Hz"“((l +3)ad — 1) [127%((3 + 3i)cf — 1)b2n+1 g2n+1gan+2’
. _ 2n+1((1 + 3l)Cf _ 1) l—I D((z + 31)ad _ 1)b2n+2 2n+1an+2d
Zn+7 = [12231((2 + 3i)dg — 1) T1#%((3 + 3i)be — 1)a2n+l c2n+2fan+2
3 HLan»l((l + 3l)b€ — 1) H 0((3 + 3l)dg _ 1)a2n+2 2n+2f2n+2
Faan+1s = [12234((2 + 30)cf — 1) [127,((3 + 3i)ad — 1)b2n+2 g2n+zgan+1’
: 2n+1((1 + 3L)ad _ 1)1—1 0((3 + 3L)Cf _ 1)b2n+2 2n+2g2n+2
X2an+19 = Hzn+1((2 +3i)be — 1) Hzn+1((1 +3i)dg — 1)a2n+2 c2n+2 f2n+1 ’
3 2n+1((2 + 3L)dg _ 1) 1—[ (3 + 3l)be _ 1)a2n+2 2n+2f2n+2
X2an+20 = Hzn+1((2 +3i)ad — 1) H2n+1((1 +3i)cf — 1)b2n+2 e2n+igan+2 ’
b
3 2n+1((2 + 3L)Cf _ 1) H ((3 + 3L)ad _ 1)b2n+2 2n+292n+2d
Taamt2t = T (1 4 3i)be — 1) [2% 1((3 + 30)dg — 1)a2n+2 cznvzfanee’
3 2n+1((1 + 3L)dg _ 1) 1—[2n+1((2 + 3z)be _ 1)a2n+2 2n+3f2n+2
Xo2an+22 = Hzn+1((1 +3i)ad — 1) H2n+1((3 +3i)cf — 1)b2n+2 e2n+2gan+2 ’
b
. _ 2n+1((1 + 3L)Cf _ 1) 1—[2n+1((2 + 31)ad _ 1)b2n+3 2n+2g2n+2
24n23 T T2 + 30)dg — 1) [12°% (3 + 3i)be — 1)a?n+2 c2ns2fan+2’
2n+1((1 + 31)be _ 1) 1—[2n+1((3 + 3l)dg _ 1)a2n+3 2n+2f2n+2
X24n+24 =

2n+1((2 +3i)cf — 1) Hzn+1((3 + 3i)ad — 1)b2n+2 2n+2g2n+2'

where, x_¢ =g, x_s=f, x_,=e, x_3=4d,
X_,=¢CX_1=Db,xy=aqa.

Proof. For n = 0 the result holds. Now suppose
that n > 0 and that our assumption holds for
n — 1. That is,

[1253((1 + 30)ad — 1) [T2%53(3 + 3))cf — 1)db?" 1 g?n~le?n2

X24n—-23 = zn 2((1 +30)dg — 1) l-[zn 3((2 +3i)be — l)az" c2n-1fam=2 ’
_ 2n 3((1+3l)dg— 1)H2n 3((3+31)be— 1)(12" 2 Zn 1f2n 1
X24n-22 = zn 2((1+31)cf 1) ]-[zn 3((2+3l)ad _1)g2n 2 p2n-1p2n- 2’
2n 3((3 + 31)ad _ 1) HZn 3((2 + 3L)Cf _ 1)3211 1p2n- 1gzn 2
X24n-21 = zn 2((1 + 3L)be _ 1) l-lzn 3((3 + 3L)dg — 1)a2" 120~ Zfzn 2’
2n 2((1 +3i)dg — 1) l-l2n 3((2 +3i)be — 1)(12" 1 2n+1f2n 2
X24n-20 = zn 2((1 +3L)ad _ 1) l-lzn 3((3 + 3L)Cf— 1)g2" 1 p2n-2p2n— 2’
B 2" z((1 +30)cf — 1) [12%°((2 + 3i)ad — 1)db?"~t g?n-1e?n-2
X24n-19 = zn 2((2 + 3L)dg _ 1) ]—[zn 3((3 + 3i)be — 1)a2n 2 c2n— 1f2n 1’
2n 2((1+3l)b€— 1)n2n 3((3+3L)dg—1)a2" 120 lfzn 1
X24n-18 = zn 2((2 + 3L)Cf _ 1) l—[zn 3((3 + 31)ad — 1)g2" 2 p2n-1p2n- 1’
2n 2((1 + 3l)ad _ 1) HZn 3((3 +3l)£f _ 1)g2n 1p2n-1,2n-1
X24n-17 = zn 2((2 + 31)be _ 1) l—[zn 2((1 + 3L)dg _ 1)f2n 2 c2n-1g2n— 1
2n 2((2+3l)dg— 1)n2n 3((3+3L)be—1)a2" 120 lfzn 1
X24n-16 = zn 2((2 + 3L)ad _ 1) l-lzn 2((1 + 3L)Cf — 1)62" 2 p2n— 1g2n 1’
2n 2((1+31)dg l)l—lzn 2((2+3L)be—1)a2" 1 2nf2n 1
X24n-14 = le"oz((l + 31)ad _ 1) l-l2n 2((3 + 3L)Cf _ 1)b2n 1p2n— 1g2n 1’
o = T1225%((1 + 30)be — 1) [T25%((2 + 3i)ad — 1)b*" e?n"1g2n-1
nfnﬂ 2((2 + 30)dg — 1) [I%5%((3 + 3D)be — 1)a?n—1 ¢2n-1f2n-1"
B [12552((1 + 3)be — 1) [T752((3 + 3D)dg — 1)a?" ¢t f2n-t
X24n-12 = Hf"oz((Z + 3l)cf 1) ]—[Zn 2((3 +3i)ad — 1)b2n 1 g2n- 1g2n 1
IR+ 3D)ad — 1) TI25%((3 + 3i)cf — 1)b*" ! e g?d
X24n-11 = zn 2((2 +3i)cf — 1) l—[zn z((3 +3i)ad — 1)b2n 1g2n+1g2n-= 1’
B 2" 722+ 3D)dg — 1) TI75%((3 + 3i)be — 1)a?™~ 1 c2nf2n
X24n-10 = Zn 1((1 +3i)cf — 1) l-lzn 2((2 +3i)ad — 1)b2n e2n-1g2n- 1’
_ 2" 22+ 30)cf — 1) 12243 + 3D)ad — 1)b?" g™
X24n-9 = zn 1((1 +3i)be — 1) l-lzn 2((3 +3i)dg — 1)a2n c2n- 1f2n 1’
B 2" 71 ((1+30)dg — 1) T1725%((2 + 3D)be — 1)a?" ¢ f 271
X24n-8 = zn 1((1 +3i)ad — 1) Hzn Z((3 +3i)cf — 1)b2n 1 g2n- 19271'
B 2" 2511+ 3D)cf — 1) [T75%((2 + 3i)ad — 1)b*" e g?"d
X24n-7 = zn 1((2 +3i)dg — 1) HZn 2((3 +3i)be — 1)a2n Le2nfan ’
Z" 15 ((1 4 30)be — 1) [T275%((3 + 3D)dg — 1)a?" c2n+2 f2n
K26 =~z S1((2 + 30cf — 1) 2% %((3 + 3D)ad — 1)b?n e2ngan-1’
2" 751 ((1 + 30)ad — 1) [T752((3 + 3i)cf — 1)b?m e g?n
X24n-5 = Zn 1((2 +3i)be — 1) l—lzn 1((1 +3i)dg — 1)a2n Cznfznflt
2" 151 ((2 + 30)dg — 1) T17552((3 + 3i)be — 1)a®™ c2n f20
X24n—4 = 2n 1((2 +3)ad — 1) HZn 1((1 + 3L)Cf _ 1)b2n e2n— Ian'
_ Z" 172+ 30)cf — 1) [122%5%((3 + 3i)ad — 1)b?" e g?"d
X24n-3 = zn 1((1 +3i)be — 1) nZn 1((3 +3i)dg — 1)(12" cnfan !
_ Z" 1((1 +3)dg — 1) [T75*((2 + 3i)be — 1)a?" c2n+1f2n
X24n-2 = zn 1((1 +3)ad — 1) 1-[2n 1((3 +3i)cf — 1)b2n e2ng2n !
ot = 2'2‘"15(1 +3i)cf — 1) [1Z5*((2 + 3i)ad — 1)p2"+1 ez"gZ"‘
(2 +30)dg — 1) 121 (3 + 3i)be — 1)a2n c2nf2n
N Z" 1((1 +3i)be — 1) [1725*((3 + 3i)dg — 1)a®m+t c2nf2n
24n —

122542 + 30)cf — 1) [12%1((3 + 3i)ad — 1)b2n 21 g2n
Now, it follows from (3) that

X24n—3X24n—6

Xoan+1 =
X24n—2 T X2an—2X24n—3%X24n—6

By substituting the previously obtained values of
Xoan—2)X24n—3 and X,4,_e Into the expression,
the following equality is obtained.

[y 1((1 +3D)ad — 1) [12%1((3 + 3i)cf — 1)db?" g?n+ie?n
2 ((1+3)dg — 1) T12%1((2 + 3i)be — 1)a2n c2n+ifan

X2an41 = —

In a similar manner,
X24n—2%X24n-5

Xoan+2 =
X2an—-1 T X24n-1%X24n—2%X24n—5
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By substituting the previously obtained values of
Xpan—1, X24n—> and X,,,_s into the expression,
the following equality is obtained.

1721((1 + 3D)dg — 1) [T25*((3 + 3i)be — 1)a?" 2+ f2ntt
[12%,(( + 3)cf — 1) 125 ((2 + 3i)ad — 1) g2n b2n+1en

Xoans2 = =

Similarly, other relations can be obtained and
thus, the proof has been completed.

3.1. Numerical investigation

This part is dedicated to validating the theoretical
findings presented in Eq. (3).

Example 3.1.1. For Eq. (3) we consider
following initial conditions. Figure 2 illustrates
the solutions for the given initial conditions.

X_g = 2, X_g = 3, X_4 = 4‘, X_3 = 5, X_p = 6, X_1 = 7,
Xg = 8.

Figure 2. (Example 3.1.1)

4. Solution the Difference Equation x,,; =
Xn—3Xn-6

—Xn-2"Xn-2Xn-3Xn-6

In this section, we investigate the solutions of the
difference equation

x _ Xn—-3Xn—6
n+1 — )
—Xn-2 — Xp—2Xn-3Xn—¢

ne N@, (4)

where the initial conditions are arbitrary nonzero
positive real numbers.

445

Theorem 4.1. Let {x,},—_, be a solution
difference Eq.(4). Then for,n = 0,1,2, ...

(ad + 1)"(Cf+ 1)ndb2ng2n+192n
(dg + 1)n+1(be + 1)na2nC2n+1f2n'

(dg + 1)"(1)6‘ + 1)na2nczn+1f2n+1
(Cf + 1)n+1(ad + 1)n92nb2n+162n‘

_ (ad + l)n(Cf + 1)nezn+1bzn+1gzn
Xz2an+3 = (be + 1)"+1(dg + 1)razr+icenfon’

B (dg + 1)n+1(be + 1)na2n+1C2n+1f2n

X2an+a = (ad + D™ I(cf + 1)ngzn+ipznezn ’
(ad + 1)"(Cf + 1)n+ldb2n+1g2n+1ezn

X2an+1 =

X2an42 =

X2an+s = (dg + 1)"(be + 1)ra2ncen+ifom+t
(dg + 1)n(be + 1)n+1a2n+1C2n+1on+l
X2an+6 = (cf + Dn(ad + 1)ngZnpenigen+ti
(ad + 1)"+1(Cf + 1)n62n+1b2n+1g2n+1
X2an+7 =

(be + 1)n(dg + 1)n+]azn+1czn+1f2n ’
(dg + 1)"(1)6 + 1)na2n+1C2n+1f2n+1
X2an+8 = — (cf + D"*1(ad + Drg2n+ip2n+iezn’
(ad + 1)"(Cf + 1)ndb2n+1g2n+162n+1
X24n+o = (dg + 1)™*1(be + 1)n+1q2n+1e2n+l f2n+t’
(dg + 1)1 (be + 1)nq2n+icn+2 fantl
Xaan+10 = 7 (cf + )" 1(ad + 1)n+igen+ipntigen+t’
_ (ad + 1)n(cf + 1)n+162n+1b2n+2g2n+1
Yaan+11 = (be + 1)*(dg + 1)na?n+ic2n+l fan+l
(dg + 1)1 (be + 1)n+1g2n+2c2n+ifantl
Xaant12 = 7 (cf + D"(ad + 1)n+ie2ntip2ntigen+t ®
(ad + 1)n+1(cf + 1)n+1db2n+1g2n+292n+1

Xaant13 = T (dg + D)™ (be + 1)mazn+ican+zfon+i
(dg + 1)n(be — 1)n+1a2n+102n+2f2n+2
Xaan+14 = (ad + D)*(cf + 1)r+le2n+1p2n+2z g2n+t’
(ad + 1)n+1(cf + 1)ng2n+132n+2b2n+2
Yaan+15 = ~ (dg + D™ (be + 1)*+1azn+2can+i fan+t’
(dg + 1)n+1(be + 1)na2n+262n+2f2n+1
X2ant16 = (cf + ™' (ad + 1)n+igen+zpntigan+l’
(ad + D™(cf + 1)"*1dbp2n+2 gn+zeni
Xoant17 = 7 (dg + D™ (be + 1)r+1azn+icanvzfan+z’
(dg + 1)n+1(be + 1)n+1a2n+2C2n+2f2n+2
X24n+18 =

(ad + 1)n+1(cf + 1)"+192"+1b2"+262"+2'
(ad + 1)‘n+1(cf + 1)n+1g2n+2b2n+2e2n+2
Xaant19 = (dg + 1)"*1(be + 1)n+1g2n+2c2n+2 fan+1’

_ (dg + 1)n+1(be + 1)n+1a2n+2C2n+2f2n+2
Xaan+20 = (ad + 1)1 (cf + 1)n+1gen+2pen+zgan+y
(ad + 1)n+1(Cf + 1)n+1db2n+292n+2e2n+2

Xaan+21 = (dg + D" 1(be + 1)n+1g2n+2cn+zfon+z”’
(dg + 1)n+1(be + 1)n+1a2n+2C2n+3f2n+2
Xaan+2z = (ad + 1)1 (cf + 1)n+1gen+2pen+zgan+?’
_ (ad + 1)n+1(cf + 1)n+162n+2b2n+392n+2
X2an+23 =

(dg + 1)n+1(be + 1)n+1a2n+ZCZn+2f2n+2’
(dg + 1)n+1(be + 1)n+]a2‘n+3CZ‘n+2on+Z

Xoan+24 = (ad + D™ 1(cf + 1)n+igenizpanizgente’

of
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Proof. Suppose that, n >0 and that our
assumption holds for n — 1.

(ad + 1)"71(Cf + 1)ndb2n72g2n7132n72

Yaan-23 = ~ (dg + 1)"(be + 1)nqzn-2c2n-1f2n-2 ’
(dg + 1)n—1(be + 1)n—1a2n—262n—1f2n—1
X2an—22 = 7 (cf + D"(ad + 1)n-1g2n-2p2n-1g2n-2 ’
_ (ad + 1)"71(Cf + 1)n7162n71b2n71g2n72
Xaan-21 = (be + D"(dg + D)r—1a2n-1cm-2fn-2 ’
(dg + 1)n(be + 1)n—1a2n—lczn—1f2n—2
X24n-20 =

(ad + 1)"(Cf + 1)n—Ian—1b2n—262n—2 ’
(ad + 1)n—1(cf + 1)ndb2n—1g2n—1ezn—2
Xaan-19 =~ (dg + D™ (be + 1) tazn-2c2n-1fan-1’
(dg + 1)n—1(be + 1)na2n—162n—1f2n—1
(Cf + 1)n—1(ad + 1)n—1an—2b2n—1eZn—1 ’
_ (ad + 1)"(Cf+ 1)n—162n—1b2n—1an—1
Xaan-17 = (be + 1)""1(dg + 1)"1aq2n-1c2n-1f2n-2’
_ (dg + 1)"71(1)6 + 1)n71a2n7162n71f2n71
X2an-16 = (cf + D(ad + 1)-1g2n-1p2n-ig2n-2 ’
(ad + 1)"_1(Cf + 1)n—1db2n—192n—1e2n—1
(dg + 1)"(1)6 + 1)na2n—1ezn—1f2n—1
_ (dg + 1)n(be + 1)n71a2n7162nf2n71
Xaan-14 = (cf + D(ad + Drg2n-1p2n-1ezn-1’
(ad + 1)n—1(cf + 1)nezn—1b2ng2n—l

X24n-18 =

X24n-15 =

X24n-13 = (be + 1)n—1(dg + 1)n—1a2n—1c2n—1f2n—1 ’
(dg + 1)n(be + l)naznczn—lfzn—l
X2an-12 = — (cf + D" '(ad + 1ren-1p2n-1g2n-1’
(ad + 1)n(cf + 1)ndb2n—1g2n62n—1
X24n-11 =

- (dg + Dn(be + tazn-icanfan-1’
(dg + 1)n—1(be — 1)na2n—1C2nf2n
X24n-10 = (ad + )" I(cf + 1)nezn-1p2ngen-1’

B (ad + l)n(Cf + 1)n71g2n7162nb2n
X24n-9 = (dg + 1)*(be + 1)ra?nc2n-1f2m-1’
(dg + 1)"(b€ + 1)n—1aZnC2nf2n—1

X2an-g = — (cf + D"(ad + 1)"g2rb2n-tg2n-1’
B (ad + 1)7[—1(Cf + l)ndbzngznezn—l
X24n-7 = (dg + D"(be + 1)na2n-tcznfan
(dg + 1)"(1)6 + 1)na2ncznf2n
X24n-6 =

(ad + 1)"(Cf + 1)n92n—1b2n62n’
_ (ad + 1)"(Cf + 1)ng2nb2nezn
Xoan-5 = (dg + D)"(be + 1)"a2ncznfam—1’
B (dg + 1)"(1)6 + 1)na2ncznf2n
Xoan—a = (ad + D(cf + 1)ngnp2nezn-1’
(ad + 1)"(Cf+ 1)ndb2n92n62n

¥2an=3 = (45 + D)n(be + D)razicanfon
_ (dg + 1)n(be + 1)na2nC2n+1f2n
X2an—2 = (ad + D™(cf + Dng?nhne?n ’
_ (ad + 1)"(Cf + 1)ne2nb2n+1an
X2an-1 = (dg + D"(be + D)razncenfon
(dg + 1)"(1)8 + 1)nazn+1cznf2n
X2an =

(ad + 1)*(cf + 1)ng?"b2ne2n
Now, it follows from Eq. (4) that

X24n-3X24n—6

Xoan+1 = .
—X24n-2 — X24n—2X24n-3%X24n-6

By substituting the previously obtained values of
Xoan—2,X2a4n—3 and X,4n_e Into the expression,
the following equality is obtained.

B (ad + 1)n(Cf + 1)ndb2ng2n+162n
X24n+1 = (dg + D™*1(be + 1)razncan+ifan

In a similar manner,

X24n—2X24n-5

Xoan+2 = .
—X24n-1 — X24n—-1X24n-2X24n-5

By substituting the previously obtained values of
Xpan—1, X24n—2 and X,4,_s into the expression,
the following equality is obtained.

(dg + 1)"(1)6 + 1)na2n62n+1f2n+1
(Cf + 1)n+1(ad + 1)"92"b2"+1€2"

X2an+2 =

Similarly, other relations can be obtained and
thus, the proof has been completed.

Theorem 4.2. Eq. (4) has on equilibrium point
which 0, and this equilibrium point is not locally
asymptotically stable.

Proof. For the equilibriums of Eq. (4), we have
—2
_ x
X=——"30
—x(1+Xx)
then

X 4+x =0, X (1+%)=0.

Thus the equilibrium point of Eq. (4) is x = 0.
Let f:(0,)% - (0, %) be the function defined by

ot

Lot)=————.
fLo,t) = ———

Therefore it follows that,

—ot t
fl(ll o, t) = m: fo(lﬁ o, t) = m:
ft(l' o, t) = m
We see that,
AEED =1, LEED) =1

fo(x,x,x) =1
4.1. Numerical investigations

This part is dedicated to validating the theoretical
findings presented in Eq. (4).

Example 4.1.1. For Eq. (4) we consider
following initial conditions. The solutions for the
specified initial conditions are depicted in Figure
3.

X_g = 0.22, x_g = 0.23, x_, = 0.24, x_5 = 0.25,
x_, =0.26,x_, = 0.27, x, = 0.28.
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Figure 3. (Example 4.1.1)

5. Solution the Difference Equation
Xn—-3Xn-6

X =
ntl —Xn-2+Xn-2Xn-3X¥n—e

In this section, we investigate the solutions of the

difference equation

X _ Xn-3Xn—6
n+1 — )
—Xp-2 t Xpn_2Xn-3Xn—¢

ne N@, (5)

where the initial conditions are arbitrary nonzero
positive real numbers.

Theorem 5.1 Let {x,},-_¢ be a solution of
difference Eq. (5).

(ad — 1)"(Cf — 1)ndbzngzn+1ezn
(dg — 1)n+1(be — 1)na2n62n+1f2n’
B (dg _ 1)n(be _ 1)na2nC2n+1f2n+1
X2an+2 = (cf = D™*(ad — 1)ngZnpen+igen’
_ (ad — 1)"(Cf _ 1)ne2n+1b2n+1gzn
X2an+3 = (be — D"*1(dg — Draznricenfzn’
(dg — 1)n+1(be — 1)na2n+1C2n+1f2n
Xoan+a = (ad — ™1 (cf — 1)ng2n+ipzne?n ’
(ad — 1)"(Cf — 1)n+1db2n+ngn+1eZn
(dg — 1)"(1)8 — 1)naznczn+1f2n+1 ’
(dg — 1)"(be — 1)n+1a2n+162n+1f2n+1
(Cf — 1)n(ad — 1)ngznb2n+1ezn+1 ’
(ad _ 1)n+1(cf _ 1)n62n+1b2n+1gzn+1
Xoan+7 = (be — D(dg — 1)"+1g2n+iczn+ifan
(dg — 1)"(be — 1)na2n+1czn+1fzn+1
X24n+8 = (cf — D™1(ad — 1)ngen+ipzntigzn
B (ad _ 1)n(Cf _ 1)ndb2n+1gzn+1ezn+l
X24n+9 = (dg — 1)"+1(be — 1)n+1a2n+1czn+1f2n+1'
(dg _ 1)n+1(be _ 1)nazn+1czn+2fzn+1
X24n+10 = (cf — D™ (ad — 1)n+1gentipzntigentt’
(ad — 1)"(Cf — 1)n+192n+1b2n+2g2n+1
X2an+11 = (be — D)"(dg — 1)ra2n+iczn+ifan+t ’
(dg — 1)n+1(be — 1)n+1a2n+2C2n+1f2n+1
(Cf — 1)"((1d — 1)n+1ezn+1b2n+1g2n+1 ’
(ad _ 1)n+1(cf _ 1)n+1db2n+192n+232n+1
(dg — 1)n+1(be — 1)na2n+1C2n+2 2n+1 7
(dg _ 1)n(be _ 1)n+1a2n+1C2n+2f2n+2
X24n+14 = (ad — D(cf — Dn+ien+ipan+zgn+r’
(ad — 1)n+1(Cf — 1)ngzn+1ezn+2bzn+z
X24n+15 = (dg — D™*1(be — D)nrigentecentifantt’
(dg — 1)n+1(be — 1)na2n+2C2n+2f2n+1
X24n+16 = (Cf — 1)"+1(ad — 1)n+192n+2b2n+162n+1‘
(ad — 1)"(Cf — 1)n+1dbzn+2gzn+ze2n+1
(dg — 1)n+1(be — 1)n+1a2n+1C2n+2f2n+2’

X24n+1 =

X2an+s =

X2an+6 =

X2an+12 =

X24n+13 =

X2an+17 =

(dg — 1)"*1(be — 1)n+1g2n+2c2n+z fon+e
Yaant18 = (ad — 1)1 (cf — 1)n+1g2n+ipan+2gan+?’
(ad — 1)n+1(cf _ 1)n+1g2n+2b2n+262n+2
X2an+19 = (dg — 1)™*1(be — 1)r+1q2n+2c2n+2 fon+1’
(dg _ 1)n+1(be — 1)n+1a2n+ZCZn+2f2n+2

X24n+20 = (ad _ 1)”“(Cf _ 1)n+1gzn+zbzn+zezn+1'
(ad — 1)n+1(cf _ 1)n+1db2n+2g2n+262n+2
X2an+21 = (dg — 1)"*1(be — 1)n*1g2n+zcan+2 fan+2 4
(dg _ 1)n+1(be — 1)n+1a2n+ZCZn+3f2n+2
X2an+22 =

(ad — l)n-ﬂ(cf — 1)n+1g2n+2b2n+zezn+2'
_ (ad — 1)n+1(cf — 1)n+162n+2b2n+3g2n+2
Xzan+23 = (dg — D)"*1(be — 1)n+ig2n+2cen+? 2n+2’

(dg — 1)n+1(be _ 1)n+1a2n+3C2n+2f2n+2
Xaan+24 = (ad — D)™1(cf — 1)+ gen+zpenszgen+?’

where the initial conditions are arbitrary nonzero
real numbers.

Proof. The proof resembles that of Theorem 4.1
and will hence be omitted.

Theorem 5.2. Eq. (5) has two equilibrium points
which ++/2, and these equilibrium points aren’t
locally asymptotically stable.

Proof. The proof resembles that of Theorem 4.2
and will hence be omitted.

5.1. Numerical investigations

This part is dedicated to validating the theoretical
findings presented in Eq. (5).

Example 5.1.1. For Eq. (5) we consider
following initial conditions. The solutions for the
specified initial conditions are depicted in Figure
4.

X_g = 0.105, x_s = 0.115, x_, = 0.120, x_; = 0.125,
x_p = 0.130,x_, = 0.127, x, = 0.117.

0.2}

-0.2-

-0.41

Figure 4. (Example 5.1.1)

4. Conclusion

This article thoroughly examines the qualitative
properties of difference equations. It thoroughly
analyzes local stability, periodicity, oscillation,
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and solutions. Conventional iterative approaches
are utilized to obtain precise answers for the
pertinent equations.
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