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ABSTRACT

In this paper, our aim has been to deal with numerical solution of two dimensional hyperbolic
boundary value problem. By applying Galerkin method for solution of this problem, numerical

results are obtained and these results are compared with analytical solutions.
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DIRICHLET KOSULUNA SAHIP iKi BOYUTLU HIPERBOLIK SINIR
DEGER PROBLEMININ NUMERIK COZUMU iCiN GALERKIN
METODU

OZET

Bu calismada, amacimiz iki boyutlu hiperbolik smir deger probleminin niimerik ¢6ziimii ile
ilgilenmektir. Bu problemin ¢oziimii i¢in Galerkin metodu uygulanarak niimerik sonuglar elde

edilir ve bu sonugclar analitik ¢éziimler ile karsilastirilir.

Anahtar Kelimeler: Hiperbolik Sinir Deger Problemi, Niimerik Yaklasim, Galerkin Metodu.
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1. Introduction and Statement of the Problem

Hyperbolic boundary value problems have been appeared as mathematical modelling of physical
phenomena like small vibration of a string, in the fields of science and engineering. In recent
years, there has been much attention to studies related with these problems [1, 2, 3].

In this paper, on the domain Q, = ¢x(0,T )where ¢ =(0,1,)x(0,1,), we consider

U, —Au+q(x)u=F(xt), xegte(0,T) (1)
u(x,0)=¢(x),u(x,0)=w(x), xe¢ 2)
u(xt) =0, te(0,T) (3)

hyperbolic initial-boundary value problem and this problem states wave equation in physical

2 2

meaning. A=(6—+%jis the Laplace operator and I" is the boundary of ¢. Also the initial

X2

displacement ¢(x) and the initial velocity y (x)are given.
Let us refer from some notations used in this paper.

The space L, (Qt) is the set of all square integrable functions on the domain ¢ . The Hilbert space

called H*(€,) is the set of functions taken from L,(€,) to the spatial variables and time

variable of first order. The space H*(€,) which is subspace of the space H* (£, ) consists of the

functions vanishing at boundary of the domain ¢ .

The paper is organized as follows: In section 2, we obtain the generalized solution for hyperbolic
problem. In section 3, we refer from the considered numerical method. In section 4, we give three

examples and calculate their error norm on the space L, .

2. Solvability of the Problem

Let us write a priori estimate utilizing energy method to demonstrate the existence, uniqueness

and continuity of the solution according to input data[4].

Definition 1. The generalized solution of the problem (1)-(3) is the function u e Hl(Qt) and it

satisfies the following integral equality;

Galerkin Method for Numerical Solution of Two Dimensional Hyperbolic Boundary Value Problem with Dirichlet Conditions 2



o iy
o D

ok

Arastirma Araz&Durur/Kirklareli University Journal of Engineering and Science 4-1(2018) 1-11 \_/
j(—utyt+Vu.Vy+q(x)Uy)dxdt=jw( (x, O)dx+_[ (x,t)dxdt (4)
[oN ¢

forall u(xt)e H'(Q,), u(x,T)=0 [5].
Theorem 1. Generalized solution of the problem (1)-(3) in the sense of (4) is exist, unique under

conditions q(x)eL,(¢),F(xt)eL, (), o(x)eL,(¢),w(x)eH'(4) and satisfies the
following inequality;
[l ey = o (IFIE e * ol Iy ) (5)

Proof: Multiplying the equation (3) with the function U, and integrating on the domaing and

taking into account the condition (3), we write the following inequality;

—I[ +(Vu(x, 1) +a(x)( }dx—_j[ +(Vu(x,0))" +a(x)(u(x,0))" ox

(6)
jF(x,t)utdxdt
Let us define the integral J (t) called energy norm as follows;
1/2
2 2
0=l = 3] ) () ) o]
¢
From energy norm, equality (6) is reorganized like this;
32(1)=3%(0)+ [F(x.t)udxdt te[0,T]. (7)
Q
Corollary 1. For the problem (1) — (3), the following inequalities are valid;
ol = [ <3 (1) te[oT] @
L(s) — g ’ ’
1
vl <329(1), teoT] ©)
Jull, ) <V23 (1), te[0T] (10)

By taking derivative of the inequality (7) for t >0and applying Cauchy-Bunyakovski inequality,

it follows that
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) Lzmt)} te[0,T] (11)

Jms%ﬂumq

If we regulate the equality (11) and take as ¢, =max{1,q,}, we write inequality

um<fj(

Using the inequalities (8) and (11), (12), we obtain the following inequality;
2
o0, <5 (

and from the inequalities (9) and (11), (12), we write

ot HVu X, O)

+Hu(x,0)HL2(¢)). (12)

I, +2F UL, vte0T] @3)

2

[Vu(-t) L

<36, Ju Jvtefor]. @4

(

However, benefitting from the inequalities (10) and (11), (12) we formulate as follows;

2

o 0l

<30(

2
I vteT] (15)
Summing the inequalities (13), (14) and (15) and after some manipulations, we get the inequality,

Ju(

2 ’
iy < (IFIE o Il + WL I ) 92 [0.T] (16)

where ¢, —max{Bcz,giq,ﬁ Gc} nd
1 1
2
Ju GOy < o (IF Ly + sy + I IE ) 0 =T (17)

HY(

3. Numerical Solution: Galerkin Method

In this section, we give information about Galerkin method. Galerkin methods have been utilized
to solve the problems encountered structural mechanics, dynamics, fluid flow, heat and mass
transfer, acoustics, microwave theory, neutron transport, etc. The Galerkin method can be thought
of as the calculus of variations performed backwards. That is, the Galerkin method seeks to find
the weak form expressed in terms of integrals, and solve that, instead of solving the strong form
of the problem as a differential equation.

Galerkin method is an influential numerical method for solving different types of partial
differential equations [6, 7, 8]. Subasi et al. [9] have applied the Galerkin method to the problem
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of vibration of one dimensional system with free end conditions. Limaco et al. analyzed from the
mathematical point of view a model for small vertical vibrations of an elastic string with fixed
ends and the density of the material being not constant [10]. The basic Galerkin methods with
piecewise linear basis functions and quadratic basis functions have been compared in [11].

In literature, there have been many researches about Galerkin method which is an important tool
in for numerical solution of hyperbolic problems [12, 13, 14].

The main contribution of this study is to obtain a successful approximation for two dimensional

hyperbolic boundary value problem with variable coefficient. The proposed method has been

improved to solve equations with transverse elastic force which is the function q(x) taken place

in the coefficient of hyperbolic problem.
Now, we apply this method to the considered problem.
By using Galerkin Method, the approximate solutions for the problem (1)-(3) are written as

follows;
N N

ut (xt)=2 > ¢ (v ()

i=1 j=1

where the coefficients c; (t) are the functions such that
Ci:'\l (t) = <uN (X’t)’vii (X)>|_2(¢)

fori, j=1,2,..., N and the functions v; (x)are basis functions for which (v; (x),v, (x)) 5 =5,

La(
is valid for k,I=1,2,...,N. Here 5,1{ is Kronecker delta. Let us write the equation (1) for the
approximations u" (x,t) so that we obtain the coefficients ¢’ (t)

N dZCi;\l(t) N N N N

2 Vi (x)= 2 2.5 (D) Av; (x)+a(x) 2, D (ty; (x)=F(x.t) (19)

2
i=1 j=1 dt i=1 j=1 i1 j=1

M=

and then integrate on the domain ¢ after multiplying both side of equality (19) with the function

Vi (X) . Hence we obtain the equality such as,
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dZCN N N . N N |
I Z;Z;, dt2 ij Z;Z;Cij (t)AVij(X)Jrq(X)Zl‘,Z;Cu (W (%) M (x)dx:jF(x,t)/k, (x)dx  (20)
=1 j= i=1 j= i=1l j= ¢

where <Vij (%), Vig (X)>L )

2

=0 and (Av;(x),V, (X)>L2(¢) =0as {i,j}#{k1}.

Let us we write this system in the matrix form of

d” v (o N (1)
WC (t) v(jt)c (t)=F(t) 1)
C"(0)=D, —C"(0)=E
where C" (t) is the matrix of searched functions that is,
(t) ca(t) - o)
CN(t)= Cle'(t) CZNZ'(t) CZNN'(t) (22)
) e (o)
and the coefficient matrix V (t) defined by
<—Av11(x,t)+q(x)vll(x),vn(x)>Lz(¢) ce (=AM (X, 1)+Q(X) vy (X) Wy (x)>Lz(¢)
V(t)= : : . (23)
<—AVN1(x,t)+q(x)le(x),le(x)>Lz(¢) o (A (X 8) G (X)Vyy (X) Vi (x)>L2(¢)
The right hand side of matrix is in the form of
(F(xt) Vu(x)>L2(¢) (F(x t)'Vlz(X)>Lz(¢) (F(x.0). vy (X)>L2(¢)_
()= <F(x,t),\{21(x)>Lz(¢) <F(X't)’YZZ(X)>L2(¢) <F(x,t),v‘2N(x)>L2(¢) . (24)
_<F(x,t),vN1(x)>L2(¢) (F(x.t) (x)>Lz(¢) - (F(xt) (x)>Lz(¢)

However, the matrices of initial conditions are given by

Galerkin Method for Numerical Solution of Two Dimensional Hyperbolic Boundary Value Problem with Dirichlet Conditions 6
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11 0 Oy 12 0 IN 0
i (0) €i(0) - ah(0) ‘j;c " " " ‘jfc N
o |0 0 0] |a© i) - L] @
c4(0) h(0) ek (o)
() ek (0) < el (0)

subject to ¢f' (0)=(¢p(x), v, (X)>Lz(¢) and %CUN (0)=(w(x).v, (X)>Lz(¢) :

By calculating the coefficients ¢’ (t), we obtain the approximate solutionu®™ (t). The equation

(21) states a system of second order ODE and the solution of this system is uniquely solvable.

4. Numerical Illustrations

In this section, we present test problems after giving theoretical information mentioned in the
previous sections. Before giving illustrations, we refer from its properties and basis functions
which we will use for solving examples. In this article, we take the following fundamental set as

basis functions
(v (x)} = —2_sin| 2 Jsin| 2| —2_sin| X |sin| I2Y | 2_gin| N7 |jn| N2y
|1|2 I1 I2 |1|z I1 IZ I1I2 I1 |2

for which the following statements are hold;

0 {i, )= {k, 1}
(v ()% (), = (ﬁ](l_”j fi. i} = {1}

| ,

1

Example 1. Let us consider problem (1)-(3) on the domain(x,y)<[0,2]x[0,2] and te[0,t]

-1 0<xandx<1ye[0,2]

where ¢(x,y)=0, w(x,y)=0, a(x)= 1 cxandx<? y<[0,2]
X—3 - o |
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and
1. (7zx). («x
—Esm(7jsm(7yj(ﬂ2 cost—7° —4cost +2) 0<x<1ye[0,2],te[0t]

F(xt)=
(x1) 1sin(?)sin(?j(ﬂzxcost—imzcost—zrzx+37r2—2xcost+8005t—2)

XSZ,yG[O,Z],te[O,t]

2 X—3

In this case, by solving the system (21), the exact solution is equal to approximate solution which

is u(x,t)=u" (x,t)=(1—cost)sin %X sin %X for N =10.

The graphs of these solutions are given in Figure 1.

. . . N
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Figure 1: The graph of the approximate solution and exact solution for N =10, t=1.

Example 2. Let us analyze problem (1)-(3) on the domain(x,y)e[0,1]x[0,2] and te[0,t]

where (X, y)=0, q(x)=x

lx(2x—1)sin£3”—yj 0<x<l,ye[0,2]
2 2 2
p(xy)=1 ") 3
—E(x—l)(Zx—l)sin[%y) x<1ye[0,2]
and
%costsin(:’,”—yj(l&rzx2 — 9 x+8x° —12x" + 4x 16 ) X< % ye[0,2],te[0,t]
F(x.t)=

2
—%costsin(%Tyj(l&zzxz —272°x+8X° +97° —20X* +16x—20) x<1ye[0,2],te[0,t]
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In this case, the exact solution is
=x(2x—1)cost sin (%Tyj
—%(x—l)(Zx—l)cost sin(gﬁTyj

The graphs of these solutions are given in Figure 2.

x<%,ye[0,2],te[0,t]
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Figure 2: The Graph of the Approximate Solution and Exact Solution for N =10, t=1
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Example 3. Let us solve problem (1)-(3) on the domain(x, y)[0,1]x[0,1] and t €[0,t].For this

example, we shall take as q(x)=x+Yy, ¢(x,y)=sinzxsinzy, y(X,y)=-sinzxsinzy,
F(x,t)=e"sinzxsin 7Z'y(27T2+X+ y+1)

In this case, it can be seen that the exact solution is u(x,t) =e™ sinzxsinzy.

The graphs of these solutions are given in Figure 3.

Galerkin Method for Numerical Solution of Two Dimensional Hyperbolic Boundary Value Problem with Dirichlet Conditions
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Figure 3: The Graph of the Approximate Solution and Exact Solution for N =10, t=1

5. Conclusion

In this paper, Galerkin method with basis functions has been proposed to solve two dimensional
hyperbolic boundary value problems. The existence, uniqueness and dependence continuously of
generalized solution for problem have been demonstrated by Theorem 1. It is considered three
illustrations for the hyperbolic boundary value problem in this article.

Speaking for the examples presented, it can be seen that the method is successful. In other words,
the numerical results confirm the validity of the technique. It has been utilized from Maple in

numerical calculations.
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