
HİTİT JOURNAL OF SCIENCE

e-ISSN: 3061-9629
Volume: 2 • Number: 2

July 2025

On the Eigenvalue Problems with Integrable Potential and Boundary 
Conditions Rationally Dependent on the Eigenparameter

Elif Başkaya 

Department of Mathematics, Karadeniz Technical University, 61080, Trabzon, Türkiye.

Corresponding Author
Elif BAŞKAYA

E-mail: elifbekar@ktu.edu.tr  Phone: +90 462 377 2569
RORID: ror.org/03z8fyr40

Article Information
Article Type: Research Article

Doi:             -
Received: 31.05.2025
Accepted: 17.06.2025
Published: 31.07.2025

Peer Review: Evaluated by independent reviewers working in at least two 
different institutions appointed by the field editor.
Ethical Statement: Not available.
Plagiarism Checks: Yes - iThenticate
Conflict of Interest: In this work, asymptotic expansions of the eigenvalues 
of an eigenvalue problem are calculated with better error terms than 
previous works. 

CRedit Author Statement
Elif Başkaya: Design of the study, Conceptualization, Writing-original 
draft, Editing, Supervision.
Copyright & License: Authors publishing with the journal retain the 
copyright of their work licensed under CC BY-NC 4.

Cite As
Başkaya E. On the eigenvalue problems with integrable potential and boundary conditions rationally dependent on the eigenparameter. Hitit journal of 
Science. 2025;2(2):37-41.

https:// orcid.org/0000-0001-6118-9183


38 Hitit Journal of Science • Volume 2 • Number 2

INTRODUCTION
In this paper, we consider the following eigenvalue problem:

, 

, 

where  is a real parameter; the potential  is a real-
valued   function on the interval , also has a mean value 
zero, i.e. ;  and  are polynomials with real 
coefficients and no common zeros. When , the 
boundary condition Equation (2) is taken as  and 
when  the boundary condition Equation (3) is 
accepted as . In addition, if 
, let  where  (it may be zero) 
and assume that   is monic, and if , let 

 where  (it may be 
zero) and assume that  is monic.

The above eigenvalue equation (1) are common to many areas 
of application. For example, Hooke’ s law describes a mass on 
a spring as

where K is the spring constant. Also, for the potential energy  
 of the spring, we have 

and in classical mechanics we can write the force as

The differential equation from Newton’ s law as

or

where , Thus, the potential energy can be expressed 
as the following:

The time-independent Schrödinger equation for the one-
dimensional simple harmonic oscillator is given as

or

.

If we take  the Schrödinger 
equation becomes

                                                                                         
where  is the dimensionless energy. Equation (4) is 
an eigenvalue equation in the form of Equation (1).

The problem Equation (1)-Equation (3) is different from 
the usual regular eigenvalue problem because eigenvalue 
parameter λ is held in the second boundary condition.  Such 
problems often arise from physical problems, quantum 
mechanics and geophysics and are studied by a lot of 
researchers. Some of them are [1]-[16]. We especially refer 
to [1], [13] and [16]. In [1], the asymptotic eigenvalues of 
the problem Equation (1)-Equation (3) with  
are given and it is shown that the Weyl m-function uniquely 
determines  and ; and is in turn uniquely determined 
by either two spectra from different values of α or by the 
Prüfer angle. In [13], the asymptotic eigenfunctions of the 
problem  Equation (1)-Equation (3) with  are 
found. And [16] introduces the inverse problem associated 
with the problem Equation (1)-Equation (3) by providing 
the eigenvalues and the corresponding eigenfunctions to 
uniquely determine the potential  that is be a continuously 
differentiable function on .

Our aim is to obtain asymptotic expansions of the eigenvalues 
of the problem Equation (1)-Equation (3) with better error 
terms than previous works.

MATERIAL AND METHODS
Our method is based on [7]. Let us associate Equation (1) with 
the Riccati equation

and define

,
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.

It is shown in [7] that any real-valued solution of Equation (1) 
is in the form 

with 

,

.

Our approach to calculating  is to approximate λ those  
which are such that 
 

We suppose that there exist functions  and  so that

, 

where
i)  is a decreasing function of 

ii) ,

iii)  as .

For  the existence of the functions  and η 
may be established for λ positive as follows. It is clear that 

 hence,  if we define

we gain . Also, if we set  
we have  is well defined by Equation (9) and  as 

 [7].

Our method of approximating a solution of  
on [0,1] is similar to [7], so we set

.

When we put this serie into the Riccati equation and solve 
differential equations, we hold

,

,

for 

.

Also from Equation (6), Equation (8) and Equation (10), 

we have  then 
 and from this 

equation, [2] proves that

Let us consider the following theorem:
Theorem: [2] If  as in (2.6), as 

where

.

After some calculations by using the last theorem, with 
Equation (5) we gain 

where 

,

.

Similarly, with Equation (6) we find  as

so we can write

,

,

,

.
                                                                                                   
RESULTS AND DISCUSSION
We approximate the eigenvalues of the problem Equation 
(1)-Equation (3), in this section. It is shown in [7] that any real 
valued solution  of Equation (1) is of the form

,
hence

.

We now determine the conditions under which the first 
boundary condition Equation (2) and the second boundary 
condition Equation (3) are satisfied. 

Considering Equation (18) and Equation (19), one observes 
that Equation (2) holds if 

.
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i) For :
We can write Equation (20) as

where

,

.

From Equation (7) and Equation (8)

,

And we also from Equation (20)

Substituting the values of  and  given by 
Equation (14) and Equation (15) into Equation (21) and 
Equation (22), one obtains

and

so

.

ii) For 
In this case, Equation (20) reduces

and from this equation, the first boundary condition Equation 
(2) is satisfied for 

.

Considering Equation (18) and Equation (19), one observes 
that the second boundary condition Equation (3) holds if 

iii) For :

The Equation (26) is expressed as

where

,

.

From the definitions of  and  one writes

and substitution of Equation (16) and Equation (17) into the 
last equations gives

,

hence

then

.

Also from Equation (27), we have

iv) For :

The Equation (26) is obtained as

where
,

so that

From the definitions of  and  one writes

and substitution of Equation (16) and Equation (17) into the 
last equations gives

thus

,

(21)

(22)

(23)
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(26)



On the Eigenvalue Problems with Integrable Potential and Boundary Conditions Rationally Dependent 
on the Eigenparameter

41 Hitit Journal of Science • Volume 2 • Number 2

then

Theorem: The asymptotic formulae for the eigenvalues of 
the problem Equation (1)-Equation (3) satisfy, as 

(i) if  and ,

(ii) if   and ,

(iii) if   and ,

(iv) if   and ,  

Proof: Theorem (i) is proved by using Equation (11), Equation 
(23), Equation (24), Equation (28), Equation (29) together 
with inverse trigonometric series and reversion. Theorem 
(ii) is proved by using Equation (11), Equation (23), Equation 
(24), Equation (30), Equation (31) together with inverse 
trigonometric series and reversion. Theorem (iii) is proved by 
using Equation (11), Equation (25), Equation (28), Equation 
(29) together with inverse trigonometric serie and reversion. 
Theorem (iv) is proved by using Equation (11), Equation 
(25), Equation (30), Equation (31) together with inverse 
trigonometric serie and reversion.

CONCLUSION
In this work, asymptotic expansions of the eigenvalues of an 
eigenvalue problem are calculated with better error terms 
than previous works. 
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