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On the boundedness of Riesz potential operators: insights
from net spaces
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ABSTRACT. This paper investigates the boundedness of Riesz potential operators on net spaces that are structured
around special nets. We use the construction of net spaces and their intrinsic properties to establish conditions under
which the considered operators are bounded. The methodology developed here provides a framework for establishing
Hardy-Littlewood-Sobolev inequalities on net spaces, aiming at a deeper understanding of potential theory in non-
standard settings.

Keywords: Riesz potential, Hardy-Littlewood—-Sobolev inequality, net spaces, local nets.

2020 Mathematics Subject Classification: 46E30, 47B34.

1. INTRODUCTION

The Riesz potential operator has been actively studied due to its interlinked applications in
harmonic analysis, Sobolev spaces, and the study of partial differential equations. Therefore,
it has received significant attention from researchers over the last few decades. For a complete
study of the Riesz potential operators in harmonic analysis and its applications, we refer to
[23], [24] and the references therein. Formally, let f € L} (R") and 0 < v < n, then the Riesz
potential operator is defined as:

(1) 1N = [ LY

RTL
The classical Hardy-Littlewood-Sobolev inequality states thatif 1 < p < ¢ < oo and v =

n (1% - %), then I gn) is bounded from LP(R"™) to LY(R™). This result first appeared in the work

of Hardy and Littlewood in 1928 for the one-dimensional case in [9] and later for the general
case by Sobolev in [22]. The boundedness of the Riesz potential operator in Lorentz spaces
was characterized, e.g., in [15] and [17]. In case of Morrey spaces, these types of results can
be found e.g. see [1] and [20]. In case of non-standard function spaces, for variable Lebesgue
spaces, Diening showed the boundedness of Riesz potential operators in the papers [7] and [8].
Such results for bounded domains were obtained by Samko in [21]. In a more general setting,
for example, in grand Lebesgue spaces and non-standard function spaces, we refer to [12], [13]
and [14].

Let M be a fixed family of finite measurable subsets of R”, which we refer to as a net of
R™. For a function f which is integrable on each element of M, the average function f(t, M) is
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defined as:

F(t.00) = sup / e
gem ||
|J|>t
and if sup{|J| : J € M} = a < oo and t > o, then we set f(t, M) = 0.
The net spaces were introduced by E. Nursultanov in [18]. For 0 < p,q < oo, net space

denoted by N, ,(M) is a collection of functions for which

00 _ 1/q
({(tl/pf(t,M))q‘?) , q< oo,
[ f(z)dx
J

is finite. The net spaces are quasi-normed spaces for 0 < p,q < oo. In [18], it was shown that
if M is a collection of all compact subsets of R", then the net spaces coincide with the classical
Lorentz spaces. Therefore, net spaces can be regarded as a generalization of Lorentz spaces.
The following theorem about the inclusions of net spaces with respect to nets and exponents
was proved in [18].

Theorem 1.1. (a) If My C My, then Ny o(Ma) — Ny, o(Mn).

I flln, .2y =
q =00,

1
sup NI
Jem 1P

(b) For1 < q < q1 < oo, we have Ny, (M) — Np, o, (M).
n [18], the following interpolation theorem was also proved.

Theorem 1.2. Let 1 <py < p1 < ooand1 < q,q9,q1 < ooand 0 < 0 < 1and M be an arbitrary net
of R™. Then
(NPO:QO (M)a N;Dhth (M))Q,q — NP,Q(M)7

1-0 |, 1
Po p1’

where 1 =
p

The net spaces in the framework of the general measures were defined in [19]. The bounded-
ness criterion for integral operators in these general net spaces was also studied in this article.
For some other advancements on net spaces, we refer to [3], [4], [10], and [16].

The aim of this paper is to develop an analogue of the Hardy-Littlewood-Sobolev theorem
on net spaces that are structured around special nets. We believe that these techniques can be
useful for further development in this area. This paper has been divided into three sections, in
Section 1 a brief introduction about the Riesz potential operator and net spaces is provided. In
Section 2, our main results are presented, which is subdivided into several subsections in which
proofs of the boundedness of Riesz potential operators on net spaces generated by local nets of
intervals are given. We also prove the boundedness in higher dimensions for nets consisting
of quasi-balls in R". In the last section, the boundedness of the Riesz potential operators on
Cesaro-type net spaces is established.

Throughout this paper, constants, often different within the same series of inequalities, will
be denoted by c or C; by the symbol p’ we denote the function -£5, 1 < p < oo; the relation
a < bindicates that there exist positive constants ¢; and ¢; such that c1a < b < cpa. Finally, the
relation a < b indicates that there exists positive constant C such that a < Cb.

2. MAIN RESULTS

We begin this section with the definition of local nets. A family G = {G,};>¢ of subsets of
R™ is said to be a local net if the following conditions are met:
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(1) Gy Cc G fors > t,
(2) |G| =tfort > 0.

An example of local nets is the set of balls {Q;(x) }+~¢ centered at z. The following interpolation
theorem for local nets was proved in [11].

Theorem 2.3. Let 0 < py < p1 < 00, Go, q1,q € (0,00] and § € (0,1). If G = {G;}+>0 is a local net,
then
(Npo,qo (G), Npl,th (G>)9,q = Np,q(G>7

where + = 1=¢ 4 ¢
p Po P
2.1. Local nets of intervals. In this subsection, we show analogous to the Hardy-Littlewood-
Sobolev inequality on net spaces defined on R using closed intervals.
Let 2o € R and Q(z0) := {[zo — 0, 2o + 0] }s5>0. Then Q(zo) is a local net in R. Our main result

of this subsection is the following.

Theorem 2.4. [etl <p<g<oo, 1 <7 <ooand~y= 1% — %. Then, the Riesz potential operator
L(,l) is bounded from N, - (Q(z0)) to Ny.-(Q(z0)).

Proof. We will prove quasi-weak type inequality firsti.e.

2.2) 1D 1l vy v @0y < Nl FllN, 1 @)

Letd > 0,z0 € Rand f € N, 1(Q(z0)). Let As(xo) = [0 — J, 20 + 0] and As = As(0). Then the
following estimates hold.

[ ae-| [0 [

s (o) As(zo)

7 ds
oo As

Letting ¢5(t) = fAé(t) IS\(%” and replacing s — ¢ — s, we have

/ (1) f)(s)ds| = / F(wo + )5 (1)t

INA
8\0

/ o+ )65t + | [ Flzo+ Oés(t)dt| = T + L.
0

For I, using integration by parts, we have
o0 o0

I = 65(0G(0)| — / G(t)dy(1)dt,
0 0

where G(t) := [ f(zo + s)ds. The function ¢s(t) can be estimated as

o o

W0 s 5
2.3 t) = + o<
2.3) bs(t) W’ 0< [t <6
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Similarly for ¢;(t), we have

st = {(t+5)~— — (=9 20,

24
@4) t+6) "+ (-t 0<|t <.

For |t| > §, we have
(4 90)Y — (t—9)7

0 < |G(1)| 5(t) < ct'/? 1115 o0 (@)

v
(t+68)Y — (t—6)
<t/ 5 11N, 1 @(z0))-
Therefore
im t1/P Y (+ N o=l _ o 4—1/q _
tlggot (t+8))—(t—0)) tlggot tl;r&t 0.
Also,

lng G(2)| és(t) =
On the other hand, for 0 < |t| < §,

(t+06) +(5—t)
v

|G (t)] ps(t) /f$0+8

Hence, I is simplified as

[e%e] t ,
n=| [ s+ syis| dyterar
0

Using the bounds for ¢j(t), we have

26 t , 0o t ,
h= [\ #eo s spis| gyt [ ] [+ s)as| et
0 0 26 0
26
. 1
< [ 16501t Ly, wieteon + 330 7 65011, 000
J !

Now, we compute
28 N , 28 N
/ t?|¢6(t)|dt§/ to ((t+0) L[t —o " Y)dt
0 0
1 [? g 1 1 N
:M/ T (A1 - 1Y) dE = 67,
0

i 1 _ _
sup £ 77 g (1) = sup ¢ |((t+0) 7 — (¢ —6)7))]
25<t 25<t

=67 supt" (¢4 1) — (£ 1)) = 287
2<t

Similarly, I> < ¢,0"/|| f||n, . (@(z0))- Hence,

1
|Ag ()| /e /(Igl)f)(s)dsSC”fHNp,l(@(xo))-

s(zo0)

— 0 when ¢—0.
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Since ¢ > 0 is arbitrary, it implies the following desired inequality

||I§1)f\|Nq,m(@(w0)) <l fllvy 2 @o))-

Thus, by using Theorem 2.3 together with the interpolation theorem [5, Theorem 1.12], we
complete the proof, that is,

125 fllv, - @co)) < lfIl,.. @wo)-
0

2.2. Net of balls with respect to metric ||-||s. In this subsection, we prove the Hardy-Littlewood—
Sobolev inequality for the net M, consisting of balls defined with respect to the metric

n 1/s
(2.5) lz]ls = (Zw) :
=1

where 0 < s < 0o. Note that for s = oo it is the net of cubes, while for s = 2 it is the net of usual
(Euclidean) balls in R™.

The following lemma is a variant of Hardy’s inequality that will be used in the proof of
the main results. This inequality can be obtained by choosing the appropriate function and
exponents in [6, Theorem 6.12]. But here for the sake of completeness, we present a simple
proof of the inequality.

Lemma 2.1. Let f be non—negative measurable function on [0, 00). Let c, T be real numbers such that
o> 0and T > 1. Then the inequality

o0 T o0 T

o) ) sa(fenr

0 0
holds.

Proof. By making the change of variable t — * and applying integral Minkowski’s inequality
and taking into account that o + % > 0, we have

T
oo

) o T 00 1
o dt\ dr o T\ ds | dr
/7“ 0 B / ’“/f(;)z ;
T 0
1

0

IN |
o) ‘ — O\H
< 5
|
—~ 8 A=
= QU
Q vV
=
s =
Bl ﬁg
=5 | & N
SN—— /:
3= ~
—~
Z
—

Our main result of this subsection is the following.
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Theorem 2.5. [et 1l < p<qg< oo, 1 <7 <ooandy = % — %. Then the Riesz potential operator
defined by
6) (LeD@) = [TV

Y,
| lylls™

is bounded from Ny, (M) to N, - (M,).

Proof. Casel: 7 = c0. Let f € Np oo(M,), 7 > 0. Let Q, be arbitrary ball of radius r. If the ball
is centered at zy € R", it will be denoted by Q. (zo). Then by Fubini’s theorem, we have

@ /T( L) L/ wle wam/f y)dady
:(nfv)/ 7tndv+1 a I/f y)dzdy

R™  \Jvlls
=(n—"7) /t” 1 / /f y)dxdydt
0 {y:llstSt}
- [ [ g [ f e
0 +(0) Qr
71
2.7) = / ot T,
0
where ¢(t,1) = IQtHQ | y)dzdy| . For r > t, we have
1
@8) o< / e / flw — y)da| dy < (™ M),

While for r < ¢, we the following inequality holds.

(2.9) o(t,r) < sup |Qt / flx < f(t", My).

z€R™
t(2)
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Hence, we obtain

T (oo}

1 _ _
| [ ysf)@)da| < [ 71 My)dt+ [ €7 F(#7, M)dt
Q.| / 0/ /

r T
oo

1 7 _n_
< (w/twldt+/t’y P 1dt) Hf”Np,oo(]\/IS)
rp
0

T

n

=17 9| flIN,. (a1

Thus,
y,5 f 1Ny oo (v2) S IS NING oo (01)-

CaseIl: 0 < 7 < 0o. We have

[} . ] Td T
||Iw,s(f>||Nq,T<Ms>=( GEl| uw,sf)(x)dx) f) .
0 QreMs; "

From (2.7), it follows that

%) ) o T d o
1 Ly,s flln, ) < (/ (fq s7}1>p§/t71¢(t,r)> ;)
, >

0
1 T
0o En 0o d
< / €9 sup /t7_1¢(t,r)dt+ /t’*_lqb(t,r)dt f <I + L.
0 e e
Using the estimates as in (2.8), we have
1 T T
oo En d
I < / €4 sup / o )de | S
THZE 5 6

1 T 1= Ld T
< ; (/(gpf(gvMs)) ;) = ||f||Np17_(]y[S).

0

Now by using (2.9) and Lemma 2.1, we obtain

p<| [|esw [oreand | §
r"Zfl t 5
0 o
s|[le [erend| ¢
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1

oo

s| [ (erem) T] =1rl,.an
0

3. BOUNDEDNESS ON CESARO-TYPE NET SPACES

In this section, we prove the boundedness of Riesz potential operators on Cesaro—type net
spaces. Let G = {G;}+>¢ be local net in R™. Then the collection

M={G:+y;t >0,y e R"}

is called the net generated by the local net G. Now we define a variant of net spaces, denoted
by Ny o(M), 0 < p,q < o0, as follows,

00 1/
(f(tl/pf(t,M»q?) Y g,

0

supt%f(t,M)7 q= 00
>0

I fllnv, ar) =

where

fan = swp o= | [ e

yEeR?
t+y

We call V,, ,(M) a Cesaro-type net space. These types of spaces are particularly important due
to their structural similarity to classical Cesaro spaces, offering generalizations and flexible
settings for studying integral operators. We refer to [2] and the references cited therein for a
comprehensive review of Cesaro—type function spaces.

Let M denote the net generated by the local net of balls in R™ with respect to the norm || - || 5.
The following result gives the boundedness of the Riesz potential operator on Cesaro-type net
space.

Theorem 3.6. Let 1 <p<qg<oo,y=2-— % and 1 < 7 < oo. Then the Riesz potential is defined by

=y,
A e

(3.10) (Ly,sf)(x) =

is bounded from N, - (Mgq) to Ny - (Mg).

Proof. Let f € N, -(Mg). Let Q, be arbitrary ball with radius r(|Q,|) = r. As in the proof of
Theorem 2.5, we have

@ /(I%Sfﬂx)dw <c

r+y 0

c]of max(t MQ)d
0

Therefore, we get

7 dr
R O T iy T
0

yeR” |Qr|
r+y
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T 1

< 7 é/oofmaxtr MQ)de dr
r
0 0
. 1
T [ Fr M) T f(t, M) dr)’
= / ra /f(;’ ﬂdt+/ i 9t =
T T r
0 0 r
- 1
. f(t, M, d
= / r 7’%_%f(7“,‘7\4<2)'|‘-/f(7 wQ)dt ) =
ti—=w r
0 T

Furthermore, Minkowski’s inequality implies

1 - 1
T 1z T dr 1 [ f(t, M) dr
Iy sfln, ., mg) < c /(”f(r’MQD s + / ra /tljdt s
0 0 r

< ||f|‘Np,,(MQ) + A
Now the estimate for A follows from Lemma 2.1, that is,

7 T at\ d
A< / r%/ﬁf(t,Mm— @
t r
0 r
1
o0 d T
<c /(TéJr%f(T,MQ))Tl
g
0
IS 1
1~ Td’l“
| [er i) =Sl e
0

Hence, we arrive at
1.5 fllwv, - (i) < cllflinv, . (aig)-
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