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1. Introduction

The idea of impulsive differential equations has had attention many investigators. Its developments over more than twenty years in almost all
science. It performed as an essential role in present day in current applied mathematical model of real techniques bobbing up in phenomena
studied in physics, chemical generation, population studies and political economy; one can follow the monograph of Lakshmikantham
et al. [12]. The analysis of impulsive differential equation involving classical derivatives one can refer to [2, 13, 14, 16]. Nowadays the
investigation of FDE involving Hilfer fractional operator introduced by Hilfer [4] is increasing rapidly one can refer to [3, 9, 10]. Later on
the generalized fractional derivative introduced by U.N. Katugampola [11] is unified with Hilfer fractional derivative by Oliveira and E.
Capelas de Oliveira in [15] is named as Hilfer-Katugampola fractional derivative.

The fractional Ulam-Hyers stability (FUHRS) of FDE has been studied in [5, 17] utilizing the classical fractional calculus. While, this
form of stability has been formalized in a complex domain for the Cauchy problem in [6]-[8]. Here, we shall introduce a generalization for
FUHRS involving a multi- power of fractional calculus.

Consider the impulsive differential equation involving Hilfer-Katugampola fractional derivative of the form

P®Po(t) = f(t,0(t), tel :=I\{t1,stn},]:=[0,b]
APTI o0 (t) 1=y = sr0 (1), (1.1)
P31=70(0) =0y, y=0+p —ap,

where PD %P is Hilfer-Katugampola fractional differential operator of order ot(0 < ot < 1), B(0 < B < 1), PJ'~7 is a generalization fractional
integral operator of order 1 —7, p >0, f:Ix R — Ris a given continuous function, Y : R -+ R, and 0 =1y <t] < ... <ty <tpy1 =D,
APT Vo) =PI T0(1F) =PI Yo (t, ), and PI' Yo (") = limy, o4 0(tx + 1), PT'"To(t, ) = limj,_,o_ v(t + h) are the right and left
limits of v(r) at r = 1, respectively.

The paper constructed as follows: In Section 2, we present the main definitions and preliminaries. In Section 3, we deal with the finding
results. In Section 4, we introduce a generalization of a special class of FUHRS.
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2. Preliminaries

Here, we recall some of well known concepts ( see [1, 13, 15]). Consider the space
PC(ILR) = {v:1—R:0(t) € Clty,tg+1],k =0,...,m; there exists v(t," Jando(r, )} .

Now we consider the weighted space PCy(I,R).

P\
PCy,(I,R) = {n: ( ) k ) D|[lk71k+l] € Cltg,tys1),k=0,...,m where 0 < y < 1}.

Obviously, it is a Banach space with norm

® P\
||U||Pcy_p = sup { ( k ) U(t)},kzo,...,m.
! (7 tr11] p

The following spaces are used to solve the problem:

PCYP (1.R) = {f € PC1_y,(I,R),PD%F f € PC, (I,R)}
and
PCl_, ,(I.R) = {f € PCi_yp(I.R),PDf € PCi_yp(I.R) }.

It is obvious that

(I,R) c PC*P(I.R).

Y
PC 170

1-7,p
Definition 2.1. The generalized left-sided fractional integral PIZ, f of order a € C(R(ax)) is defined by

(PIg) f(1) = ?l(;o / (1P —5P) 1P f(s)ds, £ > a, @D

The generalized fractional differential operator, corresponding to the generalized fractional integral operator (2.1), is defined for 0 < a <1,
by

a—n—1
p

(PDEf) (1) = ) (t“"i)n / (1P — Pyt f(s)s, 2.2)

I'n—o dt
if the integral exists.

Definition 2.2. The Hilfer-Katugampola fractional derivative with respect to t, with the fractional power p > 0, is defined by

(PoiPr) = (i”ﬁ,’ﬁ‘i (t"" %) Pﬁé‘;ﬁ)““’)) (0 @3)

= (#P32.8,P3L P o),

at

e The operator P ”Dg;ﬁ can be written as

PP —pPlm@ g oyl _pgBlden? |y — gt B —ap.

* The fractional operator P ’Dg;ﬁ is considered as interpolation, with the convenient parameters, of the following fractional derivatives,
Hilfer fractional differential operator when (p — 1), Hilfer-Hadamard fractional derivative when (p — 0), generalized fractional
derivative when ( = 0), Caputo-type fractional derivative when (8 = 1), Riemann-Liouville fractional differential operator when
(B =0,p — 1), Hadamard fractional operator when (8 = 0,p — 0), Caputo fractional operator when (f = 1,p — 1). Caputo-
Hadamard fractional operator when (B = 1,p — 0), Liouville fractional operator when (f =0,p — 1,a = 0), Hadamard fractional
operator when (B =0,p — 1,a = —0), We consider the following parameters o, 3,y satisfying

y=a+B-aB, 0<y<l,a>0,B<1.
For o > 0, B > 0and 0 < y < 1. The properties are given as follows,
L. If f € Cy(I,R), then we have the following semigroup property
(P33P )(1) = (P3P (1),
2. If f € Cy(I,R), then

(PRI () = f(0).
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3. Ift > 0 then

(5 o ()

and

roe () -0

4. If f € PCyand P3'=%f € PC)(I,R), then

napmyay (. LI TO)(0) (0 \ 4T
P30 () =10 - S DO (D)

5. If a > v, then P3% f is continuous on [0, ]

P3%£(0) = imPI%f(r) = 0.

t—0

6. If f € PC} ,(I,R), then

PIPDYf(r) =PT*PD%P £(r) 2.4)

and

PRYPIOf(1) =PRI r(p). 2.5)
7. Let f € L'(0,b). If PDBU=%) £ occurs on L!(0,b), then

PREBPF (1) = PPI-)PB(I=0) £(4).
8. If f € PCyp(I,R) and P3P~ € pC]_ (I,R), then PD*P3* exists on [0,5] and

PRUPIf () = £ (o).

Lemma 2.3. Let v € PC_y(I,R) satisfies the following inequality

¢ _g o—1
pol<crve [ (“50) 2 plast ¥l

p 0<n <t

where c| is a non-negative, continuous and non-decreasing function on I and cy, X; are constants. Then

lo(0)] < c1 (1 + an(czl"(Oc)ta)kEa(czf(a)ta) fort € (ttis1),

where y =sup{xx:k=1,2,3,....,}.

Theorem 2.4. (Schaefer’s fixed point theorem) Let B3 : K — K be completely continuous operator. If set E[B] = {v € K : v = §(Bv), for some & € [0,b]]
is bounded, Then B3 has fixed point.

Lemma 2.5. A function v is the solution of fractional impulsive differential equation

PDeBo(r) = f(t,0(1)),r € 1
Apjli’yu(t)t:tk = Xkb(t]:)7
le_yn(()) =

if and only if v achieves the integral equation

PN\
n(t)_<tppt ) FL

at ¥z + Y P3P pa(n) | +P IR 0(0)). 2.6)

o<n <t o<t <t
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3. Findings
We make the following hypotheses to prove our main results.
(HI) Let f:1xR— R be a continuous function and a positive constant L > 0 accomplishing | f(z,0) — f(¢,0)| <L|v —b|, for allv,b €R.
(H2) Let f:1x R — R be a completely continuous function and a function p € L' fulfilling |f(z,0)| < |u(t)|, for allz €1, v €R.
(H3) Let the functions y; : R — R be continuous and a constant L;; > 0 achieving
Lk (0(,) — xx(0(5, )| < L Jo(ie) —0(1e)|, for allv, 8 ER, k=1,2,....m
(H4) Let the functions y : R — R be continuous and a constant u € L! satisfying
Lk (o(t,)| < |u*(1)], for allv €R, k=1,2,...,m
(H5) There is an increasing function ¢ € PCy_y(I,R) and there occurs Ay > 0 such that for any r € I
P3%(t) < Apo(1).

Theorem 3.1. Assume that [H1] - [H4] are satisfied. Then, Eq.(1.1) has at least one solution.

Proof. The proof will be given in several steps.
Consider the operator B3 : PCy_y ,(I,R) — PCi_y, (I,R). The equivalent integral Eq. (2.6) which can be written in the operator form

o(t) = Po(7)

B P —1f [
“p"“—( P ) )

+PIRL(,0(0)).

where

a+ Y o)+ Y pjzlk 1B<1 ) £ (1, 0())

o<n <t o<t <t (3« 1)

We shall show that the operator 13 is continuous and completely continuous.

Claim 1: * is continuous.
Let v, be a sequence such that v, — v in PCi_y,(/,R). Then for each t € I,

PN\
((‘an)(t)—(‘ﬁb)(t))<tp lk) S(ly)[ Y (on(t)) — 2k (o(8)) |+ Y Jz]k IBI | f 1y 0n (1)) = £ (11,0(10)))|

T 0<r<t O<n <t
PP\
+(,,k> 38 (1.0 (6)) — £0,0(0)).

since f is continuous, then we have

(F0u)(6) — (F0) (1) e, ,, =0 a5 n— oo

Claim 2: We show that 3 is the mapping of two bounded set.
For r > 0, there exists a positive constant / such that

B, = {0 € PCLyp(LR): [0llpc, , <7}, wehave [|(No)lpe, ,, < 1.

at Y o)+ Y 3 P p 0 w)]

0<n <t 0<t <t

p_ P\
+(‘ p’k) 3% £(1,0(2))|

p

 arn (") T e, IO, (£ ) B0 )
IRAVY p HApe T pe 0 { 770 r(1-B(1-a))

N P 1P 1ﬂ/B(y,oc) P —1f (XHHH ol
P L) \ p Hilrc

r-1 m - - ’
< ﬁ a+m(% HIJ*(Z)HPCI,V_D+ ?(()]’{B(ﬁl(i a)O)C)) (%) ””(t)h’clv.p}
+Bg’ao)‘> (%) 14Ol
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Claim 3: We show that 93 maps bounded sets into equicontinuous set.
Lett;,t; € 1,t) <tp,B, be a bounded set of PC_y(I,R) as in Claim 2, and v € B,.. Then,

p_p\'177 p_p\!Y
mn)(zl)(“ ptk) mn)(tz)(’z ptk>

-y
1 PP
<——lat ¥ mow)+ ¥ PR P rae@)| 4 (R ) Pag AL (0)
F(Y) 0<t <ty 0<tp <ty
17
1 p1-B1-a) £\ 7 pa
= la+ Y wmow)+ Y P3| Flt o) | — | —— J S (12,0(12))
F(Y) 0<n<tr 0<n <ty
1 pyl-B(l1-a)
<F7 Y e+ Y L [t 0(t))
(Y) O<t<t;—ty 0<n<ti—t
I By,a) | (P =P\® (£ -\
Moty [\ o) TUp

As t; — 1y, the right hand side of the above inequality tends to zero. From Claim 1 to 3, together with Arzela-Ascoli theorem, we conclude
that B : PCy_yp (I,R) — PCi_y,(I,R) is continuous and completely continuous.

Claim 4: A priori bounds.
Now we prove that
©={vbEPCi_yp(I,R):0=58N(v),0<8<1}

is bounded set.
Letv € o, v = 8P(v) for some 0 < & < 1. Thus for each 7 € 1. We have

-\
o)=9 ( b ) e

We show this Claim by letting the estimation in Claim 2. Finally, by Theorem 2.4, we deduce that °3 has a fixed point and it is the solution of
problem (1.1). O

a+ Y o)+ Y sz]k lﬁ(] ) f(t,0())

0<n <t 0<n <t

+PIFf(r,0(1))

Theorem 3.2. Assume that the hypothesis (H1) and (H3) are fulfilled. If

{r(lw <’"L* (f)w i mLfg f[;(ff;))“” (l;:)) *% (f)] <!

then, Eq. (1.1) has a unique solution.

Proof. Letv,o € PCi_yp(I,R) and t € I, then we have

tP

_P\Y
(Po(r) —Po(r)) ( 5 b )

”\

O<t <t o<f <t

[ Y o) — 2@+ Y P3P0 ol ))f(rk,u(rk»@

e

) PO |f(t,0(1)) = £(2,0(2))]

< | (”lj’ff)y e 0=l + M P2 <t;:_p,gl)a”0_anM
(T ) l_yﬁ%j‘) (’p o )7 o,
< [mL* (2) Io-lic,, + B BU) (273 ||n—v|pcw,p}
2002 e
o () (2)) 2 2 o
~ ol

This yields that 3 admits a unique fixed point, which is a solution of Eq. (1.1). O
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4. FUS Analysis

In this section, we exam the FUS for our FDE (1.1). Let ¢ : I — R™ be a continuous function and € > 0. We need the following inequalities:

PO %u(r) — f(t,u(r))] < e,

{ [APT (), — i (ulrp))| < e .1
{ PO %u(r) — f(t,u(r))] < o), 42)
AT T(0) = — 2wl )] < E@(1), '

{ [PD%u(r) — f(t,u(r))| < 9, 43)
[APTTu(t)i—, — 2 (ut )] < 0(0), '

Definition 4.1. The Eq. (1.1) is FUS if there finds a real number C¢ > 0 such that for each € > 0 and for each solution w € PCi_y ,(I,R) of
the inequality (4.1) there exists a solution v € PCi_y ,(I,R) of Eq. (1.1) with

lu(r)—v(t)| <Cre, tel

Definition 4.2. The Eq. (1.1) is FUS if there occurs a function ¢ € PCi_yp(I,R), ¢7(0) = 0 satisfying that for each solution u €
PCi_yp(I,R) of the inequality (4.1) there occurs a solution v € PC_y,(I,R) of Eq. (1.1) with

lu(r) —o(?)| < @re, tel

Definition 4.3. The Eq. (1.1) is FUHR stable with respect to @ € PCi_y,(I,R) if there occurs a real number Cy o > 0 such that for each
€ > 0 and for each solution w € PCi_y ,(I,R) of the inequality (4.2) there exists a solution v € PCi_y ,(I,R) of Eq. (1.1) with

lu(r) —v(t)| <Crp e0(t), tel

Definition 4.4. The Eq. (1.1) is FUHRS with respect to ¢ € PCi_y 5(I,R) if there finds a real number Cy. o > 0 such that for each solution
u € PCi_yp(I,R) of the inequality (4.3) there occurs a solution v € Ci_y(I,R) of Eq. (1.1) with

[u(t)—0(1)| < Crop(r), 1€l

Remark 4.5. A function w € PCi_y (I, R) is a solution of the inequality (4.1) if and only if there finds a function g € PCi_y 5(I,R) such
that

(i) 1g(t)| <&, |gk| <eteL ,
(ii) PO%Pu(r) = f(t,u(r))+g(t), r 1.
(iii) APTVu(t) i, = 2euslty ) + 8-

Remark 4.6. Ifu is a solution of the inequality (4.1), then u is a solution of the following integral inequality
tP 7lp ” 1 1-B(1—
u(f)( k) N Y wuw+ Y PL P £ u(t)) =PI f(r,u(r))
P () 0<t <t 0<t<t

() (s () ) G) )

Moreover, by Remark 4.5, one can realize that
PREBU() = f(r,u(t)+g(t), 1€l
APT (1), = xeu(ty ) + g
Then

P —1P oy
““"( b ) e

From this it follows that

a+ ¥ )+ Y P2 P ()

0<n <t 0<n <t

+P3g ftu()).

at+ Y zu)+ Y P POC “>f<rk,u<zk>>} —PIE f(r,u(r))

0<n <t 0<n <t

+P33, 18(0)]

,P_[]f ! 1-B(1-a)
< ) Z ng|+ Y P4, lg (@)l
<H <

0<n <t

sg{ ( oA a) (z)lﬁ(la))w;m(z)a]

We have similar remarks for the inequality (4.2) and (4.3).
Now, we give the main results, FUHRS results.
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Theorem 4.7. The hypothesis [H1], [H3] and [H5] holds. Then Eq.(1.1) is FUHRS.

Proof. Let u be solution of 4.3 and by Theorem 3.2 there v is unique solution of the problem

PO*Py(r) = f(1,0(t),0(A1)), 1€,
APt =y = pau(ty) + s
P31-Tp(0) = P31 Tu(0).

Then, we have

at+ Y uom)+ Y pj};:B(l_a)f(fkm(fk))

+P3F f(t,0(1)).

By differentiating inequality (4.3), we have

(59w

PPN m
< <<p> w(l+l¢)+/l(p> o(1).

at+ Y wum)+ Y pﬁéﬁ(la)f(fkvu(fk))} P33 ftu(r)

0<n <t 0<n <t

Hence, it follows

at+ Y o)+ ) pjtlz:ﬁ(l_a)f(tkvn(tk)):| —P3g f(t,0(1))

0<n<t 0<n <t

at+ Y )+ Y ”Zluﬁ(]a)f(fbu(fk))} =PI ftu()

0<n<t 0<n <t

I(y)

p_P\T!
+(’ t") ﬁ(mum 206016 | P34 P £ (0 u(a0)) — £ (1 0(00))1)
+P32 1 (e u(0) = f(t,00))]

PN\ m A Ly
<<(p) m(1+z¢)+x¢>¢(:)+(p) Ty [140) — ()]

(i () repiay i () |mo-w0l

By the properties, there occurs a constant M* > 0 independent of A () such that

u(t) =0 ()] <M 2p9(1) := Cr o0 (1)-

Thus, Eq.(1.1) is FUHRS. O
References
[1] M. 1. Abbas, Ulam stability of fractional impulsive differential equations with Riemann-Liouville integral boundary conditions Journal of Contemporary

(2]
(3]

[4]
(31

(6]

(8]
(91

[10]
[11]

[12]
[13]

[14]

[15]
[16]

(171

Mathematical Analysis, 2015, (50), 209-219.

M. Benchohra, B. Slimani, Existence and uniqueness of solutions to impulsive fractional differential equations, Electronic Journal of Differential
Equations, 10, (2009), 1-11.

K. M. Furati, M. D. Kassim, N. E. Tatar, Existence and uniqueness for a problem involving hilfer fractional derivative, Computer and Mathematics with
Application, 64, (2012), 1616-1626.

R. Hilfer, Applications of Fractional Calculus in Physics, World scientific, Singapore, 1999.

R.W. Ibrahim , H.A. Jalab , Existence of Ulam stability for iterative fractional differential equations based on fractional entropy, Entropy 17 (5) (2015)
3172.

R.W. Ibrahim, Ulam-Hyers stability for Cauchy fractional differential equation in the unit disk, Abstract Appl. Anal. (2012) 1.

R.W. Ibrahim, Generalized Ulam-Hyers stability for fractional differential equations, Int. J. Math. 23 (05) (2012) 1.

R.W. Ibrahim, Ulam stability for fractional differential equation in complex domain, Abstract Appl. Anal. (2012) 1.

R. Kamocki, C. Obczynski, On fractional Cauchy-type problems containing Hilfer’s derivative, Electronic Journal of Qualitative Theory of Differential
Equations, 2016, 50, 1-12.

R. Kamocki, A new representation formula for the Hilfer fractional derivative and its application, Journal of Computational and Applied Mathematics,
308, (2016), 39-45.

U.N. Katugampola, Existence and uniqueness results for a class of generalized fractional differential equations, Bulletin of Mathematical Analysis and
Applications, arXiv:1411.5229, v1 (2014). https://arxiv.org/abs/1411.5229.

V. Lakshmikantham, D. D. Bainov, P. S. Simeonov, Theory of Impulsive Differential Equations, World scientific, Singapore(1989).

X. Liu, Y. Li, Some Antiperiodic Boundary Value Problem for Nonlinear Fractional Impulsive Differential Equations, Abstract and Applied Analysis,
(2014).

Z.Luo, J. Shen, Global existence results for impulsive functional differential equation, Journal of Kathematical Analysis and Application, 323, (2006),
644-653.

D. S. Oliveira, E. Capelas de oliveira, Hilfer- Kutugampolafractwnal derivative, arxiv:1705.07733v1, 2017.

A. Ouahab, Local and global existence and uniqueness results for impulsive differential equations with multtple delay, Journal of Mathematical Analysis
and Application, 323, (2006), 456-472.

J. Wang, L. Lv, Y. Zhou, Ulam stability and data dependence for fractional differential equations with Caputo derivative, Electronic Journal of
Qualitative Theory of Differential Equations, 63, (2011), 1-10.



	Introduction
	Preliminaries
	Findings
	FUS Analysis

