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1. Introduction and Main Results

Let G C C be a finite region, with 0 € G, bounded by a Jordan curve L := 0G,
B :=B(0,1) := {w:|w| <1}, A := A(0,1) := {w: |w| > 1}, Q := extG (respect
to C); w = ®(z) be the univalent conformal mapping of 2 onto the A normalized
by ®(00) = 00, (00) > 0, and ¥ := &1, Let p, denote the class of arbitrary
algebraic polynomials P, (z) of degree at most n € N.

Let o be the two-dimensional Lebesque measure and let h (z) be a weight function
defined in G.

Let A,(h,G), p > 0 denote the class of functions f which are analytic in G and
satisfy the condition

10 = [[ 1)) do < .
G

and A,(1,G) = A,(G).
In case of when L is rectifiable, let £,(L), p > 0, denote the class of functions
f which are integrable on L and satisfy the condition

11,00 = [ VI 1] < o
L

For any R > 1, let us set Lg := {z: |®(z)| = R},Gg := intLg, Qr := extLp.
Well known Bernstein -Walsh lemma [12] says that:
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[Palle@q < B 1Pallo@) - (L.1)

Taking R =1+ +, from (1.1) we see that the C—norm of polynomials P,(z) in
Gg and G is identical, i.e. the norm || P, || c(@) increases with at most a constant.

Similar estimation to (1.1) in space £,(L) was investigated in [11] and obtained
as following;:

il
HPnHz:p(LR) <R * HPnH.cp(L)v p>0. (1~2)
To formulate the corresponding result for the A,(h, G) space we give the following

Definition 1.1. /8, p.97],[9] The Jordan arc (or curve) L is called K — quasiconformal
(K > 1), if there is a K—quasiconformal mapping f of the region D D L such that
f(L) is a line segment (or circle).

Let F(L) denotes the set of all sense preserving plane homeomorphisms f
of the region D D L such that f(L) is a line segment (or circle) and let

Kp:=inf{K(f): fe F(L)},

where K(f) is the maximal dilatation of a such mapping f. Then, L is a quasicon-
formal curve, if Ki, < oo, and L is a K—quasiconformal curve, if K; < K.

It is well know that there exists quasiconformal curve which is not rectifiable [8,
p104].

Let L be a K—quasiconformal and y(.) be a regular quasiconformal reflection
across L (for detail see Part 2). For R > 1, let L* := y(Lg), G* := intL*, Q* :=
extL*; w = ®g(z) be the conformal mapping of Q* onto the A normalized by
Dp(00) = 00, Pp(00) >0, and Up := @Y d(D, L) :=inf{|¢ —z|:2€T, ¢€L}.

The Bernstein-Walsh type estimation in the space A,(h, G), p > 0, for regions
with quasiconformal boundary is contained in [3]. In particular, for h(z) = 1 have

+1
<c B 7B

Ap(GRr) — Ap(G)

[ p>0. (1.3)
where R* := 1+ c2(R — 1). Therefore, if we choose R = 1+ % | then (1.3) we see
that A,—norm of polynomials P,(z) in Gg and G also is equivalent.

In [10] was obtained pointwise analog to the estimation (1.1) following type,
where the norm || P, || o ) in right side of (1.1) was replaced with the norm [| || 4, )

Lemma A[10]. Assume that L is quasiconformal and rectifiable. Then, for any
P, p,,neN
c

n+1
[Pa(2)] < m\/ﬁHPTLHAg(G) [2(2)[", 2€Q, (1.4)

where ¢ = ¢(L) > 0 constant independent from z and n.
On the other hand, using the mean value theorem, for an arbitrary Jordan region
G , polynomials P, € g,, n € N and any p > 0 we can find
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2= (i) WPlaers 2. (15)

Thus, combining a relations (1.4) and (1.5), we obtain an pointwise estimate on
the growth of |P,(z)| in the whole complex plane. In particular, for p =2 we have

Corollary B. Assume that L is quasiconformal and rectifiable. Then, for any
P, €pn, neN

C2 1, z€G@G,
< — .
P < 25 WPl { ot e (16)

In this work, we continue the study the similar problems (1.4), for polynomials
Pr(Lm)(z), m =0,1,2,..., in regions with K —quasiconformal boundary.
Now, we give the main results:

Theorem 1.1. Let p > 1 and assume that L is K—quasiconformal. Then, for any
P,cp,, R>1,n>m and m=0,1,2,... we have

(b 2 n+l—m
Pém)(z)‘ < 04% 1Pall o, Grys 2 € (L.7)
[d(L, Lg)]™" "

where ¢4 = c4(G,m,p) > 0 constant independent from z and n.
Corollary 1.1. For R=1+ £, ¢ = const > 0. we have

m C5 n+l—-m
P{M(z)| < oz 1Pl ) 12(2)] Hemoozeq, (1Y)

[d(L, L1y 2)]
where ¢5 = ¢5(G,m,p,c) > 0 constant independent from z and n.

Remark 1.1. If z € G142 NQ for some ¢ > 0, then (1.8)for p =2 and m = 0 is
better than (1.4).

Theorem 1.2. Let p > 1 and assume that L is K—quasiconformal. Then, for any
P,c€p,, R>1andn > 1 we have

n+1
, z €, (1.9)

-1 2
n,ll,—,ll, +5_1

IPu(2)] < e6™ gy IPallay o) [ P12 2)

where (i ;= min {2, K4} and cg = cg(G,p) > 0 constant independent from z and n.

Remark 1.2. For K < 4/ %ﬁ and for z € Q such that far away from L, (1.9)
for p =2 is better than (1.4).

Theorem 1.3. Let p > 1 and assume that L is K—quasiconformal. Then, for any
P, € pn, n> 1, we have

n+1

2 _
P()| < e 3 Pl ) \@H%(z) . zeq, (1.10)

where (4 := min {2, K4} and ¢y = ¢7(G,p) > 0 constant independent from z and n.
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Theorem 1.4. Let p > 1 and assume that L is K—quasiconformal. Then, for any
P, € pn, n €N, we have

nV—V71+2—1

|Pa(2)] < CSW

n+1 reY
1Palla o[BI, 2€Qyn, (L1

where v := min {2, KQ} and cs = cg(G,p) > 0 constant independent from z and n.

Remark 1.3. For any K < %\/1+ V17 and the points z € Qy, 1 , (1.11) for
p =2 is better than (1.4).

Theorem 1.5. Let p > 1 and assume that L is K—quasiconformal. Then, for any
P, € p,, n €N, we have

vH2— n+1 oY
IPa(2)] < con” 3 | Pally () 1B, 2 €00, (1.12)

where v := min {2, KQ} and cg = cg(G,p) > 0 constant independent from z and n.

We note that the Theorems 1.2 -1.5 are sharp in the some cases. This can be
clearly seen from following theorem

Theorem 1.6. For anyn =1,2,3, ..., there exists a polynomial P} (z) and constant
c10 = c10(G) > 0 such that

[P (2)] = 10 15y 12

1
d(Lle—&-%)

for some z € Oy, 1.

2. Some auxiliary results

Let G C C be a finite region bounded by Jordan curve L and let w = ¢(z) be the
univalent, conformal mapping of G onto the B normalized by ¢(0) = 0,¢ (0) > 0
and ¢ == ¢~ L.

The level curve (interior or exterior) can be defined for ¢ > 0 as

Ly :={z:]p()| =t if t<1, |P(2)|=¢t if t>1}, L1 =L,

and let Gy := intL;, Q4 := extL;.

For @ > 0 and b > 0, we shall use the notations “a < b” (order inequal-
ity), if a < ¢b and “a < b” are equivalent to cia < b < cqa for some constants
¢,c1,co (independent of a and b) respectively. Throughout this paper ¢,¢e1,¢9, ...
are sufficiently small positive constants (in general, different in different relations),
which depend on G in general.

Let L be a K—quasiconformal curve. Then [5] there exists a quasiconformal
reflection y(.) across L such that y(G) = Q,y(2) = G and y(.) fixes the points of
L. The quasiconformal reflection y(.) is such that it satisfied the following condition
[5], [7, p.26] :
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1
|y(C)7’Z|X|C7'Z|7 ZGL36<|C|<E, (21)
1
’%‘ =yl =<1, e <[] <g,

2 -2 1
lve| =< W(OP, ¢l <e, [we| <117 kel > <

and for the Jacobian J, = ly-|> = |y=|® of y(.) the relation Jy =<1 is hold.

For R > 1, we denote L* := y(Lg), G* := intL*, Q* := extL*; w = Pr(z) be
the conformal mapping of Q* onto the A normalized by ®g(c0) = 0o, ®p(c0) > 0;
Up=®p" s Fort > 1,let L} := {2 : |®r(2)| = t}, G} == intL}, Qf := extL].

According to [6], for all z € L* and t € L such that |z — t| = d(z, L) we have

d(z,L) < d(t,Lgr) < d(z,L}y). (2.2)
[Pr(2)] < |Pr(D)] <1+ (R —-1).
Lemma 2.1. [1] Let L be a K—quasiconformal curve, z1 € L, z2,23 € QN {z :
|z — 21| < d(z1,Lry)}; wj = ®(25), 5 =1,2,3. Then

a) The statements |z1 — z2| < |21 — 23| and |w1 — wa| < |wy — ws| are equivalent.

So are |z1 — zo| X |21 — 23| and |wy — we| X |wy — w3 .

b) If |21 — 22| < |21 — 23], then

-2 K2
Z1 — %3 ’wl — W3

‘wl—wg

w1 — w2 Z1 — ?2 wy — w2

where 0 < rg < 1 a constant, depending on G.

In particular, for arbitrary z1 € L, 1 < R < Ry and fized z3 € L, we have
(R—1)* <d(z1,Lr) < (R—1)%7, 5 := min {2, K*}. (2.3)

Let {z;}7", be a fixed system of the points on L and the weight function & (2)
is defined as the following:

h(z) = ho (2) H 2=z, (2.4)

where v; > —2 for j = 1,m and hg (2) is uniformly separated from zero in G:
ho(z) > ¢ >0, Vz €@.

Lemma 2.2. [{] Let L be a K —quasiconformal curve; h(z) is defined in (2.4). Then,

for arbitrary P,(2) € pn, any R>1 and n=1,2,..., we have

n4+L
[Pl 4 ySaR T 1Pulla, ncy> P> 0, (255)

p(h,G1ye(r—1)

where ¢, c1 are independent of n and R.
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3. Proof of Theorems

3.1. Proof of Theorem 1.1.

Proof. Since L is a K—quasiconformal, we conclude that any Lr, R > 1, is also qua-
siconformal. Therefore, we can construct a ¢ (K)-quasiconformal reflection yg (2),
yr (0) = oo, across Li such that yr (Ggr) = Qr, yr (2r) = Gr and yg(.) fixes
the points of L that satisfies conditions (2.1) described for yg (). By using this
constructed yr (z), we can write the following integral representations for P, (z) [7,
p.105]

1)!
P (z) = - Y // anﬂH, doc, z€Gp. (3.1)
(yr (

For € > 0, let us set U-(z) := {( : |¢ — 2| < £} and without loss of generality we may
take U, := U.(0) C G*. For arbitrary fixed point z € L we have

[P0 (2) / / - ' mi'Qdoc (32
m+1 \|yR<‘
//| NI
=:J1+ Jo.

To estimate the integral Ji, applying the Holder inequality we get

Yr
Jp < /|Pn(<)|pda< // | C|mq+2qd0<
b lyr (¢

|ng‘ : 1 1
‘<||P ||A (G) //l mq+2qdo-c ,5"’5:1

According to (2.1), ‘ny‘ = |yR(C)|2, for all ¢ € U., because of [( —z| > e,
lyr(¢) — 2| =< |yr(¢)| for z € L and ¢ € U.. On the other hand, if J, , =

2
|yR,¢|2 — yRZ’ is Jacobian of the reflection yr(¢), we can obtain

2
A
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as in [2]. Then, we can find

Q=

YR
Ji <[ Pall 4 »(G) // |J R|||C C| mq+2qd0§ (3.3)
o
a
dO’C
<Pl | [ o
‘C Z‘>Cl
=< [ Pulla, e -

For the Ja, we get

1
P

Y do,
// o | RC| mg+2q . / |P, (OF do¢ =:Jo1-Ja2.  (3.4)
R

R\ £ GR\UE

For the integral Jo1, we get

do
Ja1 < // éq+2q (3.5)

Q=

y(GR\U)
1
< dUC = 1
- _ . |mq+2q m+2—2 ’
|<—z|zal<z,LR>IC g d "(LLr)
and for Jos :
1 1
P P
= [ moras| < | [[1pa@rdoc ) =1Pulen-
GRr\U: Gr
Then,

1Pl 4, (G )
"L, L)
To complete the proof of Theorem 1.1, according the maximum modulus principle,
for any z € 2 we have

P™(z)
¢)n+1—m(z)

J22 = Jo1 - Jog < (36)

1Palla cmy
dm+2—% (L, LR) ’

" (2)

< max 7@n+1_m(z)

X = max ‘P(m)(z)‘ =
z€Q)

z€L

or

nem (3.7)

1Pl 4,
()] < - [0(2)
d (L, Lg)
Slnce = 2 — 2, then combining (3.2), (3.3), (3.4), (3.6) and (3.7), we complete the
proof O
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Taking R =1+ %, according to Lemma 2.2, we obtain the proof of Corollary 1.1.

3.2. Proof of Theorem 1.2

Proof . For the arbitrary fixed R > 1, let us set L* := y(Lg). According to (2.2),
the number &1 (consequently p; := 1+ &;(R — 1)) can be chosen such that é:l C
G. Let Ry := 1+ 21, For z € Q and w = ®p(2) let us get:

b () i= ()

Cauchy integral representation for unbounded region gives
1 dt
h = hr(t) — .
R (w) r(t) 7 —

211
[t|=R1

For all [t = Ry > 1, [¢|"™" = R > 1, then
Ay = P (W ()]

|dt|
|t —w|’

n+1 1
S .0
[t|=R1

Applying the Holder inequality, we get

S

An <ol [ 1P (R (0) - W 0 lat (39)
t|=Ry

Q=

X / ! |dt|
[ ()] [t — wl*
[t|=R1

=l (AL)P - (BL)T

n

Let us set

fn (t> =P, (‘IIR (t)> . \IlIR (t) .
Now, we separate the circle |t| = Ry to n equal part &, with mesd, =
by applying the mean value theorem to the integral AL we get

A = Z/\fn O ldt| =
k=1 Sk

k=1

2w Ry
n

and

’ p
fn (tk)‘ mesdy, t) € .

On the other hand, by applying mean value estimation,

fn(t;)\p<(t,11)2 J[ 1.
’/T k|~

|e=til<[ti] -1
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we obtain

- meso,

Ai‘<§:‘7ff—fjff // fu (©OF doe, ) € 6.
_1 T —_

= le—t| <[t | -1

Taking into account that discs with origin at the points ¢} at most two may be
crossing, we have

Al < m6$51 // | fu (E)[F doe < // | ()P doe.

1<\§\<p1 1<|¢|<p1

According to (2.2), for AL, we get

Al <n // ()" do. < n. || Pal, (3.10)

G \G*

To estimate the integral B}, taking into account the estimation for the V', (see, for
instance, [7, Th.2.8]) and Lemma 2.1 written for ®(z), from (2.3) we get

H-1)7 |t

Bl (|

n = /twwmwiﬂu—mq
[t|=R1

:/ (It| - 1) |dt|
dU(WUR (1), L*) |t — |75 |t — w|¥
[t|=R1
L1 /(\tl—l) |dt|
di(z, L) (It] = D)™ g — )2
‘tIZRl

1 / 1 |dt|
C Az, Ly,) S (= )T g i)
1

[t|=R
1 -1
= palp—pT)-t 3.11
Sy " (3.11)
1 o
L ma(p—p= )1
R TTE AR ’

where £ :=min {2, K*} . Relations (3.8), (3.9), (3.10), and (3.11) yield

n+1 1 1 — —1y_ 1
np'HPnHAp(G) En? cplp=rT )=

[Pn(2)] < |wl
(h=pn~H+2-1

n P n+1
= d(Z L) |®R(z)| " ||Pn||Ap(G)7 z €.

The proof is complete. O
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3.3. Proof of Theorem 1.3

Proof. Proof of the Theorem 1.3 will be similar to proof of Theorem 1.2. The term
in (3.11) will be treated as the following;:

(-1
5= | Fw i 12

[t|=R1
/ 1 \dt|
t— 1) 9t —w q
. (It = | |
Sy g
(It =™
[t|=R1
< it

And, consequently,

1

nt+l 1
|P,(2)| < |w|™* . [|Pall 4,y 7

2 — n+1
= 3| Pal o) [PR(2)T, 2 €

3.4. Proof of Theorem 1.4

Proof. Let R > 1 be arbitrary fixed and let Ry := 1 + %. For z € Qg and
w = ®(z) let us get:

h(w) = w

Cauchy integral representation for unbounded region gives

1 dt
h(w) = 9 h(t) ——
[t|=R1

t—w’

Following the method used in proof of Theorem 1.2, similar terms are treated as
below:

Ap = ‘Pn (U (w))]

<ol oo [ 1P ) dt] (3.13)

27 |t — w]|
[t|=Ra
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< ol / Py (W (1)) - ¥ (1) Jdt]

t‘:Rl

1
|/ O wp |

[t|=FRa

e (A ()

Q=

Let us set
o (1) = Py (T (1) - W (1)

Now, we separate the circle |t| = Ry to n equal part d,, with mesd, =
by applying the mean value theorem to the integral AL we get

P ’ P
fn (tk>‘ mesdy, t) € .

Fof 1 =3

k=1 5k k=1

fn dO’g7 t;c € 0.

)|

1&11 < — mes51 // fn dag <n //

1<[¢|<R 1<|¢|<R

According to (2.2), for AL, we get

A< [[ 1By P < 1P
Gr\G

2Ry
n

and

(3.14)

To estimate the integral E}L, taking into account that the estimation for the ¥’ (see,
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for instance, [7, Th.2.8]) and Lemma 2.1, we get

. (ol 0" Ja
B | aw@ i (3.15)

[t|=R1

:/ (It| - 1) |dt|
AW (), L) |t — w|T7 |t —w|”

[t|=R1

D W N UES
dq(ZaLRl) (|t| - 1)(1” ‘t — U}‘q_%
[t|=R1
B 1 / 1 |dt|
d9(z, Lg,) (It — )27 g — 103
[t|=R1
1 1
Caqv—rT)—1
S WG Lay " ’

where v := min {27K2} .
Let us denote ¢ = ¥(r) € L, ¢4 = ¥(r) € Lpg, such that: d(z, L)

|z—¢| , d(z,Lg,) = |z— (|, and denote this image from 7 = ®({), 71 = ®(¢1).
Also we denote points |7*| = 1, |lw—7" = |w| — 1, |7f| = Ry, lw—1f| =
|w| — Ry. According to Ry := 1+ £ we have |w — 7| < |[w— 77| = |w— 77| <

|w — 7|. Then, by Lemma 2.1 we get d(z, Lg,) > d(z, L). Therefore, we obtain

~ 1 -1
R p——— G A 1
< 0o T) n (3.16)

Relations (3.13), (3.14), (3.16) and Lemma 2.2 yield

n+l1 1 1 11
|[Pa(2)] < Jw|™" nv.HPnHAp(GR)m.n( )2

—1y, 2
n(u—l/ )+;—1

n+1 —
- T,L)@(Z” IPalla, ey 2 €Qigr.

The proof is complete. O

3.5. Proof of Theorem 1.5

Proof. Analogous to proof of the Theoreml.3, the proof of the Theorem 1.5 is
identical to proof of the proof Theorem 1.4. In this case, the following the method
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used in the proof of Theorem 1.4 and (3.15) will be treated as the following:

, (It -1)? |t
B = /dq(xv(w,w—ww

|t|:R1
/ 1 |dt|
(i =~ 1™ 7 ="
[t|=R1
_ / |di|
(It} = 1)*
[t|=R1
< n1

And, consequently,

+1 1 _1
[P (2)] < |w]” n"-||Pn||AP(GR) n""a

2 _
< nFet 1Pl a,(c) B(2)["*", z € Q1

O
3.6. Proof of Theorem 1.6
Proof. Let P;(z2) := Pu(z) =]_y (j + 1)2/, G = B and p = 2. In this case,
(n+1)(n+2) m(n+1)(n+2)
1Pallc@ = —%5—" Pallayey =\ ————
2 2
Then, for all z € Ly, 1 such that [P,(2)| = || Pallo @), we have
P, > || P, > L P,
[Pu(z)| = || n||0(§) = E”H nHAZ(G)
1 d(L,Lyy1) 124 |®(z)[" 1
= —-—-——-————N n —_—
om d(L7L1+%) A2(G) |(I)(Z)|n+1
1
> c19——r— || B(z)["t.
2 Cmd(L,LHQ | nHAz(G)‘ (2)]
O
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