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Abstract

In this paper, the left-definite theory of fractal Sturm—Liouville problems in the regular case is studied.
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1. Introduction

Sturm-Liouville problems are one of the most researched topics in the theory of differential equations. The importance of these problems
has increased when we try to solve partial differential equations with the Fourier method. They are still being intensively researched ( see
[2,3,4,5,6, 16, 22, 23]).

Problems on Hilbert space generated by the coefficients on the right side of a homogeneous differential equation are called right-definite
problems. There is a very dense literature on such problems. Problems on Hilbert space generated by the coefficients on the left side of a
homogeneous differential equation are called left-definite problems. The left-definite theory for Sturm-Liouville problems has been studied
by many authors. Pleijel introduced this topic in [26, 27]. Later, in [8], a second-order linear differential equation is examined by Everitt. In
[20], the author studied the left-definite theory for second-order differential operators with mixed boundary conditions. In [7], Bennewitz
and Everitt are investigated the eigenvalue problems associated with second-order linear differential equations.

On the other hand, two significant extensions of the fundamentals of ordinary calculus are fractional calculus and fractal calculus. Fractal
calculus is often confused with fractional calculus. These two calculi differ mostly in the following ways: The fractal derivative is local and
shares numerous characteristics with the classical derivative, although the fractional derivative is not. Local fractional derivatives were first
developed by Kolwankar and Gangal [17, 18]. Later, Parvate and Gangal define the F*-calculus on fractal subsets of real numbers [24]. The
relationship between the F%-calculus and classical calculus is examined. Recently, a considerable number of researchers have engaged in
work on this subject. (see [1, 9, 10, 11, 12, 24, 25, 13, 14, 28]). Cetinkaya and Golmankhaneh [9] investigated the basic properties of the
fractal Sturm-Liouville problems. In the paper [1], Allahverdiev and Tuna obtained the existence and uniqueness of solutions to the fractal
Sturm-Liouville problem.

In this paper, we study regular left-definite fractal Sturm—Liouville problems

I(u) == % [— (D%)2u+v(§)u] =Au, L €[0,1], (1.1
AU(O)+BU(1):( 8 ) (1.2)
where

u T 712
U = 7A: 5
( Dgu ) ( 1 ™2 )
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and

T T
B—( X X2 ),rank< 1 T2 X X2 >:2'
X221 X2 To1 T2 X210 X22
v and r > 0 are real-valued continuous functions and v > &r for some € > 0. To the authors’ knowledge, there is no study in the literature on
left-definite problems for the fractal Sturm—Liouville equations.

2. Preliminaries

The objective of this section is to present the fundamental concepts of fractal calculus (for further information, please refer to sources
[24, 25, 19, 20]). The term ”F” will be used throughout this study to denote a fractal subset of the real numbers.

Definition 2.1 ([24]). Let

Pr={a=G <& <& <..<G=b},

where J = [a,b] C R. Then 6% [F,Py] is defined as
n—1

c®[F,P) =Y T(a+1) (L1 — &) 0 (F[G, Gir),
i=0

where I'(.) denotes the Gamma function, o € (0,1] and

_ L ifFNJ#0,
0(F.J) = { 0, otherwise.

Ifa=b,c%[F,P;]=0.
Definition 2.2 ([24]). The coarse-grained measure yg‘ (F,a,b) is given by

F,a,b)= inf o%[F,P],
75 (F.a,b) L [F.P)]

where 6 >0,a < 1and

[Py = max_ (Ciy1—Gi)

for a partition P.

Definition 2.3 ([24]). The measure function is given by

v*(F,a,b) = élg%)yg‘ (F,a,b).

Definition 2.4 ([24]). The fractal y-dimension of F NJ is defined by

dimy (FNJ) =inf{a: y* (F,a,b) =0}

=sup{a:y*(F,a,b) = «}.

Definition 2.5 ([24]). For a function ¥ : F — R, the F-limit of ¥ at a point § € F is the number A such that for every € > 0, there exists a
positive number 8 satisfying

yEFandly—{| <6 = |¥()—Al<e.
If such an A exists, it is denoted by

A=F-1lim¥(y).
y=§

Definition 2.6 ([24]). A function ¥ is the F-continuous at { € F if

F-lim W (y) = ¥ ({)
y—=¢

holds.

Definition 2.7 ([24]). The integral staircase function is defined by

o Y*(F,a0,¢), if&>a,
SF(C):{ _W(ROC’“O) otherwisoe,

where ag € R is fixed constant.



Konuralp Journal of Mathematics

243

Definition 2.8 ([24]). For a function F on an o--perfect set. Then the F*-derivative of ¥ is defined as

v W)
Dg\y(g)z{ Frlim gz 6EF

07 otherwise,

provided that the F-lim exists.
Theorem 2.9 ([24, 20]). Let ¥, ® : R — R be F*-differentiable functions. Then we have

i) Di (¥@) (§) = @ () DF¥ (§) +¥ (§) DED(£),

ii) Df (a¥ +b®) (§) = aDp¥ () +bDE®@ (L),
where a,b € R.
Theorem 2.10 ([24]). Let ¥ is a bounded function on F NJ. The F%-integral of ¥ is defined by

[ v @aEe =Y it w(©)(5% ) - SE(E)

P =0 SEFNJ

n—1
—inf Y sup W(E)(SF (Gr) — 5% (&)
7 =0 LeFnJ
where § € J, and the infimum or supremum is taken over all partitions Py.

Let

1300,1] = { /|_ \d“g<m}.

Then the fractal Hilbert space LY, [0, 1] has the following inner product
-
(E.5) = / ESrdC.
0

3. The Hilbert space theory

Let

D%uecH, D¥uclf, [0,1],
Dmax =< u eLgr [0,1]:
and I(u) € LY, [0,1]

Dinin = {u € Dmax : u(0) = (Dfu) (0) = u(1) = (Dgu) (1) = 0}.

Then the maximal operator -£max on D,y is given by
Lmaxut = 1(u).

The minimal operator .Z;, is obtained by restricting the operator %,y to the set Dypip.
Eq. (1.1) gives Green’s formula as

! [0 b o
| 1wzdge - [ i@ = .2~ w2,
where

7)== u(DE2) — (Dfu)z

—c@ope@n (V) (peagry ) €@,

For u,z € Dpax, we see that

[ rwzage— [ g

—(z:(0) z(1) )( o 3)(5% )

where

3.1)

3.2)
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Theorem 3.1. The domain Dy and Duax are dense in LY [0,1], Znax = 2,

min’

* —
Lax = Zmin-

Now, we formulate an operator.Z such that Zi, C -2 C Zmax- It then follows that .£* satisfy the inequalities Ly C -£*C L max- The
application of boundary conditions will give the result . = £*, thereby establishing . as a self-adjoint operator.
Let C and D be matrices, with the following form:

C:( N n2 )
1 T2

and
o1 012 )
D=
( &1 On
. A B \. . ~ = . e
such that the 4 x 4 matrix c p B nonsingular. Let A, B,C,D be 2 x 2 matrices satisfying

(E5)(5)-(+2)

From (3.2), we deduce that

a2

1 2
/Ol(u)Zrd?C—/o ul (2)rdgt g

_ [Xz(o)+§z(1)} [AU (0) +BU (1)]

+[C2(0)+Dz(1)] [cu (0)+DU (1),

To satisty the original and conjugate boundary conditions, we get
AU (0)+BU(1)=0, CU(0)+DU (1) =y,

AZ(0)+BZ(1) = ¢, CZ(0)+DZ(1) =0,

where Y and ¢ are arbitrary. Thus,

U (0)=JC*y, U (1) = —JD*y,

Z(0)=JA*¢, U(1)=—JB"¢.

Let us define the operator . by setting Zu = I(u) for all u € D, where

D= {ueDmax:AU(O)—i-BU(l):( i )}

Therefore, we have the following results.
Theorem 3.2. ¥ = ¥ if and only if AJA* = BJB*.

Theorem 3.3. Let £ be a self-adjoint operator. Then its spectrum is constituted solely of eigenvalues with « as their only limit. The
associated eigenfunctions constitute a complete orthogonal set.

4. Dirichlet formulas

Consider the following fractal expression

(l(u),2) = /01 [— (Dg)zu-i-vu] zdg¢.

Using fractal integration by parts, we conclude that
1), =~ Ofzlh+ [ (0F0) 052 + vl .

To produce a Sobolev space while preserving the self-adjointness of (1.1)-(1.2), we must adjust (1.2).
By (1.2), we see that

o &) () -( 22030 )

In trying to solve for

()
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we must consider the following

( —T12 X12 )

—Tn X2

Three situations can arise.

i) Without loss of generality we may assume 7y X12 — T12X22 = 1. Then we find

( D%u (0) ):( TiX2—TaX12  Xi1X22 — X12X22 )( u(0) )

—DZu(1) T T2 —Ti2T21 X112 — X21712 u(l)
Since
_(pensll_ (3 . Dfu(0)

ofnzli= (0 =) () ).
we obtain

(10,2 = [ (D) (DF2) + vl dfg

+(z(0) z(1) )( TX2 — X2 XXz — Xi2X2 )( u(0) )
T2 — 72T X172 — X21712 u(l) )

According to the self-adjointness criterion, the matrices mentioned above are symmetric. When defining a Sobolev inner product, the right
side is used if they are positive.

o . -7 - . . . .
ii) Let the matrix ( le ;g 12 ) is singular but not zero. Then its rows are linearly dependent, i.e., there exists a number & such that
—Tn X2

ET12 = 1, and Ex12 = X22. “.D

Assume without loss of generality that 1122 + 95122 = 1. Then we find

( Tzlinéfn 7521{1%)(11 )( ZE(I); )

_( _(T)n xéz )( ngzf(()i) ):< 8 ) (4.2)

Let us define ug, DFug,uy, D¥u; by
—T12 212 u(0) > ( ug )
- , 43
( X2 T2 )( u(l) u (4.3)

-T2 X12 DZu(0) )_ ( DZug >
( X2 T2 )( —D%u(1) )~ \ D%u; })° 4.4)

By virtue of (4.3) and (4.4), we see that

(u)=( o me ) ().

( D%M(O) ):( —T12  X12 ) ( D%uo )
—D¢u (1) X2 T2 Dfuy )’
By (4.2), we deduce that
( 11 X1 >( —T12 X12 )( uo )
1 =&t xa1—Exn X2 T2 ug
0
0

7< —Ti2 X2 )( —Ti2 X2 )(D%MO ):( )
0 0 X2 T2 Dfu ’

ie.,

( T2+ XX TiX12 + X172 )
=t [t =&l X2 ot —Exul X2 lx2r — Exanl + 2 [x21 — Exnl

(i) (o o) (5 )=(5)
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This gives rise to two restrictions. Let

(% %)

_ ( =TT+ XxX1x12 T X2+ X11712 )
=Tt =Sl +x2 ka1 —Exnl  x2lxar — Exnnl + 2 X2 — Exil
Thus, we find

Puy + Quy = D¥ug, Rug+ Su; =0.

Now the boundary terms

(z0 =) T
=Gz =) (e A ) (e A ) (B )

- - Dauo )
=(z(0) z(1 £
( ( ) ( ) )( D%ul
=7Z0DFug +71DFuy.

Hence we restrict ourselves to a subspace where z; = 0 (and 1| = 0) due to substitution can only be made for D uy.
Using the self-adjointness criterion

Q11712 — T12T21 = X11X22 — X12X21

and (4.1), we conclude that

T2 (ET11 — T21) = X12 (Ex11 — X21) -

Hence, we obtain

Nt =Exn — 221, Mx2 =571 — T,

where 1) is parameter.
We find that R = 0 when these are used to simplify R. The R — § constraint vanishes. Then we find

10,9 = [ (0 (0f2) + el agte

+ (=7122(0) + 2122 (1)) (—Ti1 T2 + X1 x12) (—T12u (0) + x12u (1)) .

. -7 . .
iii) Let 12X is the zero matrix. Then we have
—Tn X2

(711 X11)(u(0)):(0).
Tl X2l u(1) 0
Since the coefficient matrix has rank 2, 4 (0) = 0 and u (1) = 0. Hence, we get

1
(1(w).2) = [ [(DFu) (D) + vz d .

5. The Sobolev space theory

Let us consider the following operator

1
1) =~ [~ (OF) vl
r
whose domain is constrained by boundary conditions

AU(O)+BU(1):< 8 >

We will define three inner products according to the above three cases.

1
w2y = [ [(DFw) (DF2) + vl dEg

_ _ X2 —T1X12 X11X22 — X12X22 u(0) )
+ 0 1 , 5.1
( 20 z(m) )( T2 — 112721 X172 — X21712 )( u(l) oD
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where we assume that the following matrix

TiX22 —W1X12  X11X22 — X12X22
T11T2 —T12T21 X11%22 — X21712

is positive.

1
w2y = [ [(DFw) (DF2)+ vzl dEg

+ (=7122(0) + x122(1)) (=711 712 + 11 X12) (— 7126 (0) + x12u (1)) , (52)
where

=TTz +X11Xi2 =0

and

X1oU (O) + leu(l) =0.

1
(U, 2) g = /0 [(D%u) (D¥2) + vuz] d2L, (5.3)
where u(0) =u(1) =0.

Then the Sobolev space H'! is generated by the inner product (5.1), (5.2) or (5.3).
Let

D%uc H, D¥uc L%,[0,1],
Dy={ucH": AU(0)+BU(1):(O), :

and [(u) € H'!

where AJA* = BJB*, and v > €r for some € > 0.
Let us define the operator L by setting Lu = [(u) for all u € Dj.

Theorem 5.1. The operator L is bounded below.
Proof. In each case, we see that

(Lu,u) = (u,u) g > €(u,u).

Hence,

((L—¢&)u,u) >0

O
Corollary 5.2. The operator L™ exists and is given as
L@ = [ 6o @,
L™ is bounded by 1/¢.
Proof. Let Lu= f. Then we conclude that
(Fru) = (L7 = L7 L7,
From Schwartz’s inequality, we have
et < 2 s
€
O

Theorem 5.3. The operator L is symmetric.
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Proof. By the Dirichlet formula, we find

(Lu,z) = (u,2) g1,

where u € Dy and z € H'. Assume that z € Dy. Then we get

(Lu,Lz) = (u,Lz) g1 . (54
Hence,
(Lu,Lz) = (Lu,z) g1 - (5.5)

By (5.4) and (5.5), we deduce that

(L, z) g = (u, Lz) g -

Theorem 5.4. The operator L\ exists and is bounded.

Proof. Let L~'u = f. From the Dirichlet formula, we get

AL = L
By Schwartz’s inequality, we deduce that

2

e LS
WL = | <oA= (S ) Il

H' —

Theorem 5.5. The operator L is self-adjoint in H'.
Proof. By Theorem 5.2, we see that L is self-adjoint in H! since the range of the operator L is H!. O

Theorem 5.6. The spectrum of L consists of the same eigenvalues as £, with same eigenfunctions. These eigenfunctions form a complete
orthogonal set in H.

Proof. See [21, 20]. O

6. Conclusion

This study focused on the left-definite problem in the regular case of fractal Sturm—Liouville problems. The results obtained here provide a
foundation that can be further extended to investigate higher-order fractal differential problems.
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