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Abstract: The idea of generalization of ideals of the algebraic structures has always
shown to be interesting for mathematicians. Within this framework, the notion of a
weak-interior ideal has been introduced as a generalization of quasi-ideals, interior
ideals, (left/right) ideals in the theory of semigroups. In the present work, we extend
this concept into the framework of soft set theory applied to semigroups, and
introduce a novel type of the soft intersection (s-intersection) ideal called soft
intersection (s-intersection) weak-interior ideal. The main aim of this study is to
investigate the relations of s-intersection weak-interior ideals with other types of s-
intersection ideals within semigroups. Our results establish that every s-intersection
weak-interior ideal constitutes an s-intersection subsemigroup within a regular
semigroup. Moreover, every s-intersection left (right) ideal is an s-intersection left
(right) weak-interior ideal, and every s-intersection interior ideal is an s-intersection
weak-interior ideal. Consequently, the concept of an s-intersection weak-interior
ideal is a generalization of both s-intersection ideals and s-intersection interior ideals.
However, the converses do not hold in general, as demonstrated through
counterexamples. To satisfy the converses, the semigroup should be a group or the
s-intersection weak-interior ideal should be idempotent. Furthermore, we prove that
s-intersection bi-ideals and s-intersection quasi-ideals coincide with s-intersection
weak-interior ideals within the framework of group structures. Our key theorem is
that if a subsemigroup of a semigroup is a weak-interior ideal, then its soft
characteristic function is an s-intersection weak-interior ideal, and vice versa This
allows us to build a bridge between semigroup theory and soft set theory.

Yanigruplarin Esnek Kesisimsel Zayif-i¢c Idealleri

Anahtar Kelimeler
Esnek kiimeler,
Yarigruplar,

Zayif-i¢ idealler,

Esnek kesisimsel zayif-i¢
idealler,

Basit yarigruplar

0z: Cebirsel yapilarin ideallerin genellestirilmesi matematikgilere her zaman ilging
gelmistir. Bu cercevede, zayif-i¢c ideal kavrami, yarigruplar teorisindeki quasi-
idealleri, i¢ idealleri, (sol/sag) idealleri kapsayan bir genelleme olarak tanitilmistir.
Mevcut ¢alismada, bu yapiy1 yarigruplara uygulanan esnek kiime teorisi
cercevesinde genisletip, esnek kesisim (EK) zayif-i¢ ideal ad1 verilen yarigruplarin
yeni bir esnek kesisim (EK) ideal tiiriinii tanitiyoruz. Bu ¢alismanin temel amaci, EK-
zayif-i¢ ideallerinin yarigruplar icindeki diger EK-ideal tiirleriyle iliskilerini
arastirmaktir. Sonuglarimiz, regiiler bir yarigrubun her EK-zayif-i¢ idealinin bir EK-
alt yarigrup olusturdugunu ortaya koymaktadir. Ayrica, her EK-sol (sag) ideal bir
EK-sol (sag) zayif-i¢ idealdir ve her EK-i¢ ideal bir EK-zayif-i¢ idealdir. Sonug olarak,
EK-zayif-i¢c ideal kavrami, EK-ideallerin hem de EK-i¢ ideallerin bir genellemesidir.
Ancak, karsitlari genel olarak gecerli degildir ve bunu gdsteren agik karsit érnekler
sunulmustur. Karsitlarinin saglanmasi i¢in, yarigrubub grup olmasi veya EK-zayif-i¢
idealin idempotent olmasi gerekmektedir. Ayrica, EK-bi-ideallerin ve EK-quasi-
ideallerin grup yapilari cercevesinde EK-zayif-i¢ ideallerle cakistigi kanitlanmistir.
Bir yar1 grubun alt yarigrubu zayif-i¢ ideal ise, esnek karakteristik fonksiyonunun
EK-zayif-i¢ ideal oldugunu ve Kkarsitinin da dogru oldugunu goésteren temel
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teoremimiz, yarigrup teorisi ile esnek kiime teorisi arasinda bir képrii kurmamizi
saglamistir.

*[lgili Yazar,email:aslihan.sezgin@amasya.edu.tr

1. Introduction

The concept of ideals is central to the comprehension and analysis of algebraic structures and their applications.
Therefore, many studies have been conducted on generalizing the ideals of various algebraic structures. The
concept of bi-ideals in semigroup theory was first introduced by Good and Hughes [1] in 1952. The concept of
quasi-ideals was initially introduced by Steinfeld [2] in semigroups and was subsequently extended to the ring
theory. Bi-ideals are generalizations of quasi-ideals, while quasi-ideals are generalizations of left and right ideals.
The concept of interior ideals was originally proposed by Lajos [3] and was later extensively examined in the
studies of Szasz [4,5]. Interior ideals are generalizations of ideals. Rao [6] recently expanded the existing
framework of ideal structures in semigroups and introduced weak-interior ideals of semigroups as a new type of
ideal.

In 1999, Molodtsov [7] introduced the “Soft Set Theory” to provide appropriate solutions for problems involving
uncertainty. Subsequently, the foundational concepts and operations of soft sets were refined and extended by
Cagman and Enginoglu [8]. The concept of soft intersection (s-intersection) groups, which laid the groundwork for
the systematic investigation of a wide variety of soft algebraic systems, was introduced by Cagman et al. [9]. Sezer
etal. [10,11], employing soft sets in semigroup theory, introduced the concepts of s-intersection substructures of
semigroups, and conducting a comprehensive examination of the fundamental properties and structural
characteristics of these soft algebraic constructs. Furthermore, in this context, Sezgin and Orbay [12] introduced
and classified specific types of semigroups by s-intersection substructures of semigroups.

Rao [6] introduced the concept of weak-interior ideals in semigroups as a generalization of quasi-ideals, interior
ideals, left (right) ideals, and ideals and studied the properties. The concept of weak-interior ideals has also been
studied by Rao [13] for I'-semirings, Rao and Rao [14] for ['-semigroups, and Rao [15] for semirings. In the present
work, we extend this concept into the framework of soft set theory applied to semigroups, and introduce a novel
type of the s-intersection ideal called s-intersection weak-interior ideal. The main objective of this study is to explore
how s-intersection weak-interior ideals relate to other types of s-intersection ideals within semigroups. Our results
establish that every s-intersection weak-interior ideal constitutes an s-intersection subsemigroup within a regular
semigroup. Moreover, every s-intersection left (right) ideal is an s-intersection left (right) weak-interior ideal, and
every s-intersection interior ideal is an s-intersection weak-interior ideal. Consequently, the concept of an s-
intersection weak-interior ideal is a generalization of both s-intersection ideals and s-intersection interior ideals.
However, the converses do not hold in general and we present these with explicit counterexamples. To ensure the
converses, it is shown that the semigroup should be group or the s-intersection weak-interior ideal should be
idempotent. Furthermore, we prove that s-intersection bi-ideals and s-intersection quasi-ideals coincide with s-
intersection weak-interior ideals within the framework of group structures. We also obtain that if a subsemigroup
of a semigroup is a weak-interior ideal, then its soft characteristic function is an s-intersection weak-interior ideal,
and vice versa.

The paper is structured into four sections. Section 1 offers an introductory overview of the topic. Section 2 explores
the foundational concepts of semigroups and soft set ideals, presenting their definitions, the properties and
implications. In Section 3, the concept of s-intersection weak-interior ideals was introduced, conduct a
comprehensive analysis of their properties, investigate their interrelations with other classes of s-intersection
ideals, substantiated with concrete examples. Section 4 concludes with a summary of the main findings and
outlines directions for future research.

2. Material and Method
This section provides a brief review of the fundamental concepts related to soft sets and semigroups.

Throughout this paper, let S denote a semigroup. @ # L C S is called a subsemigroup (briefly $S) of S if LL € L, is
called a left weak-interior ideal of S if LL € L and SLL € L, is called a right weak-interior ideal of S if LL € L and
LLS € L, and is called a weak-interior ideal of S if it is both left weak-interior ideal and right weak-interior ideal
[6]. A semigroup S is called a regular semigroup, if for all ¥ € S, there exists an element d € S such that ¥ = ¢vd¢v. A
semigroup S is called a left (right) simple (L(R)-simple) if it contains no proper left (right) ideal of S and is called
a simple if it contains no proper ideal.
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Theorem 2.1 [16,17]. For S, we have the following:
(1) Sis L(R)-simple iff Sk = S (kS = S) for all k € S. That is, for every n, p € S, there exists « € S such that

p=un (p=nu)
(2) Sis both L-simple and R-simple iff S is a group.

Definition 2.2 [7,8]. Let E be a set of parameters, U be a universal set, P(U) be the power setof U,and Y € E. The
soft set fy over U is a function such that fy: E = P(U), where forall x € Y, fy(x) = @. Thatis,

fr = {(x,fy(x)):x € E}
The set of all soft sets over U with the fixed parameter set S, where S is a semigroup, is designated by S(U)
throughout this paper. For more about the concepts related to soft sets, we refer to [8,9].

Definition 2.3 [10]. Let g, 6 € Ss(U). Then, the soft intersection product ag o 65 is defined by
U {hs(w) N 65(d)}, if Jw, d. € S such thatn = wd
(s o 65)(M) = n=wd

o, otherwise

Henceforth, we shall use the term “s-intersection” instead of “soft intersection”.

Theorem 2.4 [10]. Let ps, wg, s € Sg(U). Then,
L (psews)eps =pse (wseps)
.  psows# psews
lii. pgeo (ﬁ’s Uus) = (ps ° w’\S) U (ps © us) and (PSNU ws) © ps = (ps ° pts) U (ws ° ps)
iv. Ifps € wg, then pg o tg € wg o g and pg o ps € U © wg
v. If$s, ys € Sg(U) such that 5 € pgand ys € ws, then Hg © yg € pg ° wg

Definition 2.5 [10]. Let @ # B C S. The soft characteristic function of B, denoted by Sg, is defined by
So(2) = {U, if Z€B
B8 =g, ifzes\B

Theorem 2.6 [10,18]. Let H, M < S. Then,
i. H S M iff S € Syp

ii. S}[HSM =S]{ﬁ]\’[ andS}[USM =S}[U]V[
ii. S]{ o SM = S}[]Vf

For more about s-intersection ideals, we refer to [10,11].

Theorem 2.7 [10]. Let %5 € Sc(U). Then,

) SoSES

ii) SougESandu;0SES

iii) #;,US =Sandug NS = xg
Proposition 2.8 [12]. Every s-intersection bi-ideal is an s-intersection right ideal of an L-simple semigroup.
For more about soft sets, we refer to [19-25].

3. Results

This section presents the introduction of s-intersection weak-interior ideals of semigroups, provides illustrative
examples, offers a detailed examination of their interrelations with other s-intersection ideals.

Definition 3.1. A soft set f; over U is called soft intersection (s-intersection) left (right) weak-interior ideal of S
over U if fs(xyz) 2 fs(y) N fs(2) (fs(xyz) 2 fs(x) nfs(y)) for all x,y,z € S. A soft set over U is called an s-
intersection weak-interior ideal of S if it is both s-intersection left weak-interior ideal and s-intersection right weak-
interior ideal of S over U.

Hereafter, “weak-interior” is abbreviated by “W1”, “ideal” is abbreviated by “id”, and the phrases such “of S over U”
is not used.

Example 3.2. Let S = {»,}, p, 0} be:
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Table 1. Cayley Table of “-” binary operation.

n j p o
|l nu unu nun
j|lm n n mn
pln n j mn
o|ln n j

Let fg and v be soft sets over U = S5 as follows:
fs = {01,{(12), (13),(23)}), (, {(12)}), (p, {(13)}), (¢, {(23)})}
v = {(01,{(1),(123), (132)}), (, {(23)}), (p, {(13)}), (¢, {(12)}) }
Here, {5 is an s-intersection left WI-id. For example, for a few elements of S,
fs(1jp) = £500 2 £G) N fs(p)
fs(eoo) = fs(n) 2 fs(0) Nfs(e)
fs(ppn) = f5(1) 2 f5(p) N f5(0)
Similarly, fs is an s-intersection right WI-id. For example, for a few elements of S,
fs(po) = £500 2 £:(G) N fs(p)
fs(oop) = 500 2 f5(0) Nfs(0)
fs(op)) = £:00 2 £s(0) N fs(p)
It can be shown that for the remaining elements of S, the condition is satisfied. Thus, fs is an s-intersection WI-id.
However, since
vs(ppp) = v5(1) 2 v5(p) N vs(p)
Vs is not an s-intersection WI-id.

Proposition 3.3. Let pg € Sg(U). Then, g is an s-intersection left WI-id iff S o pg o ps € .
Proof: Let o5 be an s-intersection left WI-id and b € S. If (S o ps o ps ) (b) = @, then S o pg © ps € . Otherwise,
there exist elements x,y,v,q € S such thatb = xy and x = vq, for b € S. Since 35 is an s-intersection left Wi-id, we
have

ps(b) = ps(xy) = ps((v@)y) 2 ps(q) NRs(Y)
Therefore,

[(S o ps) ° ps](b)
U {(§ ° 135)(35) n PS(}’)}

(§ °PBs° Ps)(b)

b=xy
- U U {80 nps@} npsG»)
b=xy \x=vq
= | es@ n s
b=vqy
c U {rs(vay)}
b=vqy
= ps(xy)
= ps(b)

Thus, we have S o pg © ps € 5. Moreover, in the case where b = xy and x # vq for b € S, since (§ ° [as)(x) =0,
S o pg © s € oy is satisfied.
Conversely, assume that S o g o ps € ps. Let a = xyz for a, x, y, z € S. Then, we have
ps(xyz) = ps(a)
2 (Sepseps)(@
[(’S’ ° Ias) ° Ias](a)

U {(g ° Ias)(m) n Ias(n)}

a=mn

(g ° Ias)(xy) N ps(2)
|J 5@ n @) 0 ps(@

xXy=pq

[§(x) n Ias()’)] N ps(2)
[UNnps()]Nps(2)
=ps(y) Nps(2)

(V]

I
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Hence, ps(xyz) 2 ps(y) N ps(2), implying that g is an s-intersection left WI-id.

Proposition 3.4. Let pg € Sg(U). Then, g is an s-intersection right WI-id iff ps o pg © S € ps.
Proof: Let s be an s-intersection right WI-id and v € S.If (s o ps © S)(v) = @, then pg o pg © S € g. Otherwise,
there exist elements x,y,r, q € S such that v = xy and y = rq, for v € S. Since 135 is an s-intersection right WI-id,
we have
Rs(V) = ps(xy) = ps(x(rq)) 2 ps(x) N Rs(r)
Thus,
(Ps o s ©S)(V) = [ps © (ps © )] (V)

- U {Ps@) 0 (ps °$)())

v=xy
= U Rs(x) N U {ps(r) nS(@)}
v=xy y=rq

= | ts npseny
v=Xxrq
c | tosran
v=Xrq
= ps(xy)
= ps(v)
Hence, we have pg o pg © S € pg. Moreover, in the case where v = xy and y # rq for v € S, since (135 ° §) =0,
Ps o Rs © S € gy is satisfied.
Conversely, let pg © Bs © Sc Bs-Letv = netfor v, m, e, t € S. Then, we have
ps(net) = ps(v) _
2 (psops°S)(V)
= [135 ° (r&s ° §)](v)

= U {Ias(m) n (Ias ° g)(n)}

v=mn

2 ps(m) N (ps © §)(et)
= pst n | {ps® n5@)}

et=pq
2 ps(m) N [ps(e) NSH)]
= ps(m) N [ps(e) N U]
= ps(m) Nps(e)
Therefore, pg(net) 2 pPg(m) N Rs(e), implying that g is an s-intersection right WI-id.

Theorem 3.5. Let pg € Ss(U). Then, jpg is an s-intersection WI-id iff S o pg o ps € psand ps o ps © S € ps.
Proof: It is followed by Proposition 3.3 and Proposition 3.4.

Corollary 3.6. S and @; are s-intersection WI-ids.

Theorem 3.7. Let B be an §S. Then, B is a WI-id iff Sg is an s-intersection WI-id.
Proof: Let B be a WI-id. Then, SBB € B and BBS € B. By Theorem 2.12, we have
SOSBOSB =SS°SB°SB =SS;3B §SBandSBOSB°§=SB°SB OSS =SBBS QSB
Hence, Sg is an s-intersection WI-id.
Conversely, let Sg be an s-intersection WI-id and B be an $S. Then, So Sg oS5 € Sgand Sg 0S50S € Sg. Let x €
SBB. Then,
Sg(x) 2 (SeSgoSg)(x) = (S5 ° Sg o Sg)(x) = Sggp(x) = U
Thus, Sg(x) = U and so x € B, implying that SBB < B. Hence, B is a left WI-id. Similarly, let y € BBS. Then,
Sg(y) 2 (Sg°Sg°S)(y) = (Sg°Sg°S)(¥) = Sgas(y) = U
Thus, Sg(y) = U, and so y € B, implying that BBS < B. Hence, B is a right WI-id. Therefore, B is a WI-id.

Example 3.8. Consider the semigroup in Example 3.2. Then, P ={w,j,p} is a WI-id. Hence, Sp =
{6, U), G, U), (p,U), (¢,@)} is an s-intersection WI-id. Conversely, by choosing the s-intersection WI-id as fg =
{G, ), G, ), (p, U), (¢, ®)}, which is the soft characteristic function of B = {», j, p}, one can show that R is a WI-id.

Proposition 3.9. Every s-intersection left WI-id is an s-intersection $S of a regular semigroup.
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Proof: Let {5 be an s-intersection WI-id of a regular S and y, 9 € S. By assumption, for all ¢4 € S, there exists 2z € §
such that 4 = yhuy, Thus,

fs(uQ) = £5((uhr)Q) = f5((uhIug) 2 £5(u) N £5(9)
Hence, {5 is an s-intersection S$S.

Proposition 3.10. Every s-intersection right WI-id is an s-intersection $$ of a regular semigroup.
Proof: Let f; be an s-intersection right WI-id of a regular S and v,n € S. Then, for all € S, there exists x € S such
thatn = nxn. Thus,
fs(un) = fs(v(nxm)) = £5(un(xm)) 2 £) N ()
Hence, {; is an s-intersection S$S.

Theorem 3.11. Every s-intersection WI-id is an s-intersection $$ of a regular semigroup.
Proof: It is followed by Proposition 3.9 and Proposition 3.10.

Proposition 3.12. Every s-intersection left id is an s-intersection left WI-id.

Proof: Let {; be an s-intersection left id. Then, S o fg € fg and {5 o fg € . Thus,
Sofgofg Efofs E 4

Hence, {5 is an s-intersection left WI-id.

Example 3.13. Consider the soft set fs; in Example 3.2. As seen in Example 3.2, {5 is an s-intersection left WI-id.
However, since fs(pp) = fs(§j) 2 fs(p), fs is not an s-intersection left id.

Proposition 3.14. Let {5 € S¢(U) and S be an L-simple. Then, the following conditions are equivalent:
1. {;is an s-intersection left id.
2. {;is an s-intersection left WI-id.
Proof: (1) implies (2) is by Proposition 3.12. Let s be an s-intersection left WI-id and A, € S. By assumption, there
exists x € § such that A = x7. Thus,
fs(hn) = fs((xn)n) = f5(xnm) 2 £:(n) N () = £:()
Thus, {; is an s-intersection left id.

Proposition 3.15. Let f; be an idempotent soft set. Then, the following conditions are equivalent:

1. {5 is an s-intersection left id.

2. {4 is an s-intersection left WI-id.
Proof: (1) implies (2) is by Proposition 3.12. Let {5 be an s-intersection left WI-id. Since {5 is an idempotent s-
intersection left WI-id, we have

I

§0f52§°fsofs fs

Hence, {5 is an s-intersection left id.
From here, it is obvious that any idempotent s-intersection left WI-id coincides with the s-intersection left id.

Proposition 3.16. Every s-intersection right id is an s-intersection right WI-id.
Proof: Let f; be an s-intersection right id. Then, {5 o S € £; and f; o fg € f. Thus,

fiofy0SEfsof; EF
Therefore, {5 is an s-intersection right WI-id.

Example 3.17. Consider the soft set fs in Example 3.2. As seen in Example 3.2, {5 is an s-intersection right WI-id.
However, since fs(pp) = fs(§) 2 fs(p), fs is not an s-intersection right id.

Proposition 3.18. Let f; € S;(U) and S be an R-simple. Then, the following conditions are equivalent:
1. {5 is an s-intersection right id.
2. {is an s-intersection right WI-id.
Proof: (1) implies (2) is by Proposition 3.16. Let f; be an s-intersection right WI-id and v, 2 € S. By assumption,
there exists x € S such that 4 = vx. Then,
fs(vh) = fs(v(vx)) = fs(vux) 2 (V) N V) = (V)
Thereby, {; is an s-intersection right id.

Proposition 3.19. Let {5 be an idempotent soft set. Then, the following conditions are equivalent:

1. {5 is an s-intersection right id.
2. {is an s-intersection right WI-id.
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Proof: (1) implies (2) is by Proposition 3.16. Let f; be an s-intersection right WI-id. Since f; is an idempotent s-
intersection right WI-id, we have

fi0S=1f0f0SEf
Thus, {5 is an s-intersection right id.

From here, it is obvious that any idempotent s-intersection right WI-id coincides with the s-intersection right id.

Theorem 3.20. Every s-intersection id is an s-intersection WI-id.
Proof: It is followed by Proposition 3.12 and Proposition 3.16.

Theorem 3.21. Let f; € Sg(U). For a group, the following conditions are equivalent:

1. {;is an s-intersection id.

2. {5 is an s-intersection WI-id.
Proof: (1) implies (2) is by Theorem 3.20. Let {5 be an s-intersection WI-id of a group. The remainder of the proof
is completed based on Theorem 2.1 (2), Proposition 3.37 and Proposition 3.38.

Theorem 3.22. Let f; be an idempotent soft set. Then, the following conditions are equivalent:
1. {;is an s-intersection id.
2. f{; is an s-intersection WI-id.

Proof: It is followed by Proposition 3.15 and Proposition 3.19.

In the remainder of this section, for brevity, we will use “s-intersection I-id” instead of “s-intersection interior id”,
“s-intersection B-id” instead of “s-intersection bi-id”, and “s-intersection Q-id” instead of “s-intersection quasi-id”.

Proposition 3.23. Every s-intersection I-id is an s-intersection left WI-id.
Proof: Let {; be an s-intersection I-id. Then, S o 5 0 S € £;. Thus,

Sofgofy ESof;0SE £
Hence, {5 is an s-intersection left WI-id.

Example 3.24. Let S = {§, ), €} be:

Table 2. Cayley Table of “®” binary operation.

@l ® ¢
| @ €
WlE ® €
£l @ €

Let 35 be a soft setover U = {I, 0, V, 11, £} as follows:
ps = {®{[,06,V}), (®,{I}), (€ {Z}}
Here, 195 is an s-intersection left Wi-id. In fact,
(Sopsops)@®) ={I,0,V} < ps(t) = {T,6,V}
(Sops o ps) (@) = {1} < ps(®W) = {IT}
(S’ °PRg© Ias)(s) = {2} € ps(€) = {Z}
Thus, ps is an s-intersection left WI-id. However, since ps(3®E) = p5(€) 2 ps(®), 95 is not an s-intersection I-id.

Proposition 3.25. Let f; € S;(U) and S be an L-simple. Then, the following conditions are equivalent:
1. {5 isan s-intersection I-id.
2. {is an s-intersection left WI-id.
Proof: (1) implies (2) is by Proposition 3.23. Let {5 be an s-intersection left WI-id. Then, by Proposition 3.14, {5 is an
s-intersection left id. Let ds, f, 7 € S. By assumption, there exists j € S such that = xf. Thus,
f5(dbfim) = £5(DAGR)) = £((ADA) 2 £5(R)
Hence, {5 is an s-intersection I-id.

Proposition 3.26. Every s-intersection 1-id is an s-intersection right WI-id.
Proof: Let fs be an s-intersection I-id. Then, S o fs o S € f;. Thus,

fsofsoSESofsoSE L
Hence, { is an s-intersection right WI-id.

Example 3.27. Let S = {p, v, t} be:
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Table 3. Cayley Table of “©” binary operation.

Let 5 be a soft set over U = {I', 0, V, 11, X} as follows:
s = {(p,{I, ©}), v, {V}), (v, {I, 2} }
Here, 6 is an s-intersection right WI-id. In fact,
(6s o 652 §)(p) = {T, 8} < 5(p) = {T, 0}
(65065 °8)(v) = (V} € 6;(v) = {V}
(650 65°5)(0) = {I, 2} < 65(0) = {I, 3}
Thus, 65 is an s-intersection right WI-id. However, since 65(tvp) = 65(1) 2 65(v), 5 is not an s-intersection I-id.

Proposition 3.28. Let {5 € S;(U) and S be an R-simple. Then, the following conditions are equivalent:
1. {is an s-intersection I-id.
2. {;is an s-intersection right WI-id.
Proof: (1) implies (2) is by Proposition 3.26. Let £ be an s-intersection right WI-id. Then, by Proposition 3.18, {; is
an s-intersection right id. Let v, b, i € S. By assumption, there exists j € S such that v = bj. Thus,
fs(vbh) = £((b))bh) = £5(b(jbh)) 2 £5(b)
Hence, {5 is an s-intersection I-id.

Theorem 3.29. Every s-intersection I-id is an s-intersection WI-id.
Proof: It is followed by 3.23 and Proposition 3.26.

Theorem 3.30. Let f; € Sg(U). For a group, the following conditions are equivalent:

1. {5 is an s-intersection I-id.

2. {4 is an s-intersection WI-id.
Proof: (1) implies (2) is by Theorem 3.29. Let {5 be an s-intersection WI-id of a group. The remainder of the proof
is completed based on Theorem 2.1 (2), Proposition 3.25 and Proposition 3.28.

Proposition 3.31. Every s-intersection B-id is an s-intersection right WI-id of an L-simple semigroup.
Proof: Let {; be an s-intersection B-id of an L-simple semigroup. Then, by Proposition 2.8, {s is an s-intersection right
id. The rest of the proof is obvious by Proposition 3.16.

Proposition 3.32. Every s-intersection B-id is an s-intersection left WI-id of an R-simple semigroup.
Proof: Let {5 be an s-intersection B-id of an R-simple S and u, ®, - € S. By assumption, there exists ¥ € S such that
u = dy. Then,

fs(udr) = £5((0Pdr) = K((BydIr) 2 &(yd) N () 2 () N (@) N () = £5(b) N £5(r)

implying that {5 is an s-intersection left WI-id.

Theorem 3.33. Every s-intersection B-id is an s-intersection WI-id of a group.
Proof: [t is followed by Theorem 2.1 (2), Proposition 3.31 and Proposition 3.32.

Proposition 3.34. Every s-intersection Q-id is an s-intersection right WI-id of an L-simple semigroup.
Proof: Let {5 be an s-intersection Q-id of an L-simple semigroup. Then, {5 is an s-intersection B-id. The remainder of
the proof is completed based on Proposition 3.31.

Proposition 3.35. Every s-intersection Q-id is an s-intersection left WI-id of an R-simple semigroup.
Proof: Let {5 be an s-intersection Q-id of an R-simple semigroup. Then, {; is an s-intersection B-id. The remainder of
the proof is completed based on Proposition 3.32.

Theorem 3.36. Every s-intersection Q-id is an s-intersection WI-id of a group.
Proof: It is followed by Theorem 2.1 (2), Proposition 3.34 and Proposition 3.35.

Proposition 3.37. Every s-intersection left WI-id is an s-intersection Q-id of an L-simple semigroup.
Proof: Let f; be an s-intersection left WI-id of an L-simple semigroup. Then, {5 is an s-intersection left id by
Proposition 3.14. Thus, {; is an s-intersection Q-id.
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Moreover, it is obvious that every idempotent s-intersection left WI-id is an s-intersection Q-id.

Proposition 3.38. Every s-intersection right WI-id is an s-intersection Q-id of an R-simple semigroup.
Proof: Let {5 be an s-intersection right WI-id of an R-simple semigroup. Then, {5 is an s-intersection right id by
Proposition 3.18. Thus, £ is an s-intersection Q-id.

Moreover, it is obvious that every idempotent s-intersection right WI-id is an s-intersection Q-id.

Theorem 3.39. Every s-intersection WI-id is an s-intersection Q-id of a group.
Proof: It is followed by Theorem 2.1 (2), Proposition 3.37 and Proposition 3.38.

Moreover, it is obvious that every idempotent s-intersection WI-id is an s-intersection Q-id.

Proposition 3.40. Every s-intersection left WI-id is an s-intersection B-id of an L-simple semigroup.
Proof: Let {5 be an s-intersection left WI-id of an L-simple semigroup. Then, {; is an s-intersection Q-id by Proposition
3.37. Thus, {; is an s-intersection B-id.

Moreover, it is obvious that every idempotent s-intersection left WI-id is an s-intersection B-id.

Proposition 3.41. Every s-intersection right WI-id is an s-intersection B-id of an R-simple semigroup.
Proof: Let f; be an s-intersection right WI-id of an R-simple semigroup. Then, f; is an s-intersection Q-id by
Proposition 3.34. Thus, {; is an s-intersection B-id.

Moreover, it is obvious that every idempotent s-intersection right WI-id is an s-intersection B-id.

Theorem 3.42. Every s-intersection WI-id is an s-intersection B-id of a group.
Proof: It is followed by Theorem 2.1 (2), Proposition 3.40 and Proposition 3.41.

Moreover, it is obvious that every idempotent s-intersection WI-id is an s-intersection B-id.

Proposition 3.43. Let oy and g4 be s-intersection left (right) WI-ids of R and T, respectively. Then, oi A 04 is an s-
intersection left (right) Wil-id of R X T.
Proof: The proof is given exclusively for s-intersection left WI-id, as the proof for s-intersection right WI-id can be
demonstrated analogously. Let (g1, %), (G2, %2), (G3,%3) € R X T. Then,
03z (51,8 (62, %2) (53, %3)) = Qaaz (515253, t1tats)

= 0%(616263) N oz (k1,t3)

2 (ox(s2) N 05(53)) N (ex (k) N 0= (%3))

= (QiR(Cz) n Qz(tz)) n (Qs(§3) n Qz(’es))

= 0xnz(S2,£2) N Onaz (S, t3)
Thus, oi A 0« is an s-intersection left WI-id of R X T.

Theorem 3.44. Let oy and g4 be s-intersection WI-ids of R and ¥, respectively. Then, gk A g4 is an s-intersection
WI-id of R X T.

Proposition 3.45. Let oi and o4 be s-intersection left (right) Wi-ids of R and ¥ over U, respectively. Then, g X 04
is an s-intersection left (right) WI-id of R X T over U X U.
Proof: The proof is given exclusively for s-intersection left WI-id, as the proof for s-intersection right WI-id can be
demonstrated analogously. Let o X 05 = Qgxs, Where gy (5, %) = 0x(S) X 0+ (%) for all (¢, ) € R x T. Then, for
all (51, %), (G2, %2), (S3,%3) ER X T,

Qinz((Cpt1)(§2:t2)(§3't3)) = 05x7 (616263, £1£2%3)

= 05(516263) X 0% (¥1%,%3)

(em(52) Nes(53)) x (ex(t2) Nex(t3))
(Qm(gz) X Qiz(tz)) n (QSR(§3) X Qz(’%))

= 05xz(S2,%2) N Oqxz(G3, £3)
Hence, oy X 03 = 0xxq IS an s-intersection left WI-id of R X T over U X U.

(0]

Theorem 3.46. Let pi and p; be s-intersection WI-ids of R and T over U, respectively. Then, gy X o is an s-
intersection WI-id of R X T over U X U.
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Proposition 3.47. Let {5 and o be s-intersection left (right) WI-ids. Then, fg N 0 is an s-intersection left (right) WI-
id.
Proof: The proof is given exclusively for s-intersection left WI-id, as the proof for s-intersection right WI-id can be
demonstrated analogously. Let fs and g be s-intersection left WI-ids. Then, So fs o fs € fgand S o g5 0 o5 € 5.
Thus, we have

So(fsNgps) o (fs Ngps) ESofsofs Efsand So (fs N fo5) o (fs N 5) E S0 50 o5 € P
Hence,

So (fs N gs) o (s N p5) € 5 N fos

Therefore, {5 N g is an s-intersection left WI-id.
Theorem 3.48. Let {5 and g be s-intersection WI-ids. Then, fg N § is an s-intersection WI-id.

Proposition 3.49. Let {5 be an s-intersection left id and ¢ be an s-intersection right id. Then, f5 o 1g is an s-
intersection WI-id.
Proof: Let { be an s-intersection left id and 74 be an s-intersection right id. Then, we have Sofs Efs, 7, © = N,
fS ofS § fS and ns ° ns g T]S' Thus,

So(fsemng)e(fsomg) Efsengefsong EfseSefseong Efgofsong € fsong
Hence, {5 ° 1 is an s-intersection left WI-id. Similarly, since

(fs°ng)°(fs°n5)°§§f5°n5°fs°ﬂs §f5°1’15°§°ﬂ5 §f5°ﬂ5°ﬂ5§fs°ﬂ5
fs ° 0|5 is an s-intersection right WI-id. Therefore, fs © 7, is an s-intersection WI-id.

Corollary 3.50. Let fs and hg be s-intersection ids. Then, {5 o hg is an s-intersection WI-id.

Proposition 3.51. Let {5 be an s-intersection $$ over U, ¢ € U, Im(f;) be the image of f; such that o € Im(f;). If 5
is an s-intersection left (right) WI-id, then U({s; o) is a left (right) WI-id.

Proof: The proof is given exclusively for s-intersection left WI-id, as the proof for s-intersection right WI-id can be
demonstrated analogously. Since () = ¢ for some r € S, @ # U(f5; 0) € S. Letk € [S - U(f5; ) - U(f5; 0)]. Then,
there exist v, i € U({s; 0) and b € S such that k = bvh. Thus, £;(v) 2 ¢ and £;(h) 2 o. Since {; is an s-intersection
left Wi-id, £5(k) = fs(uvh) 2 £;(v) N£;(h) 2 0 N ¢ = 0. Hence, £5(k) 2 o, implying that k € U({; o). Therefore, S -
U(fs; 0) - U(fs; 0) < U(f; o). Moreover, since f; is an s-intersection $$, U(fg; o) is an $S. Thus, U(fs; o) is a left WI-id.

Theorem 3.52. Let {5 be an s-intersection $S over U, o € U, Im(f;) be the image of {5 such that ¢ € Im(f;). If f5 is an
s-intersection WI-id, then U(fs; o) is a WI-id.

Example 3.53. Consider the S in Example 3.2. Let o5 be a soft set over U = S as follows:

#s = {0 {(1), (12),(123), (132)}), (,{(12), (123), (132)}), (p, {(12)}), (0, {(132) )}

Here, 5 is an s-intersection WI-id. Firstly, one can shown that o5 is an s-intersection $S. Indeed,
(5 ° $5)00) = {(1), (12), (123), (132)} < ps00 = {(1), (12), (123),(132)}
(95 ° $5)() = {(12), (132)} < () = {(12), (123),(132)}
(P50 p5)(p) =0 S p5(p) = {(12)}
(50 05)(0) =0 < ps(0) = {(132)}
Thus, g is an s-intersection $S$. Moreover, 5 is an s-intersection left WI-id. Indeed,
(So g5 05)00 = {(1), (12), (123), (132)} € 500 = {(1), (12), (123), (132)}
(So 5 005)() = 0 < ps() = {(12), (123), (132)}
(§ o g o 805)(0) =0 < ps(p) ={(12)}
(Sepsops5)(0) =0 < ps(o) = {(132)}
Furthermore, g is an s-intersection right WI-id. Indeed,
(85 ° 5 5)00) = {(1), (12), (123), (132)} € 500 = {(1), (12), (123), (132)}
(95 ° 05 °S)() = 0 € 5() = {(12),(123), (132)}
(#2505 °S)(p) = 0 < p5(p) = {(12)}
(5 °05°85)(0) = 0 € ps(0) = {(132)}
Thus, g5 is an s-intersection WI-id. Since

Im(gs) = {{(1), (12), (123), (132)},{(12), (123), (132)}, {(12)}, {(132)}}
we obtain the following:
jp}, 0={(12)}

nj e}, o0={(132)}
i} o ={(12),(123), (132)}

. o ={(1),(12),(123),(132)}
Here, {»,j, p}, {1, j, ¢}, {1, j} and {3} are all WI-ids. In fact, since
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(), e}-{nj el ={nj} € {nj e}
njo}-{njol={nj} c{njo}
(g} -l =04 < ()}
(- =04 < {1
each U(gpg; o) is an $S. Similarly, since
S {nje}-{nije} =04 < {njp}
S-{njo}-njot={nc{njo}
S} i} =03 c{nj}
S-{3-(d =03 <4
each U(gpyg; o) is a left WI-id. Similarly, since
{0 p}-{njp}-S =101 <{njp}
{njo}-{njo}-S={c{njo}
i} 0j}-S =04 < {nj}
-5 =04 < {3
each U(gpyg; o) is a right WI-id, and thus each of U(gg; o) is a WI-id.
Now, consider the soft set v in Example 3.2. As

Im(2s) = {{(12)},{(13)}, {(23)}, {(1), (123), (132)},

(o), o={12)
o) = i{p}. o ={(13))

we obtain the following:

i, o={23)}

{1}, o=1{(1),(123),(132)}
Here, {¢'} is not a WI-id. Indeed, since {¢} - {¢} = {j} € {¢}, one of the U(ws; 0) is not an $S, hence it is not a WI-id.
It is seen that each of U(xs; o) is not a WI-id. It was shown in Example 3.2 that vy is not an s-intersection WI-id.

Definition 3.54. Let f; be an s-intersection $$ and s-intersection left (right) WI-id. Then, the left (right) WI-id U(fs; o)
are called upper o-left (right) WI-ids of 4.

Proposition 3.55. Let o5 € Sg(U), U(gs; o) be the upper o-left (right) WI-id of g5 for each ¢ € U and Im(gs) be an
ordered set by inclusion. Then, g is an s-intersection left (right) Wi-id.

Proof: The proof is given exclusively for s-intersection left WI-id, as the proof for s-intersection right WI-id can be
demonstrated analogously. Let s,h,a € S and p5(h) = 0; and p5(&) = o,. Suppose that g; € g,. It is obvious that
h € U(ps; 01) and a € U(pg; 03). Since 0; € gy, b, d € U(ps; 07) and since U(gg; o) is a left Wi-id for all ¢ € U, it
follows that sha € U(gg; g;). Hence, p5(sha) 2 g, = gy N g, = os(h) N ps(a). Thus, g is an s-intersection left WI-
id.

Theorem 3.56. Let g5 € Sg(U), U(gg; o) be upper o-WI-id of g for each ¢ € U and Im(pg) be an ordered set by

inclusion. Then, g; is an s-intersection WI-id.

Proposition 3.57. Let g5, 05 € S;(U), and ¥ be a semigroup isomorphism from S to . If g5 is an s-intersection left
(right) WI-id of S, then ¥ (o5) is an s-intersection left (right) WI-id of T.

Proof: The proof is given exclusively for s-intersection left WI-id, as the proof for s-intersection right WI-id can be
demonstrated analogously. Let 24, 25,23 € T. Since P is surjective, there exist b,,b,,b; € S such that Y (b;) = z,,
Y (b,) = 2z, and Y(b3) = 25. Then,

(W(e9)@i72) = | Jles®)ib € 5,90) = 212,2,)
- U{Qs(b): beSb = (2,72))
= U{Qs(‘b): b€ S,b =1 (Y(bsbybs)) = bybyb,)
= U{Qs(b1b2b3): by €S, = 7,0 = 1,2,3)
> | Jies®:) 0 os0):0,,b; €5,0,) = 2, und w(bs) = 25}

= (¥(e9))(z2) N (¥(es))(25)
Hence, ¥ (gs) is an s-intersection left WI-id of T.

Theorem 3.58. Let g5, 05 € Sz (U), and i be a semigroup isomorphism from S to . If g5 is an s-intersection WI-id
of S, then 1 (gy) is an s-intersection WI-id of I.

Proposition 3.59. Let g, 0« € S;(U), and ¥ be a semigroup isomorphism from S to . If g is an s-intersection left
(right) WI-id of ¥, then 1)~ (o+) is an s-intersection left (right) WI-id of S.
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Proof: The proof is given exclusively for s-intersection left WI-id, as the proof for s-intersection right WI-id can be
demonstrated analogously. Letn4,1,,7n3 € S. Then,
(¥~ (ex)) n11m2113) = 0z (W (m1m213))
= Qz(lp(nl)lp(nz)lp(ns))
2 03 (¥ (2) N o= (¥ (15))
= ()2 0 (¥ (ex)) (1)

Thus, 1~ (o¢) is an s-intersection left WI-id of S.

Theorem 3.60. Let g5, 05 € Sz (U), and i be a semigroup isomorphism from S to I. If g4 is an s-intersection WI-id
of ¥, then 1~ (oy) is an s-intersection WI-id of S.

Proposition 3.61. For S, the following conditions are equivalent:

1. Sisregular.

2. fs =S ofs o for every idempotent s-intersection left WI-id f;.
Proof: First, let S be regular, fg be an idempotent s-intersection left Wi-id, and m € S. Then, S o fg o fg € fs, fs o fs =
{s and there exists an element u € S such that m = mum. Thus,

(Sofsofs)m) = (Sofs)m)
= | J 5w n @)

m=kg
2 S(mu) N f5(n)
= U nfs(m)
- ~ = f5(m)
Therefore, fg € S o fs o fg implying that fg = S o f o {s.
Conversely, let fg = S o fg o f5, where fs is an s-intersection left WI-id. We need to show that B = SBB for every left
WI-id B. It is obvious that SBB < B. Thus, it is enough to show that B € SBB. Let n € B and B be any left WI-id.
Then, Sg is an s-intersection left WI-id. Hence,
Sg(n) = (SoSgoSg)(n) = (S5 o Sg o Sg)(n) = Ssgg(n) =U

implying that n € SBB. Thus, B € SBB. Therefore, B = SBB, so S is regular.

Proposition 3.62. For S, the following conditions are equivalent:

1. Sisregular.

2. fg={fsofs oS for every idempotent s-intersection right WI-id fs.
Proof: First, let S be regular, f; be an idempotent s-intersection right Wi-id, and m € S. Then, fgofs oS € {5, fg ©
fs = f5, and there exists an element y € S such that m = mum. Thus,

(fs o fs © S)(n) = (fs o S)(m)
|J 00 n8()}

m=kg _
fs(m) N S(um)
fs(m)nU

_ _ = fs(m)
Therefore, fg C fs o fs o S implying that fg = fg o fg o S.
Conversely, let fg o fs o S = f;, where f5 is an s-intersection right WI-id. We need to show that B = BBS for every
right WI-id B. It is obvious that BBS € B. Thus, it is enough to show that B € BBS. Let n € B and B be any right
WI-id. Then, Sg is an s-intersection right WI-id. Hence,

Sg(n) = (SB °oSgo g)(n) = (Sg°SgoSs)(n) = Sggs(n) =U

implying that n € BBS. Thus, B € BBS. Therefore, B = BBS, so S is regular.

I

Theorem 3.63. For S, the following conditions are equivalent:
1. Sisregular.
2. fs=Sofs0fs={s0ofs oS foreveryidempotent s-intersection WI-id fs.

4., Discussion and Conclusion

Rao [6] introduced the concept of weak-interior ideals in semigroups as a generalization of quasi-ideal, interior
ideal, left (right) ideal, and ideal and studied the properties. In the present work, we extend this construct into the
framework of soft set theory applied to semigroups, and introduce a novel type of the s-intersection ideal called s-
intersection weak-interior ideal (abbreviated by s-intersection WI-id throughout the text). The main objective of this
study is to explore how s-intersection weak-interior ideals relate to other types of s-intersection ideals within
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semigroups. Our results establish that every s-intersection weak-interior ideal constitutes an s-intersection
subsemigroup within a regular semigroup. Moreover, every s-intersection left (right) ideal is an s-intersection left
(right) weak-interior ideal, and every s-intersection interior ideal is an s-intersection weak-interior ideal.
Consequently, the concept of an s-intersection weak-interior ideal is a generalization of both s-intersection ideals
and s-intersection interior ideals. However, the converses do not hold in general with explicit counterexamples. To
satisfy the converses, it is shown that semigroup should be group or the s-intersection weak-interior ideal should
be idempotent. Furthermore, we prove that s-intersection bi-ideals and s-intersection quasi-ideals coincide with s-
intersection weak-interior ideals within the framework of group structures. Our key theorem, which shows that if
a subsemigroup of a semigroup is a weak-interior ideal, then its soft characteristic function is an s-intersection
weak-interior ideal, and vice versa, establishes a connection between semigroup theory and soft set theory

s-mtersection bi-ideal

B
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1deal
s

2 s-infersection left s-intersection right |t
2 ideal ¢ s-1nfersection ideal ideal | =
8-} o
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e s y [ta e
“ - . | 52 | %
5 S L-simple s-tersection mterior S R-sunple [
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4 A | &
v 1" < § group v
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Figure 1. Diagram showing the relationships between some s-intersection ideals
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