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Abstract Keywords
In this study, an expanded SIR-type model is provided that takes behavioral and SIR Model,
environmental factors into account when analyzing the dynamics of transmission. Stochastic Modeling,
Equilibrium points and their local stability are explored in a deterministic framework, Markov chains

and the fundamental reproduction number is also calculated. The model is then
reconstructed using a discrete-time Markov chain (DTMC) technique to represent the
random character of illness propagation in real-world settings. The evolution of the
epidemic can be analyzed probabilistically using transition probabilities thanks to this
stochastic framework. Numerical simulations are used to verify the outcomes of the o

deterministic and stochastic versions, and a comparison of their predictive tendencies Received :10 June 2025

. > . o X Accepted : 13 August 2025

is made. The results have demonstrated the need to include stochasticity in Online date : 25 September 2025
epidemiological models, particularly when taking variability and uncertainty in

transmission dynamics into consideration. This dual viewpoint gives useful insights

for public health policies as well as a fuller knowledge of how diseases spread.

Time Scale of Article

1. INTRODUCTION

Comprehending the dynamics of infectious illness transmission is essential for developing public health
initiatives and controlling epidemics [1]. In order to facilitate these endeavors, mathematical modeling
has emerged as a crucial instrument for the quantitative examination of epidemiological processes [2].
The classical SIR (Susceptible—Infected—Recovered) model is notable among these models due to its
simplicity and deterministic structure, which captures the fundamental principles of disease recovery
and dissemination [2, 3].

The fundamental work of Kermack and McKendrick in 1927 [2] is where the SIR model got its start,
and it has subsequently sparked a large amount of study in both deterministic and stochastic contexts [4,
5]. The SIR system may be used to reasonably mimic a number of infectious illnesses, particularly those
with a relatively simple pattern of transmission and those in which immunity develops after infection.
Some examples of diseases can be modeled as an SIR system include: Mumps, rubella, chickenpox,
influenza etc.

Nonetheless, empirical observations and real-world data reveal that the progression of epidemics is
subject to various uncertainties and random fluctuations [6, 7]. These stochastic influences often arise
from heterogeneous contact patterns, environmental variability, and behavioral responses.
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According to a number of studies, including stochastic elements is crucial to enhancing model realism
and capturing important dynamics like outbreak variability, extinction likelihood, or epidemic initiation
latency [8, 9]. Therefore, depending exclusively on deterministic models might lead to simplistic
evaluations, which emphasizes the need for stochastic components in epidemiological models [4].

In this work, we create an expanded SIR-type model by adding more parameters that take into
consideration outside variables that affect the spread of illness. These variables are intended to represent
behavioral feedback mechanisms, social interaction levels, and environmental influences [10, 11].

In the deterministic context, we first determine the fundamental reproduction number R, and examine
the equilibrium points of the model together with their local stability criteria [12]. A discrete-time
Markov chain (DTMC) technique is then used to reframe the model within a stochastic framework,
allowing for a probabilistic examination of the system dynamics through transition probabilities [7, 9,
13]. Lastly, numerical simulations are used to confirm the theoretical results, and the predictive behavior
of the stochastic and deterministic formulations is contrasted.

This technique is innovative because it provides a more thorough and accurate depiction of epidemic
evolution by directly integrating behavioral and environmental factors into the transmission function.
Furthermore, a more sophisticated comprehension of system stability and variability in real-world
scenarios is made possible by the dual analysis, which combines deterministic and stochastic elements
[1, 4, 13].

The structure of the paper is as follows: We look at the equilibrium states and their stability
characteristics in Section 2. Section 3 involves a stochastic reformulation of the model, theoretical
calculations within the Markov chain framework, and a detailed examination of the epidemic dynamics
using the resulting transition probabilities. Section 4 provides numerical simulations to validate the
theoretical insights and compares the deterministic and stochastic models. In conclusion, Section 5
provides a recap of the main findings and discusses possible directions for future studies.

2. DETERMINISTIC MODEL

Mathematical epidemiology employs a variety of compartmental models to capture the transmission
dynamics of infectious diseases within populations. These models classify individuals according to their
epidemiological status, such as susceptible (S), infected (I), and recovered (R), resulting in widely
studied frameworks including SIS, SIR, SEIR, SEIRS, and SI models. The nomenclature directly
reflects the compartments considered, each tailored to the biological and immunological characteristics
of specific diseases [2, 4, 14]. Over time, these models have evolved to incorporate additional biological
realism, control strategies, and environmental factors, enhancing their applicability across diverse
epidemic contexts [5, 6]. In this study, we focus on the classical SIR model, which explicitly accounts
for immunity acquired post-infection. We undertake a deterministic analysis of the model dynamics,
investigating the influence of key epidemiological parameters and stability properties of equilibria.

In the presented model, the variables S(t), I(t), and R(t) represent the counts of susceptible, infected,
and recovered individuals at time t, respectively. The total population size is given by N = S(t) +
I(t) + R(t). The initial conditions satisfy S(0) +1(0) + R(0) = N. We assume that the birth rate

L d .
equals the death rate, so that the total population size is constant, d—IZ = (. The natural mortality rate and

recovery rate of infected people are denoted by the values u and r, respectively. While > 0 indicates
the transmission rate, the recently added parameters @,, a,, and a; represent the impact of
environmental factors, social interaction, and population density on disease transmission [7, 12]. The
fact that disease transmission is influenced by larger social and environmental factors in addition to
interpersonal interaction is reflected in this formulation.
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The following figure represents the population’s dynamic transitions:
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Figure 1. SIR Compartmental Diagram

Based on the previously mentioned hypotheses, differential equations that describe the dynamics of a
SIR epidemic model have the following form:

as_ N _ S —___ BSL

dat UN —psS 1+a,S+al+asSI’

ar _ Bt _

dt  1+a,S+asl+asSI (u+mL, 2.1
dR

E =rl — [,lR

This system describes the evolution of the population compartments by incorporating both demographic
processes (births and deaths) and disease-specific dynamics, infection and recovery. The introduction
of the a; parameters allows the model to account for behavioral adaptations, policy interventions, and
environmental variability—thus enhancing its applicability to complex epidemic scenarios [6].

It can be observed that that in the first two equations of (2.1), the compartment R = R(t) is absent. The
last equation of the system (2.1) , R = N — S — I, can be used to determine R. Consequently, we can
think about the sub-system provided by

S _ N_pys—__ BT
dat UN —psS 1+a,S+ayl+azSI’
ar _ psi (2.2)

= 1.
dt 1+a,S+azl+asSI (,Ll t )

The reduced system (2.2) allows for a more concise analysis of the interaction between susceptible and
infected individuals [8].

The basic reproduction number, R, is the number of secondary infections caused by one infected
individual in an entirely susceptible population [3, 4, 6, 15].To calculate the basic reproduction number,
Ry, it is necessary to determine the appearance of new infections and exits from the system. R, can be
found using the next generation matrix method introduced by Van Den Driessche & Watmough. In this
method, the emergence of new infections caused by infected individuals, and their exits from the system
(i.e., through recovery or death), are analyzed.

The part containing new infections appears only in the differential equation of the I variable. If we
denote the new infections by F, then for our system, the new infections are given by

7o BSI
1+ ay S+ ayl +azSI
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The exits from the infections are represented as
V=W+r)l

The V equation describes the departure of individuals from the system due to recovery (r[) and natural
death (ul). The basic reproduction number Ry is

RO = p(TV_l)l

where p denotes the largest eigenvalue of the matrix.
Remark 2.1 To calculate Ry, we need to consider the disease spread in the "initial outbreak" situation.

That is, when the disease is just starting to spread, we assume S = S, (the population is mostly
susceptible, with only a few infected individuals). Therefore, we will replace S with S, in the F matrix.

_ ﬂ]
1+ a1Sy

Ro = p(FV™1)

Here, FV ! represents the matrix that shows the spread of the infection, and p(FV ~1) denotes the largest
eigenvalue of the FV ~! matrix.

V=[u+r]
= [— ]
u+r

= sl ]
|1+ a Sl lu+7r

BSo ]
[(1+ aySo)(u+1)

Since the resulting matrix is of size 1 X 1, its only eigenvalue is the matrix itself. Therefore for model
(2.2), the basic reproduction number is defined as follows:
R — BSo
0 - .
1+ a1Sp)(u+71)
Here, S, was taken for values where the disease is absent or minimal. Thus, for I = 0 or I = 0, we have
So =& §* = N. That is, the basic reproduction number is given by
BN
RO = .
A+aN)(u+r1)

Theorem 2.2
e If Ry <1, then system (2.2) has a unique disease-free equilibrium of the form E,(Sy,0) =
(N,0).

e If Ry > 1, the disease-free equilibrium is still present and system (2.2) has a unique endemic
equilibrium of the form E*(S*, ") = (S *,%), where
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+X(a1X —f —azuN —a,u +\/Z)
2uazX ’
(@ X = B — azuN — ayu + VA)
B 205X ’

S*=N

I"=

with X=u+r and A= a?u®+2afur + a?r? — 2 a,u% — 2aaur + 2a,a3u?N +
2a,03uNT — 2Bayu — 2Bayr + asu? + 2a,a3u®N + 2Bayu + a3uN? — 2BazuN + 4asu? +
dasur + >

A can be simplified as A = (B — a1 X + ayu — asuN)? + 4azu(X + ayuN).

Next, we study the local stability of the disease-free equilibrium E( (S, 0) and the endemic equilibrium
E*(S*,I"). We define the Jacobian matrix of system (2.2) at any equilibrium E (S, I) by

LI(1+ayl) -fS(1+a,S)
1 (1+a,S+azl+azSIH? (1+a,S+ayl+azSH)?
]E(s n= . (2.3)
, BI(1+ayl) BS(1+a4S) X
(1+a,S+ayl+azSH)? (1+a,S+azl+asSI)?

Theorem 2.3. The disease-free equilibrium E(S,, 0) is locally asymptotically stable if Ry < 1 and
unstable whenever Ry, > 1.

Proof. The equilibrium point of the system is Ey (S, 0) = (N, 0), and at Ey(Sy, 0), (2.3) becomes

—u _—BuN_
](EO) _ Bu[jv(d1N+1) (24)
un+y  HTT
u—k __“PuN _
WaN+D MR
N
det(J(Ey) — kI) = (—y—k)-(%—u—r—k)w:o

BuN B

(—#—k)'(m—ﬂ—r—k) =0

—u—k=0 = ki=—u

BuN

o —r—k=
wnN+1 AT

BuN

- r=k
wN+1) KT
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Thus, the eigenvalues k; and k, are obtained. Since k; < 0, this condition is already satisfied for this
eigenvalue. Now, let’s analyze the eigenvalue k.

BuN
p(aN + 1)

k, <0= —u—-r=<0

BuN

55— —(u+r)<0
Y (n+7)

:>(“+r)[( 1N+1)(,u+r) —1=0

= (u+1)[Ry—1] <0
=>[Ry—1] <0
Ry<1

Hence, the eigenvalues k; and k, of system (2.4) are negative when R, < 1. Therefore, the equilibrium
point Ej is locally asymptotically stable for Ry < 1, and becomes unstable whenever Ry > 1. =

s* uNu

Theorem 2.4 The endemic equilibrium E*(S*,———) is locally asymptotically stable if Ry > 1 and

unstable whenever R, < 1.

Proof. At E*(S*,1"), (2.3) becomes

B BI* (1+ayl") —BS*(1+a;5*)
](E*(S*, 1*)) _ (1+a35*+a21**+a35*1*)2 (1+a1*5*+a21*:-a35*1*)2 2.5)
BI* (1+ayl™) BS*(1+a;5%) B
(1+a,S*+aI*+azS*1*)>2 (1+a,S*+aI*+a3S*1%)?

For simplicity, let us assume the following equalities:

BI*(1+ayl™) _
(1+a;S*+ap*+asS*1*)2
BS*(1+a,S™) _
(1+a;S*+ap*+asS*1*)2

Thus, we can rewrite the (2.5) as:

](E*(S*,I*)) _ (—.UG— G —H )

—u—-G-k  —-H

det (J(E*) — kI) = | p WXk

=(-u—G—k)H-X—k)+GH=0

=k?’+(G-H+X+wWk+GX —uH +uX =0
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—u—G—k —H
G H-X—k

det (J(E*) — kI) = |
=(—u—-G—k)YH-X-k)+GH=0
=k?’+(G-H+X+wWk+GX —uH +uX =0

Hence, the eigenvalues of J(E™) are

_ ~(G-H+X+W)+/(G-H+X+p)%2—4(GX—uH+uX)

k
1,2 >

(2.6)
The characteristic equation of the (2.5) is

k? +a;k+ay=0
where

e ay=0GX—uH + uX,
o a,=(G—-H+X+p).

We assume that Ry > 1 . Hence, ay > 0 and a; > 0 whenever Ry, > 1. Thus , by Routh-Hurwitz
criterion [19] , all the eigenvalues of the (2.5) system of equations defining the model have negative real
parts at point E* for Ry > 1, which ensures the locally asymptotic stability of equilibrium point for Ry >
1 and unstable whenever R, < 1.

3. FORMULATION OF DTMC SIR EPIDEMIC MODEL

Stochastic models, such as discrete-time Markov chains (DTMC), provide a valuable framework for
capturing the randomness inherent in epidemic spread within finite populations [4, 13].

In this section, we formulate the extended SIR model as a DTMC by defining the state space and
transition probabilities, incorporating environmental and behavioral factors into the transmission
dynamics. Beyond deterministic predictions, this stochastic approach allows for a thorough probabilistic
examination of illness course [6, 16].

A Markov chain with a limited state space is used to formulate the discrete-time stochastic SIR model.
In a population of fixed size N, the state space is defined as the set of ordered pairs {(N,0), (N —
1,0), ..., (0,0), (N —-1,1), (N-21), ..., (0,1), ..., (O,N)}, where each (S,I) combination
corresponds to the susceptible and infected population sizes at a given time point.

The stochastic SIR model is a bivariate process characterized by the random variables S and I,
representing the number of susceptible and infected individuals at time t, respectively. The number of
recovered individuals at time ¢ is calculated as R(t) = N — S(t) — I(¢t).

Within the DTMC epidemic framework, time evolves in discrete intervals t € {0, At, 2A¢, ... }, where At
denotes the constant time step. The system assumes that at most one event (infection or recovery) occurs

during each time interval [7, 13, 17].

The stochastic SIR model has a joint probability function,
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P(siy (£) = Prob(S(8) = 5,1(t) = i) 3.1)

where s,i = 0,1,2,...,Nand0 <s+i < N.

Let, S — At, rIAt and 1 — [L +7l ] At denote the probability of infection of a
1+ S+a,l+asSI 1+a,S+ay+azSI

susceptible individual, the probability of recovery of an infective or the probability of no change,
respectively:

. . BSI
Prob[Sesar =S — Llgpar =i+ 1118 =51 =i] = TraSta,lrast
PT'Ob[SH_At = S'It+At = l - 1 ] |St = S, It = l] = TIAt (32)
. . BSI
PTOp[SH_At = SJIt+At =1 ] |St = S,It = l] =1- [m'{' TI] At

Each death is balanced by a corresponding birth, maintaining a constant population size.
The difference equations satisfied by the joint probability p(s ;) (t) are

B(s+1)(i-1)
1+a,(s+1)+a,(i-1)+az(s+1)(i—-1)

Pesi(t +At) = Atp(s41,i-1)(t)

+r( + DAtp(s,i+1) (1) (3.3)
Bsi .
+ [1 N (1+a15+a2i+a3si t Tl) At] p(s,i) (t)

wheres,i = 0,1,2, ..., N and Ds,i) (t) =0ifs,i € {0,1, ..., N}. To ensure that the transition probabilities
are positive and bounded by one, it is required that

Pes,i(t) < 1.
s+i=0,1,..,N
s+isN

The inequality above is satisfied if At is chosen sufficiently small. We express equation (3.3) in matrix
and vector notation as below, where t = nAt and p(t) is a row vector of probabilities for the states (s, i)
at time t:

p(t + At) = p(H)P = p(0)P"*!
The bivariate process exhibits Markov property and is time-homogeneous by nature. By selecting a
sufficiently small-time step At, it can be assumed that at most one transition occurs within each interval.
Let the initial state of the population at time t = 0 be (Sy,1y) = (Sg,ip), implying P[(Sy, Ip) =
(S0, ip)] = 1. To predict future states, we use the Markov property [17, 18], which states that the future

state depends only on the current state, not on the past. This is particularly expressed by the following
equation (3.4).

p(s+m,i+n),(s,i)(At) = P[(St+ae Ierar) = m,n) | (S, 1) = (s,0), ..., (S0, Ip) = (S0, 0p).]

P(s+mi+n),(si) At) = P[(Serae levae) = (M) | (S, 1) = (s,0).] (34

Thus, the transition probabilities of the SIR model can be represented as follows:
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BSI

At, ) = - 1; i+ 1

1+ a5+ ayl + a3SI (m,m) = (s : )

P mm= { TIAL, (mn) =(s,i —1) (3.5)
BSI
1- + 71| At, M) = (s,
T+ aS +ayl +azsl | (m,n) = (s,0)
\ 0, otherwise

The only absorbing states in the model are of the form (S, 0), where S = 0,1, ..., N, corresponding to
the extinction of the disease. Once the system reaches any such state, it remains there permanently,
meaning that the transition probability satisfies p(s oy,s,0) = 1. Hence, there are N + 1 absorbing states

in total and the transition matrix P as follows:

States W0 N-10 - (L0 (0,0) W - 11 N =21 ©,1) ©, Ny
(W, 0) 1 0 0 0 0 0 0 0 0 0

(N - 1,0) 0 1 K 0 0 0 0 0 0 0 0

(1,0) 0 0 1 0 0 0 0 0 0
(0,0) 0 0 0 1 0 0 0 0 0
N -1
P=j w-1p 0 At 0 0 1-|————————————————+ | a 0 0 0 0 0
T+aWN =1 +a, +aN-1)
BN - 2)

N -21) 0 0 0 0 0 1—[—+r A 0 .. 0
1+a,(N-2)+a +aN-2)

0,1 0 0 0 At 0 0 P 0

(0, N) 0 0 0 0 0 0 0 0 0 01— Nrat

4. NUMERICAL SIMULATIONS

In this section, we present numerical simulations to illustrate the dynamical behavior of both the
deterministic and stochastic SIR epidemic models under consideration. The simulations are designed to
give a thorough comparison between the discrete-time Markov chain (DTMC) formulation of the model
and the standard deterministic method.

As a starting point for comprehending the general dynamics of the epidemic, we start by looking at the
temporal evolution of the susceptible, infected, and recovered populations in the deterministic SIR
model.

We next use many sample routes produced by the DTMC SIR epidemic model to investigate the
stochastic behavior of the system. To illustrate the intrinsic unpredictability brought about by stochastic
influences, these trajectories are placed next to the deterministic solution (shown by a dotted curve).

Finally, we analyze the probability distribution of the states in the DTMC SIR model. This distribution
is computed using the iterative formula

p(t + At) = p(O)P = p(0)P™*,
where P denotes the transition probability matrix, p(t) is the state probability vector at time t, and At

is the discrete time step. This analysis provides insight into the likelihood of the system residing in
various states over time.
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o Casel:Ry>1

When the basic reproduction number exceeds unity (R, > 1), the epidemic tends to spread through the
population. Figure 2 displays the temporal evolution of the susceptible, infected, and recovered
compartments according to the deterministic SIR model. As observed, the infected population grows
rapidly, reaching a peak before declining to an endemic equilibrium.

Figure 3 shows three sample paths of the discrete-time Markov chain (DTMC) SIR model, plotted
alongside the deterministic solution (dashed line). The stochastic trajectories exhibit variability but
generally align with the deterministic trend, emphasizing the role of randomness in disease spread.

Finally, Figure 4 illustrates the evolution of the probability distribution of states in the stochastic model.
The distribution concentrates around the endemic equilibrium over time, reflecting the persistence of
the infection in the population.

Susceptible (S)
Infected (1)
Recovered (R)
]
]
H]
T
=
b=
£
‘5
E 40+ \
£
S
4
30
20
10
0 500 1000 1500 2000 2500

Time step

Figure 2. Time-course dynamics of epidemic spread in the SIR epidemic model for Case 1.
The simulation parameters are set as follows: At = 0.01, N =100, 8 =0.1, a; = 0.1, a, = 0.02,

az = 0.003, u=0.1, r=0.5 with initial condition (5(0),/(0)) = (98,2). In the stochastic
formulation, the initial condition holds with certainty, i.e. ,

P((5(0),1(0)) = (98,2)) = 1.
Both the basic reproduction number and the initial replacement number exceed unity, with Ry =

1.5152 > 1. The epidemic outbreak is clearly observable in the trajectory of the deterministic solution,
while each of the three sample paths similarly displays a characteristic epidemic curve.
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Figure 3. Three sample paths of the DTMC SIR epidemic model are graphed with the deterministic solution
(dashed curve). Parameter values are the same as in Figure 2

1
=
P
= 0.5
Q
@©
Q
o
18
0
0

2000 100
Infected Individuals - I(t)

Time steps (t)

Figure 4. Probability distribution of the DTMC SIR epidemic model, (I(t), t, p(t)). Parameter values are the same
as in Figure 2

e Casell:Ry<1

For Ry <1, the infection is expected to die out, and the disease-free equilibrium is stable. This is
demonstrated in Figure 5, where the deterministic infected population declines monotonically to zero.

The stochastic sample paths presented in Figure 6 also show that the infection eventually disappears in
all realizations, confirming the extinction of the disease.

Moreover, the probability distribution depicted in Figure 7 increasingly concentrates on the disease-free
state as time progresses, highlighting the absorbing nature of this equilibrium in the stochastic
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framework. Now, we choose = 0.05, and we keep the other parameter values. In this case Ry =
0.75758 < 1.

100 T T

Susceptible (S)
90 - Infected (I)
Recovered (R)

70 1

60 b

407 1

Number of individuals
[41]
=}
T
1

20 1

10F 1

0 500 1000 1500 2000 2500
Time step

Figure 5. Time-course dynamics of epidemic spread in the SIR epidemic model for Case II.

12 \ \

= = = Deterministic

Stochastic Path 1
10 Stochastic Path 2 | |
Stochastic Path 3

Infected Individuals I(t)
[+

0 10 20 30 40 50 60 70 80
Time (t)

Figure 6. Three sample paths of the DTMC SIR epidemic model are graphed with the deterministic solution (dashed
curve). Parameter values are the same as in Fig.5
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Probability - p(t)

Infected Individuals - I(t)

Figure 7. Probability distribution of the DTMC SIR epidemic model, (1 ), t, p(t)). Parameter values are the same
as in Figure 5

5. CONCLUSION

In this study, we investigated the dynamics of an epidemic using both deterministic and stochastic
formulations of the SIR model. The deterministic model was analyzed in terms of equilibrium points
and the basic reproduction number R, providing a foundational understanding of the system’s long-
term behavior.

To capture random fluctuations inherent in real-world epidemic processes, the model was extended to a
discrete-time Markov chain (DTMC) framework. The transition probabilities between states were
derived, and the corresponding transition matrix was expressed in canonical form. The transient and
absorbing states were identified and interpreted in the context of epidemic spread and extinction.

Numerical simulations were carried out to visualize and compare the evolution of the epidemic under
both deterministic and stochastic settings. For values of Ry < 1, the infection was shown to die out,
aligning with the theoretical expectation of global stability at the disease-free equilibrium. When Ry >
1, both the deterministic trajectory and the stochastic sample paths indicated sustained transmission,
with the probability distribution eventually spreading over a range of infected states rather than
collapsing to the disease-free condition.

Overall, the results demonstrate the importance of considering stochastic effects in epidemic modeling,
particularly for small population sizes or near the critical threshold Ry = 1, where random fluctuations
may significantly alter the system’s outcome. The integration of deterministic analysis and stochastic
simulation provides a comprehensive view of epidemic dynamics and enhances our understanding of
the probabilistic nature of disease transmission.
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