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1. Introduction

In 1938, Morrey [1] introduced the classical Morrey spaces, an extension of the classical Lebesgue spaces.
In Morrey spaces, numerous researchers have studied the boundedness and compactness properties
of maximal and singular integral operators. Due to the applications in the study of Morrey spaces,
this space has aroused widespread interest and curiosity [2]. Thus far, many papers have focused on
various Morrey spaces. They extended Morrey spaces to different settings. For example, Guliyev [3,4],
Sawano [5], and Nakai [6] introduced the generalized Morrey spaces. Moreover, they investigated the

similar boundedness problems of maximal and singular integral operators in these spaces.

Additionally, weighted inequalities are crucial in Fourier analysis and have numerous applications in
solving boundedness problems for certain integral operators. In particular, weight theory is critical
in studying boundary value problems for the Laplace equation on Lipschitz regions. Muckenhoupt’s
characterization provides the foundation for defining the class A, and developing weighted inequalities,

ensuring that the Hardy—Littlewood maximal operator maps the weighted Lebesgue space LP(w) =
LP(R"™, w) onto itself.

The study of the Littlewood-Paley g-theory enjoys a natural motivation and great interest. Many works
and topics have been studied. To study the dyadic decomposition of Fourier series, Littlewood and
Paley [7-9] introduced the g-function of one dimension. The function g is basic in the Littlewood-Paley
theory of Fourier series [10]. Littlewood and Paley proved that
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Apll fllp < Mlg(Hllp < Bollflp (L.1)

2m

where on the left side of the above inequality, it was assumed that [ f(0)df = 0. Later, Stein [11]
0

defined the following n-dimensional form of the Littlewood-Paley g-function and obtained the same

norm inequality as (1.1),
o0 1/2

9(f)(x) = /t|vu(x,t)12dt
0

where u(z,t) = P; x f(x) denotes the Poisson integral of f. Afterward, many mathematicians have
studied Littlewood-Paley g-function of higher dimensions with more general kernels [12-16].

Over the past 30 years, considerable developments have been made to extend the classical Littlewood-
Paley g-function to some different settings. Akbulut et al. [17] are interested in problems related to
weighted inequalities for the g-Littlewood-Paley functions associated with the Laplace-Bessel differential
operators. However, in [18], they establish some sharp maximal function estimates for certain Toeplitz-
type operators (including the Littlewood-Paley operator) associated with some fractional integral
operators with a general kernel. Moreover, Lerner [19] has established sharp weighted estimates for
any convolution Calder6n-Zygmund operator, for all 1 <p <3/2 and 3 < p < o0.

Highly inspired by [12-19], in this paper, we are interested in problems related to weighted inequalities
for the Littlewood-Paley g-functions connected with the Laplace-Bessel differential operators A,.
Moreover, we are motivated by the work of Akbulut et al. [20] in which there is a different setting of the
Littlewood-Paley g-function has different settings. We obtained a similar Fefferman-Stein boundedness
result for this operator on generalized B-Morrey spaces by utilizing B-sharp maximal functions related
to the Laplace-Bessel operator.

The rest of the paper is organized as follows: Section 2 presents the basic notations needed throughout
this paper. Section 3 concerns maximal functions related to the Laplace-Bessel differential operator
and its properties. Section 4 defines the integral operator g. The last section indicates the boundedness
of this integral operator on generalized B-Morrey spaces.

2. Preliminaries

This section presents the basic notations and concepts to be required. Throughout this paper, let @

denote a cube of R}, the upper half region of R", n dimensional Euclidean space with sides parallel to

the axes and = = (2/, ), 2’ = (z1,...,2,-1) € R""!. Moreover, let E(z,t) = {y € R} ; |z —y| < t}

and E(z,t)° = R?\E(z,t). If E is a Lebesgue measurable set, then x is the characteristic function of

E, and the weighted Lebesgue measure of E denoted by |E|,, where |E|, = [ 2% dx such that v > 0.
E

Besides, let |E(0,7)|, = w(n,v)r"", where
T (45

w(n,v) = / xpdr = W
E(0,1) 2

The weight w is a nonnegative locally integrable function on R’} that takes values in (0, +00) almost

everywhere.
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Let the class A, consist of those weights w for which
1/p 1/p'

1 1 /
7] /w(m)x; dx ] /w(x)p /P 2 da <C
o "

1 =1, for 1 < p < oo. The class Ay, is defined replacing the

Here, p’ is the dual of p such that 1% +3

above inequality by
1
|E|,,/w( x)x ”da;<Ceis€1£fw( x)
E

for every ball £ C R}. Further, let Ao = |J Ap,. It is well known from [21] that if w € A}, with
1<p<oo
1 <p< oo (orwé€ Ay), then w satisfies the doubling condition; that is, for all ball F, there exists an

absolute constant C' > 0 such that w(2E) < C w(FE). Furthermore, if w € A, then for all ball B and
all measurable subset E of a ball B, there exists a number § > 0 independent of ¥ and B such that

1)
% <C (%) [21]. Given a weight function w on R}, the weighted Lebesgue space Ly ., ., (R"), for
1 < p < o0, is defined as the set of all functions f for which

1/p
HfHprw,u = (/ ‘f(iﬂ)‘pw(x) w?ﬂx) < 00
RY

In addition, let WL, ., (R™), 1 < p < 00, denote the weighted weak Lebesgue space consisting of all
measurable functions f such that

/
1l ., o= supAfw({x € B : | (2)] > A})]l ' < %
e A>0

Additionally, the generalized translate operator 7Y is defined by
s K
TVf(2) = ¢, / . / (&~ (nryn)e) dpu(8)
0 0

i ()
r(s)
The operator T% acts from L,(R’,du) to Ly(R",du) and satisfies the conditions ||TYf||, < |[f]|[p.
TY1 =1, and Ly-boundedness. We remark that the generalized translate operator 7% is closely related

—

where ¢, = s (T, Yn)o = /22 — 22y cos O + y2, and dp (0) = sin? 10 df.

[NJAS

to the Laplace-Bessel differential operator A, defined by

n—1
pe 2 v 0
Al/ ax? + B where B = aix% -+ aaixn such that v>0

For n =1 and n > 1, see [22-26]. The generalized translate operator T generates the corresponding
B-convolution

(f® ) /f YTg(

for which the following Young inequality holds:

Ifodllz,, <flz,, lgllz,,

suchthat1§p,q§r§ooand%+%:%+1,
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Lemma 2.1. [27] For all 2 € R}, the following equality holds:
/Tyg(ﬂf)yidy = / 9 (2’, \V +Z%) dp(2', %)
By E((@,0),t)

where E((z,0),t) = {(2,%Zn) € R" x (0,00) : |(z — 2,Z)| < t}.

Lemma 2.2. [27] For all « € R, the following equality holds:

/ TYg(x)(y) My x g, (W)yndy = / g <Z’, \ 72 +Z%> (2, 70) MuX g (0.0 (23 Zn)dii(2 Z0)

R" R” x (0,00)

Lemmas 2.1 and 2.2 can be obtained via the following substitutions: 2’ = 2/, z, = y, cosf, and
Zn = Ynsina, where 0 < 6§ < 7, y € R}, and (z,%,) € R" x (0,00). Let S| = S, (Ri) denote the
topological dual of Sy, the collection of all tempered distributions on R’} .

Definition 2.3. [27,28] Let w be a positive measurable weight function. Then, M, ,(R") denotes
the generalized B-Morrey spaces as the set of all locally integrable functions f with finite quasi-norm

n+v p

| s vy | <o

E(0,r)

flimpe, = sup
1] ey zERT ,r>0 w(r)

Note that

_ntv

i. ifw(r)=r""7 , then M, ,(R?) = LY(R?).

it. ifw(r)=r »~ and 0 < A < n+ v, then Mpwp(RY) = My (RD).
3. B-Maximal Functions

This section includes a modified version of the sharp maximal operator, as introduced by Fefferman
and Stein [29]. A variant of the sharp maximal function, namely the sharp B-maximal function M fs
associated with the Laplace—Bessel differential operator, was introduced in [30] as follows:
: 1 14 1 14
M (@) =swpint o [ T75(e) — elyt dy e sup o [ 75 ) = foluf d

eQ ¢ |Q|u €Q |Q’u
! Q ¢ Q

Here, fo = |Ql‘y [ TYf(z)yY dy denotes the average of f over E. Moreover, for § > 0,

Q

1
M (@) = MF (1f1) (2)F
which is useful for the sharp B-maximal operator below. We denote the Hardy-Littlewood maximal
function, i.e., B-maximal function, by M, f, defined as follows [30]:

M, f(x) = sup ‘ény/Ty\f(w)\yZ dy

It is well known that the B-maximal function provides control over the mean value of a function

concerning any radially decreasing function in L ,. Moreover, boundedness estimates for M, can be
established in the framework of generalized B-Morrey spaces.

Theorem 3.1. [20] Let 1 < p < 0o and w be positive measurable weight function on R’} satisfying
the condition
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/w(az,T)Ci_T < Cw(x,t) (3.1)

where the constant C' is independent of x and ¢. Then, for p > 1, the maximal operator M,, is bounded
on My, ,(R}) and for p = 1, it is bounded on My, (R ).

The proof can be obtained using a similar way to the one employed in the proof of Theorem 4.1 in [20].

The following inequalities, inspired by the work of Fefferman and Stein [29], will be used in the

remainder of this section.

Lemma 3.2. [29] Let 1 < p < oo and w be an A, weight. Then, there exists a constant C' such that
the following inequality holds for every function f for which the left-hand side is finite:

/MM@WWM%MSC/MﬁﬂM%@MWw
Ri Ri

4. Littlewood-Paley g-Function

This section is devoted to defining and investigating the Littlewood-Paley g-function associated with
the Laplace-Bessel differential operator in the generalized B-Morrey space M, (R} ).

Definition 4.1. [31] Let f € S(R’), the space of infinitely differentiable functions on R’ that
decrease rapidly at infinity together with all their derivatives. For ¢ > 0, the Poisson-type integral
u(f) is defined by
(Pt = wlF)@)i= [ ) Tfa) iy
+
where z € R} and p; denotes the Poisson-type kernel given by
¢ 2n+1/r (n+1/+1)

pt(x) = p(m,t) =Cy | where ¢, = T
(2 o) I

Recall that the Poisson-type integral w;(f), defined by u:(f) = (p: ® f)(x), is a B-convolution type
singular integral operator and satisfies the following properties:

Proposition 4.2. [20] Let f € S(R"}) be a positive function and p > 1. Then,

n—v—+3 )

i ug(z) < C(#2 + o) ("5

ou
< n—v+4
T (x) < Ct

ou
(91'1'
w. (pe* f)(x) < M, f(x)

where M, f is the B-maximal function.

i, ——(z) < C(22 + 2)("F7) forall 1 <i < n

Definition 4.3. [20] Let f € S(R"}). Then, a g-function associated with the Laplace-Bessel differential

operators is defined by
. 1/2

o)) = /wmw%w (4.1)

0

where z € R7, u, is the Poisson-type integral, and |V,(z)|* = ’%(m)
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Theorem 4.4. [20] Let 1 < p < 2 and w be positive measurable weight function on R’} x [0, 00)
satisfying (3.1). Then, there exists a positive constant Cp,, such that for all f € M, ,(R"}),

19N My o < Cpwll My

The proof follows from the proof of Theorem 6.1 in [20].

5. Main Results

This section primarily employs similar techniques to those in [32,33] to derive the following lemmas,
which play a crucial role in establishing the boundedness of the Littlewood-Paley g-function. Afterward,
it provides the main result, Theorem 5.5. This section considers the Littlewood-Paley g-function with
the same kind of kernel as in (4.1). This leads to the following definition:

Definition 5.1. Let ¢ > 0 and ¢ be a fixed function satisfying the following properties:
i. [ p(z)ztdr=0

R%
ii. | T(a)] < TV[p(x)] < C(1+ faf) =+
it 1f 2|y| < |z, then |TYp(z) — p(y)| < Cly|*(1 + [x]) = H1+e)
Here, C' > 0 is a constant independent of z. Thus, the Littlewood-Paley g-function is defined by
1/2

s(H) = | [leve 1@PT
0

where ¢; is the dilation of ¢ given by ¢;(z) = t"tp(%).

Lemma 5.2. Let 1 < p < oo and 0 < D < 2", Then, for any smooth function f for which the
left-hand side is finite,

HMVfHMp,(p,V S CHMl#f”Mp,(p,u

PROOF. For any cube Q@ = Q(z,r) in R}, M,(xq)(z) € Ay, by [34]. It must be noted that
M,(xq)(xz) < 1. By Lemma 3.2, for f € M, ,(R"}),

/ VM, £ () P () o, dy = / TYM, §(2) " (x) (xo)(x) oL, dy
Q R
< / TY\M, f ()P ()M, (x@) () 3 dy
i
- / M ()P TYM, (o) (x) 4", dy
Ry

<c / ME F@)IPTYM, (xo) () v dy

Ry

<c / M £ () PTV M, (xo) (2)yldy
Q

£y / M () [PTY My (x0) @)y, dy
k=0 2k+1Q\2kQ
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Qlh
<c | [t s yidy 3 [ s G v
K k= 02k+1Q\2kQ
<c| [ g i@l y;ay + 3 | sl 2k yay
E =0y 1)
< C||TY(MF(f) MPWZ2_'€(”+” (2k+1)
< O MEIR, S @ DY ()
k=0
< ONTY (M) ()l .., 0(7)
Thus,
1/p 1/p
1 / 1
TY\M, f (x)|Pxy dz <C /Ty M f(x)Pe” dx
5 [ s 5 [Tt pe)
Q Q
Hence,
1My ()| My < CHIME ()l My
O

Theorem 5.3. [35] Let T be a convolution-type singular integral operator. Then, there exists a
constant C' > 0 for w € Ay, for 0 < p < 1, and for every ball @) such that

p

/ T fPa)a?, dx < Cln,p, [w]) ar , w(E) 1P / (@) |w(@)a?, da
J A

Lemma 5.4. Let 0 < § < 1. Then, there exists a constant C' > 0 only depending on § such that

MF (g(N)(x) < CM,(f)(x) (5.1)

where

# — 6 |01,V
MF (o) (@) = | supint o Q/ TV1g(7)1° ~ 1el’ o} dy

PrOOF. Let z € R} and @ be a cube containing x. To obtain (5.1), it suffices to show that

ar | s = e
Q

for some constant ¢ to be determined. Using the inequality ‘|u!5 — |v\5‘ < |u —v|® such that 0 < § < 1,

(501) = g [ 7 (010 @
Q

é

yrdy | <CM,f(z)

define
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Denote f as f = f1 + f2, where fi = Ayg. We will show that ¢ = (g(fg))@ satisfies the required
inequality. By the linearity of the Littlewood-Paley operator g(f),

M ((g(F) ) = (sup e (I f)]5>>
Q

~ | 1en / “Ty

Y dy

Jof

=

/‘g(Tyfl(x)ﬂéyZ dy | +

1
<C - C‘ Yy dy
1Qlu
Q

|Q|,,/) Tl

= C(Il + IQ)

First, we show the estimate I;. For 0 < § < 1, applying Theorem 5.3 (Kolmogorov’s estimate of Bessel
type),

=

1 595

= @Z‘Q(Tyf(w))ryzdy < grlal” /\Tyfl ol dy

For the estimate of Io, if |z — y| > 2r, by the Jensen inequality and Fubini’s theorem for integrals,

< OM, f(x)

1 14
B=1or [ [T (2@ = (90h)) v d
Q
1 1 ) }
~ el / 7 (o)) = g [ T (ah2)@)) % dz i ay
Q Q
1 1 ) )
<or | o Q/ 9(T2 (@) — aalw)| 2% = |t dy
= !Ql\u ]Ql\l, / [‘P(T)TT<Tyf2(x)>Tr’f dr — Z‘P(T)TTJCQ(%)T”V dr|2” dz | ¥ dy
Q Q RY R”
= |Ql|,, |Ql|,, / / p(T)TVT" fo(x)7y dr — / (7T fo(z)7? dr|22 dz | v dy
Q Q ™ R
B |(°;‘u |C;\l, / J TYo(T)I" foz)y, dr —RZ o(T)T7 falx)T), dr|zr dz | yr dy
Q n
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1 1
<
al / Q
Q
zy d

1
=] |2/
e

/TT|f2($)|Tﬁ dr < CM, f(z)
Q

z, dz |y, dy

[ 7o) = o(0)| 77 ooy ar
Q

yr dy | T7 fo(x)1) dT

B
[ | [ e - e
0 Q

<C

Ql

O

Theorem 5.5. Let 1 <p < oo and w € Ay, (R’ ). Then, there exists a positive constant C' > 0 such
that

gD My < ClUF My

The proof can be easily observed from Lemmas 5.2 and 5.4.
6. Conclusion

This paper presents a Fefferman-Stein type boundedness result for the Littlewood-Paley g-operator on
generalized B-Morrey spaces by utilizing B-sharp maximal functions. The importance and fundamental
difference of this paper lie in its use of different transformations (generalized transformations) of
the obtained results. Future studies can extend this work to encompass multilinear analogues of the
results presented here. B-Sharp maximal function estimates for multilinear singular integrals and their
commutators can be constructed. In addition, their boundedness properties can be investigated on
generalized B-Morrey spaces.
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