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This study examines the thermal transfer performance of a microfluidic heat transfer 
system, with a focus on the interplay between flow orientation, flexibility, and 
nonlinear shear dilution/enhancement effects. A mathematical model was developed 
to describe the heat transfer dynamics within a flexible microchannel subjected to 
Robin boundary conditions, accounting for complex flow behaviors. The governing 
partial differential equations (PDEs) were transformed into a system of coupled 
ordinary differential equations (ODEs) using appropriate similarity quantities, the 
fourth-order Runge-Kutta-Fehlberg method, and shooting techniques to facilitate 
efficient computation of thermal, mass, and flow distributions. Subsequently, 
Maplesoft 16 was used to simulate the resulting system of equations. The analysis 
explores how flow orientation influences shear-induced dilution or enhancement, 
impacting effective thermal conductivity and heat transfer efficiency. The flexibility 
of the microchannel walls introduces nonlinear effects, modulating the flow profile 
and heat dissipation rates. Results indicate that optimal flow orientation and 
controlled flexibility significantly enhance thermal performance, with nonlinear 
shear effects amplifying or mitigating heat transfer depending on the flow regime. 
These findings provide valuable insights for designing advanced microfluidic 
systems for applications requiring precise thermal management, such as 
microelectronics cooling and lab-on-chip devices. Additionally, the Nusselt number 
decreases as the Prandtl number increases, while the Sherwood number rises due to 
an enhanced Schmidt number. 

 
1. Introduction 
 
Elevated levels of thermal movement in 
engineering, biochemical, and medical miniature 
systems require thermal converters that are 
compact, lightweight, and highly effective. Tiny 
conduits, made from transparent materials, 
semiconductors, or synthetic compounds, form 
the core components of these miniature systems. 
To enhance the thermal efficiency of small-scale 
devices, superior cooling agents are needed 
compared to traditional liquids, such as 

lubricants, water (𝐻𝐻₂𝑂𝑂), or antifreeze 
compounds. One approach to addressing a small-
scale refrigeration challenge is to incorporate 
dense nanoscale particles into the liquid. These 
nano-enhanced liquids, specifically thin 
dispersions of nanoscale particles in fluids, 
significantly alter the mixture’s properties, 
particularly its heat transmission and viscosity. 
 
Nanoscale particles evaluated for miniature 
system refrigeration range from metallic 
elements and compounds to carbon-based 
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microtubes measuring 1–100 nanometers. 
Laboratory evidence consistently indicates a 
greater improvement in the thermal conductivity 
of nano-enhanced liquids (𝑘𝑘𝑛𝑛𝑛𝑛) as predicted by 
Maxwell’s “functional medium” model [1] or the 
Hamilton and Crosser model [2]. This increase in 
𝑘𝑘𝑛𝑛𝑛𝑛 compared to the base liquid’s thermal 
conductivity (k-base-liquid) varies with factors 
such as nanoparticle proportion, size, shape, 
material, surface electrical charge, degree of 
particle clustering, type of base liquid, 
temperature, electrical conductivity, pH level, 
and additional substances [3, 4]. 
 
Empirical findings and theoretical frameworks 
on nanofluid thermal conductivity have been 
thoroughly reviewed [5, 6]. Applications of 
nanofluids as cooling agents for heat transfer 
have been explored [7, 8-10]. The investigation 
of alumina–water and titania–water nanofluids in 
turbulent convective heat exchange within pipes 
had been examined [11]. A proposal on a 
thermal-transfer correlation for nanofluids to 
account for energy movement via particle 
scattering was explored [12]. [13] examined 
laminar nanofluid convective heat exchange and 
noted significant improvements in the inlet zone. 
[14, 15] evaluated the effects of alumina and 
copper oxide nanofluids on laminar heat transfer 
in a cylindrical conduit under constant wall 
temperature conditions. They reported an 
increase in the heat-transfer coefficient for both 
nanofluids due to rising nanoparticle 
concentrations and Peclet number, with alumina 
showing a greater improvement for copper oxide. 
 
Accordingly, [16] proposed that decreasing 
viscosity within the boundary layer, with a 
narrowing of the laminar sublayer, significantly 
increases the convective heat-transfer coefficient 
in the turbulent flow regime. Meanwhile, [17] 
evaluated nanofluids' convective heat transfer 
and friction coefficient in rectangular 
microchannels. They used nanofluids containing 
170-nm aluminum oxide particles with various 
particle volume fractions. At a volume fraction of 
1.8%, they recorded a 320% increase in 
convective heat transfer in the laminar regime 
compared to purified water, without significant 
frictional losses. They also found that the Nusselt 
number increases with rising Reynolds number 
in the laminar flow regime, contradicting 

traditional thermal Poiseuille-flow analytical 
findings. Similarly, [18] experimentally 
investigated laminar convective heat transfer and 
viscous pressure drop for alumina–water and 
zirconia–water nanofluids in a flow circuit with a 
vertically heated pipe. Their measured heat-
transfer coefficient and pressure drop aligned 
well with conventional model predictions for 
laminar flow; in other words, no unusual heat-
transfer enhancement or pressure drop was 
detected within the measurement uncertainty.  
 
Additionally, [19] introduced new correlations 
for convective heat transfer and friction 
coefficients, derived from experiments with 
various nanofluids under fully developed 
turbulent flow conditions. Also, [20] studied the 
effect of cylindrical particles on heat transfer in a 
microchannel by solving the lattice-Boltzmann 
equation for fluid motion, coupled with the 
thermal transport and particle dynamics 
equations, to directly simulate suspended particle 
movement. They determined that each particle 
enhances local heat transfer, improving overall 
heat-transfer performance. Furthermore, [21] 
experimentally examined the convective heat 
transfer of non-Newtonian nanofluids through a 
uniformly heated cylindrical conduit under 
turbulent flow conditions, confirming the heat-
transfer enhancement of such nanofluids. 
 
Based on numerical fluid dynamics (NFD) 
calculations, [22] found that the two-phase model 
provides more accurate nanofluid convective 
heat transfer predictions than the single-phase 
framework. In addition, [23] numerically 
investigated the convective heat transfer of 
nanofluids in horizontal conduits using a single-
phase framework, a two-phase mixture model, 
and the two-phase Eulerian framework. Their 
results, validated against experimental 
measurements indicated that the two-phase 
mixture model was more accurate. Analogously, 
[24] numerically examined the impact of 
nanoparticle motion on fluid flow structure and 
convective heat transfer in a circular conduit. 
They concluded that the uneven distribution of 
nanoparticles resulted in an increased heat-
transfer coefficient, while surface friction was 
reduced.  
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Nevertheless, [25] analyzed the flow of alumina–
water (𝐴𝐴𝐴𝐴₂𝑂𝑂₃ − 𝐻𝐻₂𝑂𝑂) nanofluids in two-
dimensional rectangular micro conduits to assess 
heat-transfer enhancement from incorporating 
nanoparticles into the base fluid, particularly at  
low Reynolds numbers. They determined that, 
for a given Reynolds number, the primary 
enhancement in the Nusselt number was less 
attributable to higher nanoparticle concentration 
and more to an increase in fluid velocity required 
to achieve the specified Reynolds number. 
Consequently, fixed Reynolds number analyses 
of nanofluid flow may be inadequate for 
evaluating heat-transfer properties. Thus, [26] 
focused on variations in experimental results 
concerning the effective heat transfer of 
nanoparticles of different sizes. The initial 
particle arrangement and any heterogeneous 
clustering were identified as primary factors 
influencing effective heat-transfer outcomes for 
variably sized particles in nanofluids. 
 
However, [27] investigated various particle 
interactions leading to the aggregation of 
electrically charged nanoparticles, while [28] 
developed a model to predict nanoparticle 
clustering and sedimentation. Focusing on non-
spherical nanoparticles, [29] employed Monte 
Carlo simulations and identified a positive effect 
of clustering on effective heat transfer. For 
microchannel heat-dissipation applications, [30] 
analyzed entropy generation in pure water (𝐻𝐻₂𝑂𝑂) 
and copper oxide–water (𝐶𝐶𝐶𝐶𝐶𝐶 − 𝐻𝐻₂𝑂𝑂) 
Nanofluid flow within trapezoidal 
microchannels. Similarly, [31] examined entropy 
generation in nanofluids due to fluid friction and 
heat transfer for alumina–water (𝐴𝐴𝐴𝐴₂𝑂𝑂₃ − 𝐻𝐻₂𝑂𝑂) 
Nanofluids in conduits of three different widths. 
Departing from the assumption that a nanofluid  
behaves as a homogeneous mixture, [32] 
proposed two-phase Eulerian–Eulerian 
simulations to estimate potential heat transfer 
enhancement in microchannel fluid flow.  
 
Equally, [33] presented a mathematical approach 
to solve the steady two-dimensional 
magnetohydrodynamic flow of a viscous, 
incompressible, electrically conductive fluid past 
a semi-infinite, moving, porous surface within a 
permeable medium, using the Homotopy 
Analysis Method (HAM). In addition, [34] 
reviewed nanotechnology applications in ground 

heat exchanger pipes and provided insights for 
future research on using nanotechnology to 
reduce costs associated with ground heat 
exchangers (GHE) for ground source heat pump 
(GSHP) optimization. Also, [35] investigated 
nanofluid double-diffusive natural convection 
within a porous enclosure subjected to various 
force fields, employing the lattice Boltzmann 
method (LBM). They found that the effect of the 
tilt angle is linked to the Darcy number (Da); 
when Da is low, increasing the tilt angle has no 
significant impact on heat and mass transport or 
the flow field. 
 
In their well-published work, [36] investigated 
planar magnetohydrodynamic boundary-layer 
nanofluid flow driven by a stretching surface 
under the influence of suction, using the discrete 
volume technique (DVT). They noted that the 
stretching parameter enhances the velocity of the 
nanofluid. Meaningfully, [37] employed an 
efficient bvp4c method to review solar energy 
applications in heat exchangers, focusing on the 
thermophysical properties of composite 
nanoparticles. Their findings showed that the 
concentration profile increases with a higher 
activation energy parameter. 
 
Reddy [38] conducted a computational analysis 
of the effects of thermal radiation and chemical 
reaction on transient magnetohydrodynamic 
natural convection flow with quadratic initial 
motion past an infinite, uniform-temperature, 
vertical, permeable surface, accounting for 
viscous dissipation. He solved the 
nondimensional governing equations 
numerically using the Ritz finite element method. 
The results indicated a decrease in temperature 
and velocity within the boundary layer as the 
radiation parameter increased.  
 
The velocity also increased with higher thermal 
and solute Grashof numbers but decreased with 
an increase in the magnetic field parameter. 
Furthermore, concentration and velocity 
decreased with increasing Schmidt number and 
chemical reaction parameter. Likewise, [39] 
provided an overview of advancements in 
nanofluids within heat transfer systems, 
categorizing research into three main flow 
regimes: laminar, transitional, and turbulent 
nanofluid flow patterns. They highlighted that, in 
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heat exchanger design, the superior thermal 
efficiency of nanofluids enables the creation of 
more compact and lightweight systems. They 
also noted that nanoparticles are incorporated 
into compressor lubricants to improve the 
performance of refrigeration systems. In specific 
applications, solid nanoparticles are blended with 
coolants. 
 
Several researchers [40-43] have emphasized the 
importance of nonlinear differential equations in 
scientific and engineering fields, where they are 
often challenging to solve analytically, 
prompting exploration of new numerical 
solutions and integral transformations. Bratu’s 
boundary condition problem, a nonlinear 
differential equation, is prevalent in applications 
to solid fuel ignition, thermal combustion, 
radiative heat exchange, electrospinning for 
nanofibers, the Chandrasekhar model for cosmic 
expansion, chemical reactors, and 
nanotechnology.  
 
Similarly, the porous media equation appears in 
fluid flow, heat and mass transfer, diffusion, 
boundary-layer concepts, viscous liquids, and 
biological systems. Integral transformations, 
widely used in engineering, applied mathematics, 
and theoretical physics, simplify both linear and 
nonlinear differential equations by converting 
them to an alternative domain, especially when 
exact solutions are elusive. These transforms, 
often combined with other methods, are vital for 
addressing complex boundary value problems in 
mathematical physics, including thermal 
exchange, superfluidity, nonlinear diffusion, 
shock-wave propagation, microscopy, 
seismology, and radio astronomy. Cuha and 
Peker [44] highlighted that integral 
transformations, such as the Kashuri Fundo 
transform, provide a powerful and reliable 
approach to solving equations across disciplines 
such as physics, biochemistry, economics, and 
engineering by simplifying differential operators 
in a transformed domain.  
 
However, the incorporation of a theoretical 
foundation highlights the significance of 
nonlinear differential equations, such as the 
porous media equation, which are directly 
relevant to modeling fluid flow and heat transfer 
in microfluidic systems. Specifically, the 

applications of the porous media equation in fluid 
flow, heat and mass transfer, and viscous liquids 
align with the present article’s focus on thermal 
transfer and flow modulation. Additionally, the 
discussion of integral transformations, such as 
the Kashuri Fundo transform, can support the 
current article’s methodology by justifying their 
use in simplifying complex boundary value 
problems encountered in microfluidic heat 
transfer systems. The areas of applications, such 
as thermal exchange and nanotechnology, further 
complement the present research exploration of 
flexible microfluidic systems, enhancing the 
context for analyzing nonlinear shear effects and 
thermal efficiency. 
 
The overview of the present study highlights the 
significant role of nonlinear differential 
equations, such as Bratu’s boundary condition 
problem and the porous media equation, in 
various scientific and engineering fields, 
including thermal combustion, fluid flow, heat 
transfer, and nanotechnology. In these areas, 
analytical solutions are often difficult, leading to 
the use of numerical methods and integral 
transformations such as the Kashuri Fundo 
transform. These transformations make complex 
boundary value problems easier to handle across 
disciplines, including mathematics, physics, 
engineering, and biochemistry, by converting 
equations into an alternative form.  
 
This also underscored the importance of the 
present study on thermal management and shear-
dependent flow in microfluidic systems, aligning 
with the journal’s focus on innovative research in 
mechanical, energy, and materials engineering, 
as well as mathematics and nanotechnology. This 
research enhances understanding of flexible 
microfluidic systems to establish a theoretical 
basis for modeling fluid flow and heat transfer 
using nonlinear equations and integral 
transformations, including thermal efficiency 
and nonlinear shear effects. 
 
In terms of the relationship between the present 
work and the journal, the present study aligns 
well with the scope of the journal, as it presents  
original research in the fields of Applied 
Mathematics, Mechanical and Energy 
Engineering, Materials Engineering, 
Nanoscience and Nanotechnology, all of which 
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are priority areas for the journal. The current 
study examines advanced thermal management 
techniques in microfluidic systems, with a focus 
on enhancing heat transfer efficiency and 
elucidating complex shear-dependent flow 
behaviors, which are crucial for designing 
modern, energy-efficient devices. By enhancing 
scientific knowledge and technological 
development of flexible microfluidic systems, 
the study supports the journal's publication of 
high-quality, English-language research that 
advances understanding across the natural 
sciences, engineering, and technology.  
 
The present study introduces a novel approach by 
integrating flow orientation, wall flexibility, and 
nonlinear shear dilution/enhancement effects 
into a comprehensive mathematical model for 
microfluidic heat transfer systems. The 
transformation of governing partial differential 
equations (PDEs) into coupled ordinary 
differential equations (ODEs) using similarity 
variables, combined with the application of the 
fourth-order Runge-Kutta-Fehlberg (RKF) 
method and shooting technique, provides a 
computationally efficient and accurate approach 
to analyzing complex thermal and flow 
dynamics. The consideration of flexible 
microchannel walls and their impact on nonlinear 
shear effects represents a unique contribution, as 
prior studies often assumed rigid boundaries or 
linear flow behaviors, overlooking these critical  
interactions.  
 
This work is significant because it enhances the 
understanding of how flow orientation and 
channel flexibility influence thermal 
performance in microfluidic systems, 
particularly under nonlinear shear conditions. By 
quantifying the interplay among these factors and 
their effect on heat transfer efficiency, the study 
provides a framework for optimizing 
microfluidic designs. The incorporation of Robin 
boundary conditions further enhances the 
model's realism, capturing practical scenarios in  
microscale heat transfer applications. These 
findings bridge theoretical modeling and 
practical implementation, offering actionable 
insights for improving thermal management in 
high-precision technologies. 
 

As existing studies on microfluidic heat transfer 
systems often focus on rigid channels or 
simplified flow models, the combined effects of 
wall flexibility, nonlinear shear 
dilution/enhancement, and flow orientation 
under realistic boundary conditions, such as 
Robin boundaries, are neglected. This study 
addresses this gap by developing a model that 
accounts for these complex interactions and 
employs advanced numerical techniques, 
including the RKF and shooting techniques, to 
solve the resulting ODEs. By exploring how 
flexibility and shear effects modulate heat 
transfer, the research fills a critical gap in 
understanding and optimizing microfluidic 
systems for enhanced thermal performance. The 
applications of this study include, but are not 
limited to the following areas: 
 
• Microelectronics Cooling: The optimized 

heat transfer model can be applied to design 
efficient cooling systems for microchips and 
electronic devices, where precise thermal 
management is crucial for preventing 
overheating.  

• Lab-on-Chip Devices: The findings can 
enhance the design of microfluidic lab-on-a-
chip systems for biomedicalapplications, 
improving temperature control in chemical 
reactions and biological assays.  

• Microscale Energy Systems: The study's 
insights can inform the development of micro-
heat exchangers for energy harvesting or 
storage devices, enhancing efficiency in 
compact systems.  

• Pharmaceutical Processing: The model can 
be used to optimize microfluidic reactors for 
drug synthesis, ensuring consistent reaction 
outcomes through precise thermal regulation.  

• Wearable Medical Devices: The research 
can guide the design of microfluidic-based 
wearable sensors or drug delivery systems, 
where flexibility and efficient heat dissipation 
are essential for user comfort and device 
performance. 
 

Classification of Heat Exchangers 
 
Based on their shapes, heat exchangers (HEs) are  
classified into three types: 
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Indirect Contact HEs: This device facilitates 
efficient heat transfer between two fluids without 
direct mixing, using a solid barrier to prevent 
particle exchange. Plate heat exchangers, for 
example, are widely used in industrial processes 
such as refrigeration and chemical processing, 
ensuring effective temperature control and 
preventing cross-contamination. Indirect-contact 
heat exchangers offer versatility in handling 
diverse fluids with varying properties, providing 
high thermal efficiency and reliability while 
reducing the risk of corrosion and fouling. Their 
design makes them ideal for applications where 
maintaining fluid purity is essential for effective 
heat transfer. It is shown in Figure 1. 
 
Double-Pipe HEs: A double-pipe heat 
exchanger, shown in Figure 2, consists of two 
concentric pipes designed for efficient heat 
transfer, accommodating fluids in either counter-
flow or parallel-flow configurations. Its compact 
design makes it ideal for space-constrained 
environments, facilitating easy installation, 
maintenance, and cleaning. With the ability to 
handle fluids of varying properties, it offers a 
cost-effective solution for moderate heat transfer 
needs in industries such as chemical processing 
and HVAC (heat, ventilation, and air 
conditioning) systems. Despite its simplicity, the 
double-pipe heat exchanger efficiently transfers 
heat between fluid streams, making it a reliable 
choice for various industrial applications. 
 
Shell-and-Tube HEs: These are widely 
recognized for their versatility and efficiency in 
heat transfer between two fluids, featuring 
multiple tubes within a cylindrical shell to 
maximize surface area contact.  
 

 
Figure 1. Indirect contact type heat 

exchanger 
 

 
Figure 2. Double pipe heat exchanger 

 
They excel in high-pressure and high-
temperature environments, serving industries 
such as chemical processing, manufacturing, and 
power generation. Offering flexibility with 
parallel-flow and counter-flow configurations, 
they handle a variety of fluids with ease and 
facilitate straightforward maintenance and 
cleaning. Known for their durability and 
scalability, they are a preferred choice for 
industrial applications requiring efficient heat 
transfer. It is represented in Figure 3. 
 

 
Figure 3. Shell–and–-tube type heat exchanger 

 
2. Mathematical Formulation of the Problem 
 
A steady, two-dimensional, laminar, free 
convective boundary-layer flow of a viscous, 
incompressible, electrically conducting fluid 
along a vertical, exponentially stretching plate 
with bi-dilatant or shear-thinning properties is 
analyzed. Meanwhile, the plate remains flexible. 
Due to the stretching nature of the plate, 
buoyancy effects, driven by variations in the 
temperature distribution of suspended 
nanoparticles and temperature-dependent 
viscosity, induce motion in the incompressible,  
non-Newtonian fluid. This results in the plate's 
elongation along the x-axis, with the origin fixed  
at 𝑥𝑥 =  𝑦𝑦 =  0.  
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Figure 4. Flow model and coordinate system 
 
The flow configuration is illustrated in Figure 4. 
A uniform magnetic field of strength 𝐵𝐵₀ is 
applied perpendicular to the flow direction, and 
the pressure remains constant along the wall. 
Comparison of the induced and applied magnetic 
fields reveals that the former is negligible due to 
its significantly smaller magnitude. Based on the 
approximation of [45], the governing boundary-
layer equations are expressed as follows: 
 
Continuity equation 
 
 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0     (1) 
 
Momentum equation 
 
𝑢𝑢 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑣𝑣 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝜇𝜇𝑓𝑓𝑓𝑓
𝜌𝜌𝑓𝑓𝑓𝑓

�𝜕𝜕
2𝑢𝑢

𝜕𝜕𝑦𝑦2
+ 𝑔𝑔𝑎𝑎(𝜌𝜌𝜌𝜌)𝑓𝑓𝑓𝑓(𝑇𝑇 −

𝑇𝑇∞)𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝜎𝜎𝐵𝐵02

𝜌𝜌
(𝑢𝑢 − 𝑢𝑢∞) − 𝑣𝑣𝑓𝑓

𝑘𝑘
𝑢𝑢�  (2) 

 
Energy conservation equation 
 
𝑢𝑢 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑣𝑣 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝛼𝛼𝑓𝑓𝑓𝑓
𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2

− 𝑘𝑘
�𝜌𝜌𝐶𝐶𝑝𝑝�𝑓𝑓𝑓𝑓

𝜕𝜕𝑞𝑞𝑟𝑟
𝜕𝜕𝜕𝜕

+
(𝜌𝜌𝜌𝜌)𝑓𝑓𝑓𝑓

𝑄𝑄0(𝑇𝑇−𝑇𝑇∞) + 1
(𝜌𝜌𝜌𝜌)𝑓𝑓𝑓𝑓

ℎ′′′    (3) 

 
Mass Conservation equation 
 

𝑢𝑢 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑣𝑣 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑀𝑀𝐷𝐷
𝜕𝜕2𝐶𝐶
𝜕𝜕𝑦𝑦2

+ 𝑘𝑘𝑣𝑣𝑓𝑓
𝑇𝑇∞

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
− 𝐶𝐶∗ �𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
�
𝑛𝑛

(4) 

Subject to the following boundary conditions. 
 
at 𝑦𝑦 = 0: 𝑢𝑢(𝑥𝑥,𝑦𝑦) = 𝑢𝑢 = 𝑐𝑐𝑥𝑥𝑠𝑠 , 𝐶𝐶 = 𝐶𝐶𝑤𝑤 ,  

 𝑣𝑣(𝑥𝑥, 𝑦𝑦) = ±𝑣𝑣𝑤𝑤(𝑥𝑥),     (5) 

 𝑘𝑘 𝜕𝜕𝜕𝜕(𝑥𝑥,𝑦𝑦)
𝜕𝜕𝜕𝜕

= ℎ𝑓𝑓�𝑇𝑇𝑓𝑓 − 𝑇𝑇(𝑥𝑥,𝑦𝑦)�. 

as 𝑦𝑦 → ∞: 𝑢𝑢 → 0, 𝑣𝑣 → 0,𝑇𝑇 → 𝑇𝑇𝑤𝑤,𝐶𝐶 → 𝐶𝐶∞  
 
The coordinates are 𝑥𝑥and 𝑦𝑦, while the velocity 
components are represented as 𝑢𝑢 and 𝑣𝑣. The 
terms, 𝜇𝜇𝑓𝑓𝑓𝑓 and 𝛼𝛼𝑓𝑓𝑓𝑓 implies absolute and 
kinematic viscosity,  𝑔𝑔𝑎𝑎 = acceleration owing to 
gravity, 𝜌𝜌 = base fluid density, 𝛽𝛽 = heat 
enlargement quantity of the base liquid, 𝐵𝐵0 = 
magnetic field strength, 𝛾𝛾 = inclination angle, 
𝜎𝜎 = electrical conductivity, 𝑘𝑘 = porosity factor, 
𝐶𝐶𝑝𝑝 = Specific heat capacity at a fixed pressure, 
𝑞𝑞𝑟𝑟 = thermal radiative fluidity, 𝑄𝑄0 = heat source 
term, 𝑀𝑀𝑑𝑑 =coefficient of Brownian movement, 
𝐶𝐶∗ = chemical reactivity coefficient, 𝑛𝑛 = 
diluting/enhancing shear term, 𝑇𝑇 and 𝐶𝐶 are 
ambient temperature and concentration, 𝑇𝑇∞ and 
𝐶𝐶∞ refers to temperature and concentration far 
from the wall, 𝑅𝑅𝑎𝑎𝑥𝑥 = 𝑔𝑔𝑎𝑎(𝜌𝜌𝜌𝜌)𝑓𝑓𝑓𝑓(𝑇𝑇−𝑇𝑇∞)

𝑣𝑣𝛼𝛼𝑓𝑓𝑓𝑓
, refers to the 

Rayleigh factor, ℎ′′′ = 𝑥𝑥𝑅𝑅𝑎𝑎𝑥𝑥
1
2

2𝑥𝑥2
[𝐴𝐴(𝑇𝑇𝑠𝑠 −

𝑇𝑇∞)𝑓𝑓′(𝜂𝜂) + 𝜃𝜃(𝑇𝑇 − 𝑇𝑇∞)] is the thermal 
dependent variable source and 𝐴𝐴 > 0 
corresponds to internal heat generation [46]. 
 
2.1. Similarity transformation variable 
 
The similarity variables needed to transform 
equations (1) – (4) are: 
 

𝜂𝜂 = 𝑦𝑦�
𝑢𝑢0

2𝑙𝑙𝑣𝑣𝑓𝑓𝑓𝑓
  𝑒𝑒

𝑁𝑁𝑁𝑁
2𝑙𝑙 , 𝑢𝑢 = 𝑢𝑢0(𝑥𝑥)𝑒𝑒

𝑁𝑁𝑁𝑁
2𝑙𝑙 𝑓𝑓′(𝜂𝜂) 

𝑐𝑐 = 𝑐𝑐0𝑒𝑒
𝑁𝑁𝑁𝑁
2𝑙𝑙 ∅(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑠𝑠−𝑇𝑇∞
,      

∅(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑠𝑠−𝐶𝐶∞

, 𝜓𝜓 = 𝛼𝛼𝑠𝑠𝑅𝑅𝑅𝑅𝑥𝑥
1
4𝑓𝑓(𝜂𝜂),   (6) 

𝑣𝑣 = −𝑁𝑁�𝑣𝑣𝑓𝑓𝑓𝑓𝑢𝑢0
2𝑙𝑙

  𝑒𝑒
𝑁𝑁𝑁𝑁
2𝑙𝑙 [𝑓𝑓(𝜂𝜂) + 𝜂𝜂𝑓𝑓′(𝜂𝜂)]  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

,  𝑣𝑣 = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

     
 
3. Method of Solution 
 
The fourth-order Runge-Kutta (RK4) method is  
a numerical technique for solving coupled 
ordinary differential equations (ODEs), valued 
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for its accuracy and stability. When applied to a 
system of coupled ODEs, RK4 approximates the 
solution by discretizing the independent variable 
(e.g., time or space) and iteratively computing 
the dependent variables at each step. For each 
ODE in the system, RK4 evaluates the 
derivatives at four intermediate points within a 
step, combining them to achieve a fourth-order 
accurate approximation of the solution. This 
method is particularly effective for nonlinear 
systems, as it handles coupling by 
simultaneously updating all variables at each 
step. Its robustness makes it suitable for 
microfluidic heat transfer problems, where 
coupled ODEs arise from transforming partial 
differential equations governing flow and 
thermal fields. 
 
Similarly, the Runge-Kutta-Fehlberg (RKF) 
method enhances RK4 by incorporating adaptive 
step-size control, improving computational 
efficiency for coupled ODEs. It employs a pair of 
Runge-Kutta methods (typically fourth- and 
fifth-order) to estimate the local truncation error, 
dynamically adjusting the step size to maintain 
accuracy. The shooting method complements 
these techniques when solving boundary value 
problems (BVPs) for coupled ODEs, such as 
those with Robin boundary conditions. It 
converts the BVP into an initial value problem by 
guessing initial conditions, solving the system 
using RKF, and iteratively adjusting the guesses 
(e.g., via Newton’s method) until the boundary 
conditions are satisfied. In microfluidic systems, 
the shooting method is critical for handling 
nonlinearities and coupled effects, ensuring 
accurate solutions for variables such as 
temperature and velocity under complex flow 
orientations and shear effects. 
 
The bvp4c solver function in Maple 16 is 
employed to address the problem under 
consideration. It uses collocation techniques, 
iteratively refining the solution space to match 
the boundary conditions, offering a reliable and  
efficient means to approximate solutions. The 
solver uses the residual of the continuous 
solution to control errors and select an 
appropriate mesh, dividing the integration 
interval into smaller subintervals.  
 

The solver then addresses a system of algebraic 
equations generated by integrating collocation 
requirements and boundary constraints across 
these subintervals. If the computed solution fails 
to meet the specified tolerance conditions for 
each subinterval, the solver iteratively adjusts the 
mesh. These techniques are used to analyze 
phenomena such as heat transfer in fin arrays and 
flow stability. Together, these methods provide a 
powerful framework for solving coupled ODEs 
with high precision and efficiency. The stream 
function 𝜓𝜓(𝑥𝑥,𝑦𝑦) defined as 𝑢𝑢 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
 and 𝑣𝑣 =

−𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 identically satisfies equation (1). In line 
with the approximation of the Roseland 
expression for radiative effect, we have 
 
𝑞𝑞𝑟𝑟 = −�4𝜎𝜎

∗

3𝑘𝑘0
� 𝜕𝜕𝑇𝑇

′4

𝜕𝜕𝜕𝜕
                (7) 

 
Such that the mean absorption factor 𝑘𝑘0 and 
Stefan-value 𝜎𝜎 ≈ 1.3806 × 10−23. By 
expressing 𝑇𝑇4 about 𝑇𝑇∞, Taylor’s series 
expansion yields 
 
𝑇𝑇4 ≅ 𝑇𝑇∞4 + 3𝑇𝑇∞3(𝑇𝑇 − 𝑇𝑇∞) + 6𝑇𝑇∞2(𝑇𝑇 − 𝑇𝑇∞)2 + ⋯
                  (8) 
 
By neglecting the terms of greater degrees in 
equation (8), we obtain 
 
𝑇𝑇4 ≅ 4𝑇𝑇𝑇𝑇∞3 + 3𝑇𝑇∞4                 (9) 
 
Thus, using equations (7) and (9) in equation (3)  
streamlines to 
 
𝑢𝑢 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑣𝑣 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝛼𝛼𝑓𝑓𝑓𝑓
𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2

− 𝑘𝑘
�𝜌𝜌𝐶𝐶𝑝𝑝�𝑓𝑓𝑓𝑓

16𝜎𝜎∗𝑇𝑇∞3

3𝑘𝑘0
+

𝑄𝑄0(𝑇𝑇−𝑇𝑇∞)
(𝜌𝜌𝜌𝜌)𝑓𝑓𝑓𝑓

+ 1
(𝜌𝜌𝜌𝜌)𝑓𝑓𝑓𝑓

ℎ′′′              (10) 

 
Plugging equation (6) into equations (2), (4), and 
(10), respectively, gives, 
 
𝑑𝑑3𝑓𝑓
𝑑𝑑𝜂𝜂3

− 1
2
𝑁𝑁𝑁𝑁(𝜂𝜂) 𝑑𝑑

2𝑓𝑓
𝑑𝑑𝜂𝜂2

+ 𝑁𝑁𝑁𝑁(𝜂𝜂) 𝑑𝑑
2𝑓𝑓

𝑑𝑑𝜂𝜂2
− (𝑀𝑀 + 𝑃𝑃) 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
+

𝐺𝐺𝐺𝐺𝐺𝐺(𝜂𝜂) cos(𝛾𝛾) = 0              (11) 
 
𝑑𝑑2𝜃𝜃
𝑑𝑑𝜂𝜂2

�1 + 4
3
𝑆𝑆� + 𝑃𝑃𝑃𝑃𝑃𝑃(𝜂𝜂) 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
+ ∆𝐻𝐻

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑁𝑁𝑁𝑁 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+

𝐸𝐸𝐸𝐸 �𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

= 0               (12)  
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𝑑𝑑2𝜙𝜙
𝑑𝑑𝜂𝜂2

+ 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆(𝜂𝜂) 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑁𝑁
𝑁𝑁𝑁𝑁

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
− 𝑅𝑅𝑐𝑐 �

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝑛𝑛

= 0
               (13) 
 
The transformed boundary conditions are stated 
as: 
𝑓𝑓(𝜂𝜂) = 0, 𝑓𝑓′(𝜂𝜂) = 1, 𝜃𝜃′(𝜂𝜂) = −𝑅𝑅𝑜𝑜�1 − 𝜃𝜃(𝜂𝜂)�, 
𝜙𝜙(𝜂𝜂) = 1   at 𝜂𝜂 = 0            (14) 
 
𝑓𝑓′(𝜂𝜂) = 0, 𝜃𝜃(𝜂𝜂) = 0, 𝜙𝜙(𝜂𝜂) = 0 as 𝜂𝜂 → ∞ (15)
  
such that the following parameters,  
 
 𝑁𝑁 = 𝑘𝑘𝑈𝑈0

𝜈𝜈𝑅𝑅𝑅𝑅𝑥𝑥
1
2
𝑒𝑒
𝑁𝑁𝑁𝑁
𝑙𝑙 , 𝑀𝑀 = 2𝐿𝐿𝐿𝐿𝐵𝐵02

𝜌𝜌𝑓𝑓𝑓𝑓𝑈𝑈0
, 𝑃𝑃𝑃𝑃 = 𝜐𝜐𝑓𝑓𝑓𝑓

𝛼𝛼𝑓𝑓𝑓𝑓
, 𝐺𝐺𝐺𝐺 =

2𝐿𝐿𝐿𝐿𝛽𝛽𝑓𝑓𝑓𝑓𝑇𝑇0
𝑈𝑈02

, 𝐸𝐸𝐸𝐸 = 𝑈𝑈02

𝑇𝑇0�𝑐𝑐𝑝𝑝�𝑓𝑓𝑓𝑓
, ∆𝐻𝐻= 2𝐿𝐿𝑄𝑄∗

�𝜌𝜌𝑐𝑐𝑝𝑝�𝑓𝑓𝑓𝑓𝑈𝑈0
, 𝑆𝑆𝑆𝑆 = 𝜐𝜐𝑓𝑓𝑓𝑓

𝑀𝑀𝐷𝐷
, 

𝑃𝑃 = 2𝐿𝐿𝐿𝐿
𝑘𝑘𝑈𝑈0

, 𝛾𝛾, 𝐴𝐴, 𝑁𝑁𝑁𝑁 = 𝑈𝑈0𝑇𝑇0𝐶𝐶0(𝑘𝑘𝑘𝑘)2

2𝑀𝑀𝑑𝑑�
𝑈𝑈0
2𝜈𝜈𝜈𝜈 𝑒𝑒

−𝑁𝑁𝑁𝑁𝑙𝑙
 , 𝑅𝑅𝑐𝑐 = 𝑅𝑅𝑐𝑐𝐶𝐶0

𝑀𝑀𝑑𝑑
, 𝑅𝑅𝑜𝑜,  

 
𝑛𝑛, implies stretching, magnetic intensity, Prandtl, 
radiation, improved thermal Grashof, Eckert, 
volumetric heat source, mass diffusion, 
flexibility, flow orientation, and thermally 
dependent characteristics, Thermophoresis, 
kinetic, Robin boundary condition, and non-
linear shear-thinning/thickening parameters. 
 
3.1. Numerical procedure 
 
To apply the methods described above to 
equations (11) – (13) and (14) – (15), the 
boundary value problems (BVPs) were converted 
into initial value problems (IVPs) by 
transforming higher-order ordinary differential 
equations (ODEs) into a system of first-order 
ODEs. The Newton-Raphson method was used 
to locate roots. Subsequently, the fourth-order 
Runge-Kutta-Fehlberg (RKF) method was 
employed to solve the IVPs. The shooting 
method was implemented using Maple V. 16. 
The system of first-order ODEs is expressed as 
follows: 
 
𝑓𝑓 = 𝑦𝑦1, 𝑓𝑓′ = 𝑦𝑦2, 𝑓𝑓′′ = 𝑦𝑦3, 𝑓𝑓′′′ = 𝑦𝑦3′             (16) 
 
𝑦𝑦3′ = 1

2
𝑁𝑁𝑦𝑦1𝑦𝑦3 − 𝑁𝑁𝑦𝑦1𝑦𝑦3 + (𝑀𝑀 + 𝑃𝑃)𝑦𝑦2 −

𝐺𝐺𝐺𝐺𝑦𝑦4 cos(𝛾𝛾)               (17) 
 
𝑦𝑦4 = 𝜃𝜃, 𝑦𝑦5 = 𝜃𝜃′, 𝜃𝜃′′ = 𝑦𝑦5′              (18) 
 

𝑦𝑦5′ = − 1

�1+43𝑆𝑆�
[𝑃𝑃𝑃𝑃𝑦𝑦1𝑦𝑦5 + ∆𝐻𝐻𝑦𝑦5 + 𝑁𝑁𝑁𝑁𝑦𝑦2 +

𝐸𝐸𝐸𝐸(𝑦𝑦2)2]               (19) 
  
𝑦𝑦6 = 𝜙𝜙, 𝑦𝑦7 = 𝜙𝜙′, 𝜙𝜙′′ = 𝑦𝑦7′              (20) 
 
𝑦𝑦7′ = −𝑆𝑆𝑆𝑆𝑆𝑆𝑦𝑦1𝑦𝑦7 −

𝑁𝑁
𝑁𝑁𝑁𝑁
𝑦𝑦5𝑦𝑦7 + 𝑅𝑅𝑐𝑐(𝑦𝑦7)𝑛𝑛          (21) 

 
The corresponding wall conditions include, 
 
𝑦𝑦1(𝜂𝜂) = 0, 𝑦𝑦2(𝜂𝜂) = 1, 𝑦𝑦5(𝜂𝜂) = −𝑅𝑅𝑜𝑜�1 −
𝑦𝑦4(𝜂𝜂)�, 𝑦𝑦6(𝜂𝜂) = 1  at 𝜂𝜂 = 0            (22) 
 
𝑦𝑦2(𝜂𝜂) = 0, 𝑦𝑦4(𝜂𝜂) = 0, 𝑦𝑦6(𝜂𝜂) = 0 as 𝜂𝜂 → ∞
                (23) 
 
The quantities of the rates of heat and mass 
transfer are determined by computing the local 
Nusselt number 𝑁𝑁𝑁𝑁𝑥𝑥 and Sherwood number 𝑆𝑆ℎ𝑥𝑥, 
respectively. 
 

𝑁𝑁𝑁𝑁𝑥𝑥 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑇𝑇𝑤𝑤−𝑇𝑇∞

= −�𝑥𝑥𝑅𝑅𝑅𝑅𝑥𝑥
2𝐿𝐿

𝜃𝜃′(0)            (24) 

 

𝑆𝑆ℎ𝑥𝑥 = 𝑥𝑥𝑗𝑗𝑤𝑤
𝐶𝐶𝑤𝑤−𝐶𝐶∞

= −�𝑥𝑥𝑅𝑅𝑅𝑅𝑥𝑥
2𝐿𝐿

𝜙𝜙′(0)            (25) 

 
4. Results and Discussion 
 
Numerical results for various fluid parameters 
were obtained using the computational method 
described earlier. Figures 5 – 31 present the 
graphical representations, including legends. 
Figure 5 illustrates the impact of shear-thinning 
and shear-thickening behavior (characterized by 
the flow behavior index, 𝑛𝑛) on species 
concentration. It demonstrates how a fluid's 
viscosity responds to applied shear stress. Shear-
thinning fluids, such as ketchup, exhibit a 
decreased viscosity with increasing shear rates, 
facilitating easier flow under higher shear stress.  
 
Conversely, shear-thickening fluids, such as a 
cornstarch-water mixture, exhibit increased 
viscosity with higher shear rates, leading to 
greater resistance to flow. According to [47], 
these behaviors are described by the flow 
behavior index in the Herschel–Bulkley model: n 
< 1 for shear-thinning fluids and greater than 1 
for shear-thickening fluids. An increase in the 
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shear-thickening parameter leads to higher 
viscosity under shear, which impedes mixing and 
(𝑛𝑛) leads to higher viscosity under shear, which 
hinders mixing and may result in localized 
regions of higher species concentration due to 
reduced diffusion.  
 
Applying a magnetic field to an electrically 
conductive fluid, such as plasma or liquid metal, 
generates a resistive force known as the Lorentz 
force. This force opposes the fluid's motion, 
reducing its velocity, as shown in Figure 6. As 
fluid motion slows due to the Lorentz force, 
convective heat and mass transport diminish, 
leading to an accumulation of thermal energy and 
species concentration within the fluid, as shown 
in Figures 7 and 8.  
 
Several studies have shown that increasing the 
magnetic field parameter reduces fluid velocity 
while elevating temperature and concentration 
profiles due to suppressed convective transport. 
In air coils, the magnetic field modulates the fluid 
motion in Magnetohydrodynamic (MHD)-
enhanced designs improve heat transfer 
efficiency in liquid metal systems.  
 

 
Figure 5. Effect of 𝑛𝑛 on 𝜙𝜙(𝜂𝜂) 

 

 
Figure 6. Effect of 𝑀𝑀 on 𝑓𝑓′(𝜂𝜂) 

 

 
Figure 7. Effect of 𝑀𝑀 on 𝜃𝜃(𝜂𝜂) 

 
It influences liquid metal coolant behavior in 
nuclear reactors [48] and governs convective 
heat transfer in MHD flows, refining energy 
transport models in thermal science [49]. Its role 
in enhancing plasma control in MHD generators 
increases efficiency in solar power systems [50]. 
In nanotechnology, magnetic fields enhance  
 

 
Figure 8. Effect of 𝑀𝑀 on 𝜙𝜙(𝜂𝜂) 

 
nanofluid dynamics, improving thermal 
conductivity.In manufacturing, they control 
molten metal flows during casting, enhancing 
product quality. In biomedical engineering, 
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magnetic fields affect blood flow (a weakly 
conducting fluid) in applications such as 
magnetic resonance imaging (MRI) and 
magnetic therapies. Thus, the magnetic field 
parameter significantly shapes fluid and thermal 
dynamics, driving innovation across these 
domains.  
 
The effects of increasing the flexibility parameter 
(𝑃𝑃) on velocity, temperature, and concentration 
distributions are shown in Figures 9, 10, and 11, 
respectively. This parameter, often associated 
with viscoelastic fluids, quantifies the fluid's 
resistance to deformation and its tendency to 
return to its original state. An increase in 𝑃𝑃 
indicates a longer fluid relaxation time, 
enhancing the fluid's elastic properties. This 
heightened flexibility introduces additional 
resistance to flow, reducing fluid velocity. The 
decreased velocity weakens convective heat and 
mass transfer, leading to an accumulation of 
thermal energy and species concentration within 
the fluid. 
 
Consequently, both temperature and 
concentration profiles increase due to suppressed 
convective transport. This behavior has been 
observed in studies examining the effects of 
flexibility on convective heat and mass transfer 
in viscoelastic fluid flows. In heat sinks, the 
flexibility of viscoelastic fluids enhances mixing 
and heat transfer under shear. In nuclear reactors,  
it influences the coolant behavior in polymer-
additive flows, potentially reducing drag and 
improving heat removal.  
 

 
Figure 9. Effect of 𝑃𝑃 on 𝑓𝑓′(𝜂𝜂) 

 

 
Figure 10. Effect of 𝑃𝑃 on 𝜃𝜃(𝜂𝜂) 

 
In thermal science, flexibility modifies 
convective heat transfer in non-Newtonian 
fluids, refining boundary-layer models. In solar 
power systems, the elastic properties of working 
fluids may affect flow stability in flexible 
collectors. In nanotechnology, flexibility 
influences the dynamics of polymer-based 
nanofluids, enhancing thermal conductivity. In 
manufacturing, it governs polymer extrusion and 
molding, influencing heat transfer and product 
quality. In biomedical engineering, flexibility 
affects blood flow (a viscoelastic fluid) and tissue 
mechanics, altering heat distribution. The 
flexibility parameter thus bridges rheological and 
thermal phenomena, optimizing system 
performance.  
 
The flow orientation parameter, often 
represented by the inclination angle (𝛾𝛾), 
significantly affects fluid flow characteristics. As 
the inclination angle increases, the component of 
the gravitational force acting along the flow 
direction decreases, reducing buoyancy-driven 
flow velocity, as shown in Figure 12. This 
deceleration weakens convective heat and mass 
transfer, leading to an accumulation of thermal 
energy and species concentration near the 
surface.  

Consequently, both temperature and 
concentration distributions increase, as 
illustrated in Figures 13 and 14, due to 
suppressed convective transfer. This parameter, 
which describes the alignment of fluid flow 
relative to surfaces or gravitational fields (e.g., 
horizontal, vertical, or inclined), plays a critical 
role in convective heat transfer and fluid 
dynamics across various scientific and 
engineering domains.  
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In heat exchangers, flow orientation influences 
heat transfer efficiency, with vertical orientations 
typically enhancing natural convection. In 
nuclear reactors, the flow orientation parameter 
affects coolant circulation, particularly in vertical 
fuel channels, where buoyancy enhances heat 
removal. In thermal science, it governs the 
interaction between forced and natural 
convection, refining heat transfer models.  
 
Hence, [51] noted that in solar power systems, 
the flow orientation influences the airflow in 
collectors or chimneys, optimizing thermal 
performance. In nanotechnology, it affects fluid 
dynamics around nanostructures, impacting heat 
dissipation. In manufacturing, flow orientation 
alters heat transfer during material cooling or 
solidification, impacting product quality. In 
biomedical engineering, flow orientation 
influences blood flow in vessels, affecting tissue 
heat distribution [52]. 
 
The effect of the stretching parameter (𝑁𝑁) on 
velocity distribution is shown in Figure 15. It is 
commonly encountered in fluid dynamics and 
heat transfer analyses and plays a critical role 
across multiple scientific and engineering 
domains by quantifying the deformation or 
extension of surfaces or fluids under various 
physical conditions. 
 

 
Figure 11. Effect of 𝑃𝑃 on 𝜙𝜙(𝜂𝜂) 

 
Thus, the flow orientation parameter 
significantly shapes convective efficiency and 
system design.  
 

 
Figure 12. Effect of 𝛾𝛾 on 𝑓𝑓′(𝜂𝜂) 

 

 
Figure 13. Effect of 𝛾𝛾 on 𝜃𝜃(𝜂𝜂) 

 
It influences the convective heat transfer rate by 
altering boundary-layer thickness, enhancing 
efficiency as stretching surfaces (e.g., in tube or 
plate designs) promote fluid mixing and heat 
dissipation in heat exchangers. In breeder 
reactors, the stretching parameter affects coolant 
flow behavior over fuel rods, impacting heat 
removal and safety by modulating thermal 
gradients and preventing hotspots. 
 

 
Figure 14. Effect of 𝛾𝛾 on 𝜙𝜙(𝜂𝜂) 
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In thermal science, it governs the interaction 
between stretching surfaces and temperature 
distributions, enabling precise modeling of heat 
conduction and convection in complex systems. 
 

 
Figure 15. Effect of 𝑁𝑁 on 𝑓𝑓′(𝜂𝜂) 

 
It is commonly encountered in fluid dynamics 
and heat transfer analyses and plays a critical role 
across multiple scientific and engineering 
domains by quantifying the deformation or 
extension of surfaces or fluids under various 
physical conditions. It influences the convective 
heat transfer rate by altering boundary-layer 
thickness, enhancing efficiency as stretching 
surfaces (e.g., in tube or plate designs) promote 
fluid mixing and heat dissipation in heat 
exchangers. In breeder reactors, the stretching 
parameter affects coolant flow behavior over fuel 
rods, impacting heat removal and safety by 
modulating thermal gradients and preventing 
hotspots. In thermal science, it governs the 
interaction between stretching surfaces and 
temperature distributions, enabling precise 
modeling of heat conduction and convection in 
complex systems.  
 
In nanotechnology, the parameter is crucial for 
understanding heat transfer in stretched 
nanostructures, such as graphene sheets or 
nanotubes, where surface stretching modifies 
thermal conductivity and energy transport at the 
nanoscale. Similarly, in biomedical engineering, 
it influences processes like tissue stretching in  
bioreactors or blood vessel dynamics, affecting 
heat and mass transfer rates critical for cell 
growth, drug delivery, or thermal therapies. 
Across these fields, the stretching parameter 
bridges physical deformation and thermal 

performance, driving advancements in design 
and functionality.  
 
The Robin parameter (𝐶𝐶), representing a linear 
combination of temperature and its gradient at a 
surface, quantifies the balance between 
convective and conductive heat transfer, 
significantly influencing thermal behavior across 
various fields. Increasing 𝐶𝐶 enhances the 
convective heat transfer rate, promoting faster 
thermal energy dissipation from the surface into 
the fluid. Consequently, the surface temperature 
decreases, as shown in Figure 16, due to more 
effective heat removal. This principle is critical 
in designing and operating heat exchangers, 
nuclear reactors, and solar power systems, where 
optimizing the convective heat transfer 
coefficient ensures efficient thermal 
management and prevents overheating. In heat 
exchangers, the Robin parameter models heat 
transfer at finned surfaces, where convection and 
conduction interact, improving design accuracy.  
 
In nuclear reactors, it governs heat flux at fuel rod 
boundaries for safety analysis. In thermofluidic 
science, it refines the boundary condition 
models, enhancing solutions for heat conduction 
problems. 
 

 
Figure 16. Effect of 𝐶𝐶 on 𝜃𝜃(𝜂𝜂) 

 
In solar power systems, it influences heat loss 
from absorbers to the environment, optimizing 
efficiency. In manufacturing, it models heat 
transfer during the cooling of molded parts, 
affecting product quality. In biomedical 
engineering, it simulates heat exchange in tissues 
during thermal therapies. The Robin parameter 
thus bridges surface heat transfer mechanisms, 
driving precision in thermal management.  
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Figure 17. Effect of 𝐺𝐺𝐺𝐺 on 𝑓𝑓′(𝜂𝜂) 

 
Figure 17 illustrates the impact of the thermal 
buoyancy (Grashof) number (𝐺𝐺𝐺𝐺) on the velocity  
distribution. This parameter represents the ratio 
of buoyancy to viscous forces in a fluid. An 
increase in Gr indicates that buoyancy forces 
dominate, enhancing natural convection currents 
and increasing fluid velocity. This relationship 
has been observed in studies where higher values 
of the Grashof number (𝐺𝐺𝐺𝐺) correspond to 
elevated velocity profiles due to intensified 
buoyancy effects. In heat exchangers, 𝐺𝐺𝐺𝐺 governs 
free convection, enhancing heat transfer in 
designs reliant on buoyancy-driven flows. It 
influences the coolant circulation in passive 
safety systems for the removal of heat without 
pumps in breeder reactors.  
 

 
Figure 18. Effect of ∆𝐻𝐻 on 𝑓𝑓′(𝜂𝜂) 

 
In solar power systems, 𝐺𝐺𝐺𝐺 drives airflow in solar 
chimneys or collectors, optimizing energy 
capture. In manufacturing, it affects buoyancy-
driven flows in molten materials, influencing 
casting quality. The Grashof number thus 
underpins natural convection phenomena, 

guiding system efficiency and design. The 
volumetric heat source parameter (∆𝐻𝐻), 
representing internal heat generation within a 
fluid, significantly affects its thermal and flow 
behavior. An increase in ∆𝐻𝐻 elevates the fluid's 
internal energy, raising its temperature (Figure 
19) and reducing its density, which enhances 
buoyancy forces, accelerates fluid motion, and 
increases velocity (Figure 18). These intensified 
convective currents promote. species transfer, 
resulting in a higher concentration level (Figure 
20).  
 
This behavior is evident when increased heat 
source parameters lead to elevated velocity, 
temperature, and concentration profiles [53]. In 
air coils, it accounts for internal heat generation 
(e.g., from chemical reactions), which improves 
design accuracy. In nuclear reactors, it quantifies 
heat from fission for core temperature 
management. In thermal science, it refines 
models of heat transfer in media with distributed 
sources. In nanotechnology, it governs thermal 
effects in nanostructures under localized heating, 
such as laser exposure. In biomedical 
engineering, it is applied to hyperthermia 
treatments, where controlled heat generation in 
tissues enhances therapeutic outcomes. The 
volumetric heat source parameter thus bridges 
heat generation and transfer, driving precision in 
design and analysis.  
 
The influence of the thermal radiation parameter 
on velocity, temperature, and species 
concentration is shown in Figures 21, 22, and 23, 
respectively. The thermal radiation parameter, a 
dimensionless quantity representing the relative 
significance of radiative heat transfer compared 
to conduction or convection, is critically 
important across various scientific and 
engineering disciplines. It accounts for radiative 
heat transfer within fluid flow. An increase in this 
parameter enhances radiative heat flux, raising 
the fluid's temperature and reducing its density, 
which intensifies buoyancy forces and increases 
flow velocity.  Higher temperatures can reduce 
fluid viscosity, further contributing to velocity 
enhancement.  
 
However, the elevated temperature also 
accelerates species diffusion, decreasing 
concentration levels within the fluid. In heat 
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exchangers, the parameter governs the 
contribution of radiation to overall heat transfer, 
enhancing efficiency by dominating particularly 
in high-temperature systems like gas-cooled 
designs, where radiative effects can overcome 
convective losses. 
 

 
Figure 19. Effect of ∆𝐻𝐻 on 𝜃𝜃(𝜂𝜂) 

 
In nuclear reactors, it is essential for modeling 
heat dissipation from fuel rods and reactor walls, 
especially under extreme conditions where 
radiation becomes a primary mode of energy 
transfer, ensuring structural integrity and safety.  
In thermal science, it provides a framework for 
analyzing energy exchange in systems with 
significant temperature gradients, improving 
predictions of heat flux for both terrestrial and 
space applications.  
 

 
Figure 20. Effect of ∆𝐻𝐻 on 𝜙𝜙(𝜂𝜂) 

In nanotechnology, the thermal radiation 
parameter influences the performance of 
nanoscale devices, such as thermal sensors or 
energy-harvesting systems, where radiative heat 
transfer dominates due to high surface-to-volume 
ratios. In biomedical engineering, it affects 
applications like laser-based thermal therapies or  

Hyperthermia treatments require precise control 
of radiative heat transfer to tissues to ensure 
effectiveness and patient safety. Therefore, the 
thermal radiation parameter acts as a key 
indicator of radiative influence, guiding design 
and operational strategies in these fields. 
Variable fluid properties, such as viscosity and 
thermal conductivity that depend on temperature, 
significantly impact flow, temperature, and 
concentration distributions, as shown in Figures 
24, 25, and 26. These properties influence system 
performance across multiple disciplines by 
adding nonlinearity and complexity to heat and 
mass transfer processes.  
 
As temperature-dependent properties increase, 
fluid viscosity decreases with rising temperature, 
reducing internal resistance and boosting fluid 
velocity. This higher velocity enhances 
convective heat transfer, which further raises the 
fluid's temperature. The increase in temperature 
then further reduces viscosity, creating a 
feedback loop that sustains higher velocities and 
temperatures. 
 

 
Figure 21. Effect of 𝑆𝑆 on 𝑓𝑓′(𝜂𝜂) 

 
In heat exchangers, these properties influence 
fluid flow and heat transfer efficiency, as 
viscosity decreases with rising temperature, 
convective currents strengthen, while variations 
in thermal conductivity alter heat diffusion rates, 
critical for optimizing exchanger design.  
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Figure 22. Effect of 𝑆𝑆 on 𝜃𝜃(𝜂𝜂) 

 
In nuclear reactors, temperature-dependent fluid 
properties influence coolant performance, 
especially in high-temperature environments, 
where lower viscosity improves circulation and 
changing thermal conductivity affects heat 
removal from fuel assemblies, ensuring 
operational stability. 
 

 
Figure 23. Effect of 𝑆𝑆 on 𝜙𝜙(𝜂𝜂) 

 
In thermal science, the parameter is essential for 
accurately modeling heat transfer in fluids under 
varying conditions, enabling precise predictions 
of thermal boundary layers and energy transport 
in complex systems. In nanotechnology, variable 
properties govern thermal management in 
nanoscale materials, such as nanofluids or thin 
films, where temperature-induced changes in 
viscosity and conductivity affect heat dissipation 
and device reliability. In biomedical engineering, 
they influence blood flow dynamics and tissue 
interactions, where temperature-dependent 
viscosity affects perfusion rates and thermal 
conductivity variations impact heat distribution 

during procedures like cryosurgery or thermal 
ablation. 
 

 
Figure 24. Effect of 𝐴𝐴 on 𝑓𝑓′(𝜂𝜂) 

 
Figure 25. Effect of 𝐴𝐴 on 𝜃𝜃(𝜂𝜂) 

 
The effect of the viscous dissipation parameter 
(𝐸𝐸𝐸𝐸) on temperature is shown in Figure 27. This 
parameter, a fundamental factor governing 
momentum and heat transfer across various 
scientific and engineering domains, quantifies 
the conversion of kinetic energy into thermal 
energy due to viscous forces within a fluid. An 
increase in 𝐸𝐸𝐸𝐸 indicates that a greater portion of 
the fluid's kinetic energy is transformed into heat,  
raising the fluid's temperature. This phenomenon 
is particularly significant in high-velocity or 
highly viscous flows, where frictional effects are 
pronounced. 
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Figure 26. Effect of 𝐴𝐴 on 𝜙𝜙(𝜂𝜂)  

 
Studies have shown that higher viscous 
dissipation leads to elevated temperature profiles 
within the fluid. In heat exchangers, 𝐸𝐸𝐸𝐸 
influences flow regimes (laminar or turbulent), 
affecting heat transfer rates: higher viscosity 
dampens fluid motion, reducing convective 
efficiency, while lower viscosity enhances 
mixing and thermal performance. In nuclear 
reactors, it affects coolant flow around fuel rods, 
impacting heat removal and pressure drops, 
which are critical for maintaining safe operating 
conditions under varying thermal loads. In 
thermal science, 𝐸𝐸𝐸𝐸 shapes the interplay between 
viscous forces and thermal diffusion, guiding the 
analysis of boundary-layer behavior and heat 
dissipation in diverse systems.  
 
In nanotechnology, it influences the dynamics of 
nanofluids and thin films, where viscous 
dissipation modulates thermal conductivity and 
energy transport at micro- and nanoscales, 
affecting device efficiency. In manufacturing, 
such as in polymer extrusion or metal casting, 𝐸𝐸𝐸𝐸  
governs flow behavior and heat transfer during 
material shaping, determining product quality, 
and energy usage.  
 

 
Figure 27. Effect of 𝐸𝐸𝐸𝐸 on 𝜃𝜃(𝜂𝜂) 

In biomedical engineering, it is key to 
understanding blood flow in vessels or biofluid 
interactions in tissue scaffolds, where 
temperature- or shear-dependent viscosity 
impacts heat distribution and nutrient delivery. 
Across these fields, the viscous dissipation 
parameter bridges fluid mechanics and thermal 
performance, driving optimized design and 
functionality. 
 
The Schmidt number (𝑆𝑆𝑆𝑆), defined as the ratio of 
momentum diffusivity (viscosity) to mass 
diffusivity (𝑆𝑆𝑆𝑆 =  𝑉𝑉

𝐷𝐷
), is a dimensionless 

parameter that measures the relative thickness of 
the velocity and concentration boundary layers, 
playing a pivotal role in mass transfer processes 
across various scientific and engineering 
domains. 
 

 
Figure 28. Effect of 𝑆𝑆𝑆𝑆 on 𝜙𝜙(𝜂𝜂) 

 
An increase in 𝑆𝑆𝑆𝑆 indicates that momentum 
diffusivity is high relative to mass diffusivity, 
resulting in a thinner concentration boundary 
layer compared to the velocity boundary layer. 
This thinner concentration boundary layer 
creates steeper concentration gradients near 
surfaces, enhancing mass transfer rates and 
reducing species concentration within the 
boundary layer [54], as shown in Figure 28. In 
heat exchangers, a high Schmidt number (e.g., in 
viscous fluids with low mass diffusivity) 
indicates slower species diffusion relative to 
momentum, affecting the efficiency of mass 
transfer in processes such as gas absorption or 
chemical reactions, which are crucial for 
exchanger performance.  
 
In nuclear reactors, 𝑆𝑆𝑆𝑆 influences the transport of 
radioactive species or corrosion products in 
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coolant flows, impacting contamination 
distribution and material integrity, particularly in 
systems with complex fluid chemistries. In 
thermal science, it is essential for modeling 
coupled heat and mass transfer, providing 
insights into diffusion-dominated phenomena in 
gases or liquids under thermal gradients. In 
nanotechnology, 𝑆𝑆𝑆𝑆 governs nanoparticle 
dispersion in fluids, critical for applications such 
as drug delivery or sensor fabrication, where 
precise control of species concentration enhances 
functionality.  
 
In manufacturing, such as in coating or 
polymerization, it affects the reactant diffusion 
rates, determining product uniformity and 
process efficiency. In biomedical engineering, 𝑆𝑆𝑆𝑆 
applies to biofluid dynamics, such as oxygen or 
nutrient diffusion in blood or tissues, where a 
higher value can slow mass transfer, influencing 
metabolic rates or therapeutic outcomes. Across 
these fields, the Schmidt number links fluid 
mechanics with mass transport, guiding the 
optimization of systems involving diffusion and 
convection. 
 
The effect of the Prandtl number (𝑃𝑃𝑃𝑃) on 
temperature is shown in Figure 29. Defined as the 
ratio of momentum diffusivity (viscosity) to 
thermal diffusivity, it (dimensionless parameter)  
significantly influences heat and mass transfer 
processes across various scientific and 
engineering fields by characterizing the relative  
thickness of velocity and thermal boundary 
layers in fluid flow. An increase in 𝑃𝑃𝑃𝑃 indicates 
that the thermal boundary layer is thinner than 
the velocity boundary layer, enhancing the 
temperature gradient near the surface and 
improving heat transfer between the fluid and the 
surface.  
 
Consequently, [55] noted that the fluid's 
temperature decreases more rapidly as it 
approaches thermal equilibrium with the surface. 
In heat exchangers, a high Prandtl number (e.g., 
in oils) indicates slower thermal diffusion 
relative to momentum, reducing heat transfer 
efficiency, whereas a low 𝑃𝑃𝑃𝑃 (e.g., in liquid 
metals) enhances thermal performance, which is 
vital for compact designs. In nuclear reactors, 𝑃𝑃𝑃𝑃 
affects coolant behavior, particularly in sodium-
cooled systems, where its low value improves 

heat removal from fuel rods, optimizing thermal 
management and safety.  
 

 
Figure 29. Effect of 𝑃𝑃𝑃𝑃 on 𝜃𝜃(𝜂𝜂) 

 
In thermal science, the Prandtl number is 
essential for modeling convection, determining 
how heat propagates in fluids under varying 
temperature gradients, which is crucial for both 
theoretical and applied studies. In 
nanotechnology, 𝑃𝑃𝑃𝑃 governs heat transfer in 
nanofluids or thin films, where tailored 𝑃𝑃𝑃𝑃 values 
can enhance thermal conductivity or control 
energy dissipation in nanoscale devices.  
 
In manufacturing, such as in polymer flows or 
metal solidification, 𝑃𝑃𝑃𝑃 influences the interplay 
between viscous flow and heat transfer, affecting 
material properties and production rates. In 
biomedical engineering, 𝑃𝑃𝑃𝑃 applies to biofluids 
such as blood, where variations in 𝑃𝑃𝑃𝑃 due to 
temperature or composition distribution in 
tissues during thermal therapies or organ 
preservation is impacted. Thus, the Prandtl 
number serves as a critical link between fluid 
dynamics and thermal behavior, shaping system 
performance across these disciplines. 
 
The impact of the thermophoresis parameter on 
species concentration is shown in Figure 30. An 
increase in this parameter reduces species 
concentration because thermophoresis induces a 
force that drives particles or molecules from 
regions of higher temperature toward cooler 
regions in a fluid.  
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Figure 30. Effect of 𝑁𝑁𝑁𝑁 on 𝜙𝜙(𝜂𝜂) 

 
In microfluidic or nanofluidic systems, where 
temperature gradients are significant, the 
thermophoresis parameter quantifies the strength 
of this thermally driven migration. As the 
parameter increases, the thermophoretic force 
strengthens, causing more particles or species to 
move away from hotter regions, typically near a 
heated surface, such as a stretching plate or 
microchannel wall. This migration decreases the 
local species concentration in the warmer region, 
as particles are transported to areas of lower 
temperature, resulting in reduced species 
concentration near the heat source. This effect is 
particularly pronounced in systems with non-
Newtonian fluids or nanofluids, where 
temperature-dependent properties and boundary-
layer dynamics further influence species 
distribution.  
 
Figure 31 illustrates the effect of the kinetic 
parameter (𝑅𝑅𝑐𝑐), on species concentration. An 
increase in 𝑅𝑅𝑐𝑐 accelerates the chemical reaction 
rate within the fluid, leading to faster 
consumption of reactants and, consequently, a 
decrease in their concentration. This parameter 
quantifies the reaction rate, governing how 
quickly reactants are transformed into products 
through processes such as decomposition or 
recombination.  
 

 
Figure 31. Effect of 𝑅𝑅𝑐𝑐 on 𝜙𝜙(𝜂𝜂) 

 
A higher 𝑅𝑅𝑐𝑐 indicates a more rapid 
transformation, reducing the concentration of 
reactant species in the flow field, as they are 
consumed faster than they are replenished by 
diffusion or convection. This has significant 
implications in several areas: in combustion, 
where a higher reaction rate enhances energy 
release but may deplete fuel concentration, 
affecting flame stability; in pollutant dispersion, 
where faster reactions can reduce harmful 
species but alter flow chemistry; and in 
biological flows, where reaction rates influence 
nutrient or drug concentrations, impacting 
processes such as tissue oxygenation or drug 
delivery efficiency. 
 
The Prandtl number, (𝑃𝑃𝑃𝑃) defined as the ratio of 
momentum diffusivity to thermal diffusivity, 
significantly affects heat transfer characteristics. 
As 𝑃𝑃𝑃𝑃 increases, the fluid's thermal diffusivity 
decreases, causing heat to diffuse more slowly 
compared to momentum. This leads to a thinner 
thermal boundary layer, and a steeper 
temperature gradient at the surface and higher 
local heat transfer rates, as indicated by −𝜃𝜃′(0) 
in Table 1. Results from [56] and the present 
study confirm this trend: as 𝑃𝑃𝑃𝑃 increases from 1.0 
to 4.0, the thermal gradient increases due to 
stronger localization of thermal effects near the 
surface. Similarly, an increase in the Schmidt 
number (𝑆𝑆𝑆𝑆) reduces mass diffusivity, resulting 
in a thinner concentration boundary layer and an 
enhanced local mass transfer rate, quantified by 
−∅′(0), which is proportional to the Sherwood 
number. Table 1 shows that as 𝑆𝑆𝑆𝑆 increases from 
0.1 to 1.0, both [56] and the present study 
observe a significant increase in −∅′(0), 
indicating more efficient mass transfer at higher 
𝑆𝑆𝑆𝑆.  
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This reflects the physical reality that lower mass 
diffusivity (higher 𝑆𝑆𝑆𝑆) intensifies concentration 
gradients at the surface, enhancing diffusive flux. 
However, the present study reports slightly lower 
values of −∅′(0) compared to [56] at 𝑆𝑆𝑐𝑐 =  0.1, 
but the values align more closely at 𝑆𝑆𝑆𝑆 =  1.0, 

suggesting improved agreement in mass transfer 
predictions at higher Schmidt numbers. Thus, the 
current results and previously published 
solutions, as compared in Table 1, demonstrate 
good agreement. This agreement validates the 
current solutions, as shown in Table 1. 

Table 1. Effects of 𝑃𝑃𝑃𝑃 on −𝜃𝜃′(0) and 𝑆𝑆𝑆𝑆 on −∅′(0) When other parameters are fixed 
𝑃𝑃𝑃𝑃 Abbas et al. [51] 

−𝜃𝜃′(0) 
Present Study 

−𝜃𝜃′(0)  
𝑆𝑆𝑆𝑆 Abbas et al. 

[51] −∅′(0) 
Present Study 
−∅′(0)) 

1.0 0.1069591 0.2488867 0.1 0.2339228 0.1484306 
4.0 0.0394994 0.0479404 1.0 0.6222070 0.5261632 
7.0 0.0998794 0.0865925 - - - 

 
5. Conclusion 
 
The analysis of flexibility and nonlinear shear 
dilution/enhancement flow in a microfluidic heat  
transfer system is studied to evaluate thermal 
transfer performance. This analysis has revealed 
significant insights into optimizing thermal 
performance in microfluidic heat transfer 
systems. Flexible designs enhance flow 
modulation, improving heat transfer efficiency 
under varying conditions. Nonlinear shear 
dilution and enhancement flows enable precise 
control of thermal gradients. These findings 
highlight the importance of adaptive materials 
and flow dynamics in microfluidic applications. 
Future research should focus on scaling these 
systems for broader industrial use. The study 
underscores the potential for energy-efficient 
thermal management in compact devices. 
Overall, integrating flexibility and nonlinear 
flow mechanisms paves the way for advanced 
microfluidic technologies. The key results are as  
follows: 
 
(1) An increase in variable fluid property 

(𝐴𝐴 = 0.1, 0.4, 0.7, 1.0) enhances velocity, 
temperature, and concentration 
distributions. This improves heat transfer 
efficiency in microelectronics, enabling 
better cooling of compact, high-power 
devices and preventing thermal failure. In 
aerospace, these enhancements facilitate 
effective thermal management in confined 
spaces, improving component reliability 
and performance under extreme 
conditions.  

 

(2) An increase in the volumetric heat source 
parameter (∆𝐻𝐻= 0.0, 0.10, 0.13, 0.15) 
amplifies the velocity, temperature, and 
concentration distributions in nanofluids, 
enhancing heat dissipation in 
microelectronics. This helps maintain the 
performance and longevity of densely 
packed circuits under high thermal loads.  
In aerospace, it boosts thermal regulation 
in compact systems, ensuring reliability in 
harsh environments. However, elevated 
velocity and concentration may increase 
pressure losses and nanoparticle 
agglomeration risks, potentially 
challenging system efficiency and 
requiring careful design optimization in 
both domains. 

(3) An increase in the shear enhancement 
parameter (𝑛𝑛 = 2.0, 3.0, 4.0, 5.0) 
heightens concentration distribution in 
nanofluids, potentially improving heat 
transfer in microelectronics by enhancing 
cooling efficiency for high-density circuits. 

 
(4) An increase in the Robin boundary term, 

(𝐶𝐶 = 0.1, 0.2, 0.3, 0.4)    which governs 
convective heat transfer at boundaries, 
decreases the temperature distribution in 
nanofluids. This enhances cooling 
efficiency in microelectronics by reducing 
the thermal stress on compact circuits and 
improving device reliability. In aerospace, 
it facilitates better thermal regulation in 
high-heat environments, ensuring 
component longevity under extreme 
conditions. 
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(5)  An increase in the stretching parameter 
(𝑁𝑁 = 0.5, 0.7, 0.9, 1.1) which influences 
surface-driven flow, boosts velocity 
distribution in nanofluids. This enhances 
convective heat transfer in 
microelectronics, improving the cooling of 
high-density circuits and preventing 
overheating. 

 
(6) An increase in flow orientation �𝛾𝛾 =

0°, 𝜋𝜋
10

, 𝜋𝜋
6

, 𝜋𝜋
9
� and flexibility parameters 

(𝑃𝑃 = 0.0, 0.2, 0.4, 0.6) reduces velocity 
distribution while elevating temperature 
and concentration distributions in 
nanofluids. This may compromise cooling 
efficiency in microelectronics by limiting 
fluid movement, potentially leading to 
localized overheating in dense circuits. 
Hence, it’s proper to reduce the values of 
both parameters to maintain an appropriate 
temperature in microelectronics and other 
microfluidic heat transfer devices for 
efficient performance and durability. 
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