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Abstract 

 

    In this study, several novel integral inequalities are 

established for various classes of convex functions by 

employing the Caputo–Fabrizio fractional integral 

operator. Specifically, new inequalities are derived for 

m-convex and (𝛼, 𝑚) − convex functions. The 

presented results generalize and extend existing 

inequalities in the literature, reducing to known 

outcomes for certain specific parameter values. The 

derivations rely on the fundamental properties of the 

Caputo–Fabrizio fractional operator, formal 

definitions of different types of convexity, and 

standard analytical techniques. 

 

Keywords: Caputo-Fabrizio fractional integral 

operator, 𝑚 −convex functions, (𝛼, 𝑚) −convex 

functions. 

 

1. Introduction 

 

    The theory of inequalities plays a fundamental role 

in mathematical analysis and has become a focal point 

of modern research due to its extensive applications in 

various fields such as statistics, approximation theory, 

optimization, and numerical analysis. Within this 

broad domain, convex functions occupy a central 

position, not only because of their intrinsic connection 

to inequalities through their definitions, but also due to 

their elegant mathematical structure and the wide 

range of generalizations they admit. 
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Convexity, in its classical form, has inspired the 

development of numerous generalized convexity 

concepts, such as m-convexity and (α,m)-convexity, 

each tailored to capture specific functional behaviors 

and to extend the applicability of known inequalities. 

These generalized convex functions have proven 

useful in obtaining more refined and flexible forms of 

integral inequalities. 

 

On the other hand, the theory of fractional calculus—

particularly involving non-singular and non-local 

operators—has attracted increasing attention in recent 

years. Among these operators, the Caputo–Fabrizio 

fractional operator, characterized by its exponential 

kernel and absence of singularity, has emerged as a 

powerful tool in modeling memory-dependent 

processes and in deriving new analytical results. 

 

Motivated by the growing interest in both generalized 

convex functions and fractional operators, this paper 

aims to establish several new integral inequalities for 

m-convex and (𝛼, 𝑚) −convex functions via the 

Caputo–Fabrizio fractional integral operator. The 

results presented herein not only extend known 

inequalities but also unify various existing findings as 

special cases under particular parameter choices. The 

derivations are based on the properties of the Caputo–

Fabrizio operator, the defining characteristics of 

generalized convex functions, and classical tools of 

analysis. 

 

We begin by recalling essential definitions and 

preliminary results that will be used throughout the 

paper. 
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2. Materials and Methods 

 

In this section, we present some essential 

definitions and foundational concepts that will be used 

in the subsequent analysis. 

 

Definition 2.1.  Let 𝐼 be on interval in 𝑅. Then  𝑓: 𝐼 →

𝑅 is said to be convex, if  

𝑓(𝑡𝑥 + (1 − 𝑡)𝑦) ≤ 𝑡𝑓(𝑥) + (1 − 𝑡)𝑓(𝑦) 

holds for all 𝑥, 𝑦 ∈ 𝐼 and 𝑡 ∈ [0,1] (Pecaric et al. 1992). 

 

Definition 2.2. (Toader 1984) The function  

𝑓: [0, 𝑏] → 𝑅, 𝑏 > 0, is said to be 𝑚 −convex, where  

𝑚 ∈ [0,1], if  we have 

𝑓(𝑡𝑥 + 𝑚(1 − 𝑡)𝑦) ≤ 𝑡𝑓(𝑥) + 𝑚(1 − 𝑡)𝑓(𝑦) 

for all 𝑥, 𝑦 ∈ [0, 𝑏] and 𝑡 ∈ [0,1]. 

 

Definition 2.3. (Miheşan 1993) The function 

𝑓: [0, 𝑏] → 𝑅, 𝑏 > 0 is said to be (𝛼, 𝑚) − convex, 

where (𝛼, 𝑚) ∈ [0,1]2, if we have  

𝑓(𝑡𝑥 + 𝑚(1 − 𝑡)𝑦) ≤ 𝑡𝛼𝑓(𝑥) + 𝑚(1 − 𝑡𝛼)𝑓(𝑦) 

for all 𝑥, 𝑦 ∈ [0, 𝑏] and 𝑡 ∈ [0,1]. 

 

This class generalizes both convex and 𝑚 −convex 

functions and has been widely studied due to its 

applications in integral inequalities (Mihesan 1993, 

Özdemir et all 2011). 

 

These generalized convex functions provide greater 

flexibility than classical convex functions in the 

derivation of functional inequalities, especially when 

used in conjunction with fractional integral operators. 

 

Definition 2.4. Let 𝑓 ∈ 𝐻1(0, 𝑏), 𝑏 > 𝑎, 𝛼 ∈ [0,1] 

then, the definition of the left and right Caputo-

Fabrizio fractional integral is: 

( 𝐼𝑎
𝐶𝐹 𝛼 )(𝑡) =

1 − 𝛼

𝐵(𝛼)
𝑓(𝑡) +

𝛼

𝐵(𝛼)
∫ 𝑓(𝑦)𝑑𝑦,

𝑡

𝑎

 

and 

( 𝐼𝐶𝐹
𝑏
𝛼)(𝑡) =

1 − 𝛼

𝐵(𝛼)
𝑓(𝑡) +

𝛼

𝐵(𝛼)
∫ 𝑓(𝑦)𝑑𝑦

𝑏

𝑡

 

where 𝐵(𝛼) > 0 is normalization function 

(Abdeljawad and Baleanu 2017). 

 

Throughout the remainder of the paper, we shall refer 

to the normalization function by 𝐵(𝛼), where it 

satisfies 𝐵(0) = 𝐵(1) = 1. 

      Tariq et al. (2022) established a Hermite-

Hadamard type integral inequality for preinvex 

functions by employing the Caputo-Fabrizio fractional 

integral, as given below. 

 

Theorem 2.1. Let 𝑓: 𝐼 = [𝑘1, 𝑘1 + 𝜇(𝑘2, 𝑘1)] →

(0, ∞) be a preinvex function on 𝐼° and 𝑓 ∈ 𝐿[𝑘1, 𝑘1 +

𝜇(𝑘2, 𝑘1)]. If  𝛼 ∈ [0,1], then the following inequality 

holds 

𝑓 (
2𝑘1 + 𝜇(𝑘2, 𝑘1)

2
)                                                       

≤
𝐵(𝛼)

𝛼𝜇(𝑘2, 𝑘1)
                                                                      

× [ 𝐼𝑘1

𝐶𝐹 𝛼 {𝑓(𝑘)} + 𝐼𝐶𝐹
𝑘1+𝜇(𝑘2,𝑘1)
𝛼 {𝑓(𝑘)}

−
2(1 − 𝛼)

𝐵(𝛼)
 𝑓(𝑘) ]                           

 ≤
𝑓(𝑘1) + 𝑓(𝑘2)

2
                                                             

where  𝑘 ∈ [𝑘1, 𝑘1 + 𝜇(𝑘2, 𝑘1)]. 

 By utilizing the Mittag-Leffler function 

within the framework of the Caputo-Fabrizio 

derivative, Atangana and Baleanu formulated new 

fractional derivative operators, presented as follows 

 

Definition 2.5. (Atangana and Baleanu 2017). Let 𝑓 ∈

𝐻1(0, 𝑏), 𝑏 > 𝑎, 𝛼 ∈ [0,1] then, the definition of the 

new fractional derivative is given: 

(1.1) ( 𝐷𝑎
𝐴𝐵𝐶

𝑡
𝛼)[𝑓(𝑡)] =

𝐵(𝛼)

1−𝛼
∫ 𝑓′(𝑥)𝐸𝛼 [−𝛼

(𝑡−𝑥)𝛼

(1−𝛼)
] 𝑑𝑥.

𝑡

𝑎
 

 

Definition 2.6. (Atangana and Baleanu 2017). Let 𝑓 ∈

𝐻1(0, 𝑏), 𝑏 > 𝑎, 𝛼 ∈ [0,1] then, the definition of the 

new fractional derivative is given: 

(1.2) ( 𝐷𝑎
𝐴𝐵𝑅

𝑡
𝛼)[𝑓(𝑡)] =

𝐵(𝛼)

1−𝛼

𝑑

𝑑𝑡
∫ 𝑓(𝑥)𝐸𝛼 [−𝛼

(𝑡−𝑥)𝛼

(1−𝛼)
] 𝑑𝑥.

𝑡

𝑎
 

 

Both Equations (1.1) and (1.2) feature non-local 

kernels. Additionally, Equation (1.1) yields zero when 

the input function is constant.  

The associated fractional integral operator was 

defined by Atangana and Baleanu as follows. 

 

Definition 2.7. The fractional integral associate to the 

new fractional derivative with non-local kernel of a 

function  𝑓 ∈  𝐻1(𝑎, 𝑏) as defined: 
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𝐼𝑎
𝐴𝐵 𝛼 {𝑓(𝑡)} =

1 − 𝛼

𝐵(𝛼)
𝑓(𝑡)

+
𝛼

𝐵(𝛼)Γ(𝛼)
∫ 𝑓(𝑦)(𝑡 − 𝑦)𝛼−1𝑑𝑦

𝑡

𝑎

 

where,  𝑏 > 𝑎, 𝛼 ∈ [0,1] (Atangana and Baleanu 

2017). 

Abdeljawad and Baleanu introduced right hand 

side of integral operator as follows; The right fractional 

new integral with ML kernel of order 𝛼 ∈ [0, 1]  is 

defined by 

𝐼𝐴𝐵
𝑏
𝛼{𝑓(𝑡)} =

1 − 𝛼

𝐵(𝛼)
𝑓(𝑡)

+
𝛼

𝐵(𝛼)Γ(𝛼)
∫ 𝑓(𝑦)(𝑦 − 𝑡)𝛼−1𝑑𝑦.

𝑏

𝑡

 

where, 𝑏 > 𝑎, 𝛼 ∈ [0,1] (Abdeljawad and Baleanu 

2017). 

To explore the diverse formulations and 

applications of fractional operators, we direct 

interested readers to the following references, which 

offer detailed discussions and significant contributions 

to the field (Abdeljawad 2015, Abdeljawad and 

Baleanu 2017, Akdemir et al. 2021, Akdemir et al. 

2022-Akdemir et al. 2017, Butt et al. 2020, Caputo and 

Fabrizio 2015, Gürbüz et al. 2020, Rashid et al 2020, 

Samko et al. 1993, Set 2012, Set et al. 2017). 

 

3. Results 

 

Theorem 3.1. Let Ι ⊆ ℝ. Suppose that 𝑓: [𝑎, 𝑏] ⊆ Ι ⟶

ℝ is a m-convex function on [𝑎, 𝑏] such that 𝑓 ∈

𝐿1[𝑎, 𝑏]. Then, we have the following inequality for 

Caputo-Fabrizio fractional integrals: 

 

( 𝐼𝛼 𝑓𝑎
𝐶𝐹 )(𝑘) + ( 𝐼𝑏

𝛼𝐶𝐹 𝑓)(𝑘) 

≤
4(1 − 𝛼)𝑓(𝑘) + 𝛼(𝑏 − 𝑎)(𝑓(𝑎) + 𝑚𝑓(𝑏))

2𝐵(𝛼)
 

 

where 𝐵(𝛼) > 0 is normalization function 𝑚 ∈ (0,1]  

and 𝛼 ∈ [0,1]. 

 

Proof. By using the definition of convex function, we 

can write 

𝑓(𝑡𝑎 + 𝑚(1 − 𝑡)𝑏) ≤ 𝑡𝑓(𝑎) + 𝑚(1 − 𝑡)𝑓(𝑏).  

By integrating both sides of the inequality over [0,1] 

with respect to t, we get 

 

∫ 𝑓(𝑡𝑎 + 𝑚(1 − 𝑡)𝑏)
1

0

𝑑𝑡 

≤ ∫ 𝑡𝑓(𝑎)
1

0

𝑑𝑡 + ∫ 𝑚(1 − 𝑡)𝑓(𝑏)
1

0

𝑑𝑡. 

 

By changing the variable as 𝑥 = 𝑡𝑎 + (1 − 𝑡)𝑏 and by 

calculating the right hand side, we obtain 

1

𝑏 − 𝑎
∫ 𝑓(𝑥)

𝑏

𝑎

𝑑𝑥 ≤
𝑓(𝑎) + 𝑚𝑓(𝑏)

2
. 

By multiplying both sides of the above inequality with 
𝛼(𝑏−𝑎)

𝐵(𝛼)
 and adding  

2(1−𝛼)

𝐵(𝛼)
𝑓(𝑘), we have 

 

2(1 − 𝛼)

𝐵(𝛼)
𝑓(𝑘) +

𝛼

𝐵(𝛼)
∫ 𝑓(𝑥)

𝑏

𝑎

𝑑𝑥 

≤
2(1 − 𝛼)

𝐵(𝛼)
𝑓(𝑘) +

𝛼(𝑏 − 𝑎)

𝐵(𝛼)

|𝑓(𝑎)| + 𝑚|𝑓(𝑏)|

2
. 

 

By simplifying the inequality, we get the result as: 

(
1 − 𝛼

𝐵(𝛼)
𝑓(𝑘) +

𝛼

𝐵(𝛼)
∫ 𝑓(𝑥)

𝑘

𝑎

𝑑𝑥) 

+ (
1 − 𝛼

𝐵(𝛼)
𝑓(𝑘) +

𝛼

𝐵(𝛼)
∫ 𝑓(𝑥)

𝑏

𝑘

𝑑𝑥) 

≤
2(1 − 𝛼)

𝐵(𝛼)
𝑓(𝑘) +

𝛼(𝑏 − 𝑎)

𝐵(𝛼)

𝑓(𝑎) + 𝑚𝑓(𝑏)

2
. 

Therefore, we can write 

 

( 𝐼𝛼 𝑓𝑎
𝐶𝐹 )(𝑘) + ( 𝐼𝑏

𝛼𝐶𝐹 𝑓)(𝑘) 

≤
4(1 − 𝛼)𝑓(𝑘) + 𝛼(𝑏 − 𝑎)(𝑓(𝑎) + 𝑚𝑓(𝑏))

2𝐵(𝛼)
. 

 

This completes the proof. 

 

Theorem 3.2 Let Ι ⊆ ℝ. Suppose that 𝑓: [𝑎, 𝑏] ⊆ Ι ⟶

ℝ is a m-convex function on [𝑎, 𝑏] such that 𝑓 ∈

𝐿1[𝑎, 𝑏]. Then, we have the following inequality for 

Caputo-Fabrizio fractional integrals: 

 

( 𝐼𝛼 |𝑓|𝑎
𝐶𝐹 )(𝑘) + ( 𝐼𝑏

𝛼𝐶𝐹 |𝑓|)(𝑘) 

≤
2(1 − 𝛼)|𝑓(𝑘)|(𝑝 + 1)

1

𝑝 + 𝛼(𝑏 − 𝑎)(|𝑓(𝑎)| + 𝑚|𝑓(𝑏)|)

𝐵(𝛼)(𝑝 + 1)
1

𝑝

 

where 𝐵(𝛼) > 0 is normalization function 𝑞 > 1,  
1

𝑝
+

1

𝑞
= 1, 𝑚 ∈ (0,1]  and 𝛼 ∈ [0,1]. 

 

Proof. By using the definition of convex function, we 

can write 

𝑓(𝑡𝑎 + (1 − 𝑡)𝑏) ≤ 𝑡𝑓(𝑎) + 𝑚(1 − 𝑡)𝑓(𝑏). 
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By taking the absolute values of both sides of the 

inequality, the integration is performed with respect to 

t in the interval [0,1]. 

∫ |𝑓(𝑡𝑎 + (1 − 𝑡)𝑏)|
1

0

𝑑𝑡 

≤ |𝑓(𝑎)| ∫ 𝑡
1

0

𝑑𝑡 + 𝑚|𝑓(𝑏)| ∫ 1 − 𝑡
1

0

𝑑𝑡. 

If we apply the Hölder's inequality to the right-hand 

side of the inequality, we get 

∫ |𝑓(𝑡𝑎 + (1 − 𝑡)𝑏)|
1

0

𝑑𝑡 

≤ |𝑓(𝑎)| (∫ 𝑡𝑝
1

0

𝑑𝑡)

1

𝑝

(∫ 1𝑑𝑡
1

0

)

1

𝑞

 

+𝑚|𝑓(𝑏)| (∫ (1 − 𝑡)𝑝
1

0

𝑑𝑡)

1

𝑝

(∫ 1𝑑𝑡
1

0

)

1

𝑞

. 

By changing the variable as 𝑥 = 𝑡𝑎 + (1 − 𝑡)𝑏 and by 

calculating the right hand side, we obtain 

 

1

𝑏 − 𝑎
∫ |𝑓(𝑥)|

𝑏

𝑎

𝑑𝑥 

≤ |𝑓(𝑎)| (
1

𝑝 + 1
)

1

𝑝

+ 𝑚|𝑓(𝑏)| (
1

𝑝 + 1
)

1

𝑝

. 

 

By multiplying both sides of the above inequality 

with 
𝛼(𝑏−𝑎)

𝐵(𝛼)
 and adding  

2(1−𝛼)

𝐵(𝛼)
|𝑓(𝑘)|, we have 

 

2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼

𝐵(𝛼)
∫ |𝑓(𝑥)|

𝑏

𝑎

𝑑𝑥 

≤
2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)|

+
𝛼(𝑏 − 𝑎)(|𝑓(𝑎)| + 𝑚|𝑓(𝑏)|)

𝐵(𝛼)
(

1

𝑝 + 1
)

1

𝑝

. 

 

By simplifying the inequality, we get the result. 

 

(
1 − 𝛼

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼

𝐵(𝛼)
∫ |𝑓(𝑥)|

𝑘

𝑎

𝑑𝑥)

+ (
1 − 𝛼

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼

𝐵(𝛼)
∫ |𝑓(𝑥)|

𝑏

𝑘

𝑑𝑥)

≤
2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)|

+
𝛼(𝑏 − 𝑎)(|𝑓(𝑎)| + 𝑚|𝑓(𝑏)|)

𝐵(𝛼)
(

1

𝑝 + 1
)

1

𝑝

. 

 

The desired result is obtained as: 

 

 

( 𝐼𝛼 |𝑓|𝑎
𝐶𝐹 )(𝑘) + ( 𝐼𝑏

𝛼𝐶𝐹 |𝑓|)(𝑘) 

≤
2(1 − 𝛼)|𝑓(𝑘)|(𝑝 + 1)

1

𝑝 +

𝐵(𝛼)(𝑝 + 1)
1

𝑝

 

+
𝛼(𝑏 − 𝑎)(|𝑓(𝑎)| + 𝑚|𝑓(𝑏)|)

𝐵(𝛼)(𝑝 + 1)
1

𝑝

. 

 

This completes the proof. 

 

Theorem 3.3. Let Ι ⊆ ℝ. Suppose that 𝑓: [𝑎, 𝑏] ⊆ Ι ⟶

ℝ is a m-convex function on [𝑎, 𝑏] such that 𝑓 ∈

𝐿1[𝑎, 𝑏]. Then, we have the following inequality for 

Caputo-Fabrizio fractional integrals: 

 

( 𝐼𝛼 |𝑓|𝑎
𝐶𝐹 )(𝑘) + ( 𝐼𝑏

𝛼𝐶𝐹 |𝑓|)(𝑘) 

≤
2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)| 

+
𝛼(𝑏 − 𝑎)(|𝑓(𝑎)| + 𝑚|𝑓(𝑏)|)

𝐵(𝛼)
(

𝑞 + 𝑝(𝑝 + 1)

𝑞𝑝(𝑝 + 1)
) 

 

where 𝐵(𝛼) > 0 is normalization function 𝑞 > 1,
1

𝑝
+

1

𝑞
= 1, 𝑚 ∈ (0,1] and 𝛼 ∈ [0,1]. 

 

Proof : By using the definition of convex function, 

we can write 

𝑓(𝑡𝑎 + (1 − 𝑡)𝑏) ≤ 𝑡𝑓(𝑎) + 𝑚(1 − 𝑡)𝑓(𝑏). 
By taking the absolute values of both sides of the 

inequality, the integration is performed with respect 

to t in the interval [0,1], then we get 

∫ |𝑓(𝑡𝑎 + (1 − 𝑡)𝑏)|
1

0

𝑑𝑡 

≤ |𝑓(𝑎)| ∫ 𝑡
1

0

𝑑𝑡 + 𝑚|𝑓(𝑏)| ∫ (1 − 𝑡)
1

0

𝑑𝑡. 

If we apply the Young's inequality to the right-hand 

side of the inequality, we get 

∫ |𝑓(𝑡𝑎 + (1 − 𝑡)𝑏)|
1

0

𝑑𝑡 

≤ |𝑓(𝑎)| (
1

𝑝
(∫ 𝑡𝑝

1

0

𝑑𝑡) +
1

𝑞
(∫ 1𝑞𝑑𝑡

1

0

)) 

+𝑚|𝑓(𝑏)| (
1

𝑝
(∫ (1 − 𝑡)𝑝

1

0

𝑑𝑡) +
1

𝑞
(∫ 1𝑞𝑑𝑡

1

0

)). 

 



                          Some Novel Fractional Integral Inequalities for Different Kinds of m-Convex and (α,m)-Convex Functions 

EAJS, Vol. 10, Issue 1-2                                                                                                                                                                            | 5 

 

By changing the variable as 𝑥 = 𝑡𝑎 + (1 − 𝑡)𝑏 and by 

calculating the right hand side, we obtain 

1

𝑏 − 𝑎
∫ |𝑓(𝑥)|

𝑏

𝑎

𝑑𝑥 

≤ |𝑓(𝑎)| (
1

𝑝(𝑝 + 1)
+

1

𝑞
) + 𝑚|𝑓(𝑏)| (

1

𝑝(𝑝 + 1)
+

1

𝑞
). 

 

By multiplying both sides of the above inequality with 
𝛼(𝑏−𝑎)

𝐵(𝛼)
 and adding  

2(1−𝛼)

𝐵(𝛼)
|𝑓(𝑘)|, we have 

2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼

𝐵(𝛼)
∫ |𝑓(𝑥)|

𝑏

𝑎

𝑑𝑥 

≤
2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)|

+
𝛼(𝑏 − 𝑎)(|𝑓(𝑎)| + 𝑚|𝑓(𝑏)|)

𝐵(𝛼)
(

1

𝑝(𝑝 + 1)
+

1

𝑞
). 

 

By simplifying the inequality, we get the result as: 

 

(
1 − 𝛼

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼

𝐵(𝛼)
∫ |𝑓(𝑥)|

𝑘

𝑎

𝑑𝑥)

+ (
1 − 𝛼

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼

𝐵(𝛼)
∫ |𝑓(𝑥)|

𝑏

𝑘

𝑑𝑥)

≤
2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)|

+
𝛼(𝑏 − 𝑎)(|𝑓(𝑎)| + 𝑚|𝑓(𝑏)|)

𝐵(𝛼)
(

𝑞 + 𝑝(𝑝 + 1)

𝑞𝑝(𝑝 + 1)
). 

After necessary operations, the result will be written 

as follows: 

( 𝐼𝛼 |𝑓|𝑎
𝐶𝐹 )(𝑘) + ( 𝐼𝑏

𝛼𝐶𝐹 |𝑓|)(𝑘) 

≤
2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)|

+
𝛼(𝑏 − 𝑎)(|𝑓(𝑎)| + 𝑚|𝑓(𝑏)|)

𝐵(𝛼)
(

𝑞 + 𝑝(𝑝 + 1)

𝑞𝑝(𝑝 + 1)
). 

 

Theorem 3.4. Let Ι ⊆ ℝ. Suppose that 𝑓: [𝑎, 𝑏] ⊆ Ι ⟶

ℝ is a (𝛼1,m)-convex function on [𝑎, 𝑏] such that 𝑓 ∈

𝐿1[𝑎, 𝑏]. Then, we have the following inequality for 

Caputo-Fabrizio fractional integrals: 

 

( 𝐼𝛼 |𝑓|𝑎
𝐶𝐹 )(𝑘) + ( 𝐼𝑏

𝛼𝐶𝐹 |𝑓|)(𝑘) 

≤
2(1 − 𝛼)|𝑓(𝑘)|(𝛼1 + 1)

𝐵(𝛼)(𝛼1 + 1)
 

+
𝛼(𝑏 − 𝑎)(|𝑓(𝑎)| + 𝑚|𝑓(𝑏)|)

𝐵(𝛼)(𝛼1 + 1)
 

where 𝐵(𝛼) > 0 is normalization function 𝑚 ∈ (0,1]  

and 𝛼, 𝛼1 ∈ [0,1]. 

 

Proof : By using the definition of (𝛼1, 𝑚)- convex 

function, we can write 

 

𝑓(𝑡𝑎 + (1 − 𝑡)𝑏) ≤ 𝑡𝛼1𝑓(𝑎) + 𝑚(1 − 𝑡𝛼1)𝑓(𝑏). 

 

By taking the absolute values of both sides of the 

inequality, the integration is performed with respect to 

t in the interval [0,1], then one has 

∫ |𝑓(𝑡𝑎 + (1 − 𝑡)𝑏)|
1

0

𝑑𝑡 

≤ ∫ 𝑡𝛼1|𝑓(𝑎)|
1

0

𝑑𝑡 + ∫ (1 − 𝑡𝛼1)𝑚|𝑓(𝑏)|
1

0

𝑑𝑡. 

 

By changing the variable as 𝑥 = 𝑡𝑎 + (1 − 𝑡)𝑏 and by 

calculating the right hand side, we obtain 

 

1

𝑏 − 𝑎
∫ |𝑓(𝑥)|

𝑏

𝑎

𝑑𝑥 =
|𝑓(𝑎)| + 𝛼1𝑚|𝑓(𝑏)|

𝛼1 + 1
. 

 

By multiplying both sides of the above inequality with 
𝛼(𝑏−𝑎)

𝐵(𝛼)
 and adding  

2(1−𝛼)

𝐵(𝛼)
|𝑓(𝑘)|, we have 

2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼

𝐵(𝛼)
∫ |𝑓(𝑥)|

𝑏

𝑎

𝑑𝑥 

≤
2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼(𝑏 − 𝑎)

𝐵(𝛼)

|𝑓(𝑎)| + 𝛼1𝑚|𝑓(𝑏)|

𝛼1 + 1
. 

 

By simplifying the inequality, we get the following 

result 

(
1 − 𝛼

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼

𝐵(𝛼)
∫ |𝑓(𝑥)|

𝑘

𝑎

𝑑𝑥) 

+ (
1 − 𝛼

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼

𝐵(𝛼)
∫ |𝑓(𝑥)|

𝑏

𝑘

𝑑𝑥) 

≤
2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼(𝑏 − 𝑎)

𝐵(𝛼)

|𝑓(𝑎)| + 𝛼1𝑚|𝑓(𝑏)|

𝛼1 + 1
. 

 

After necessary operations, the result will be given as 

follows: 

 

( 𝐼𝛼 |𝑓|𝑎
𝐶𝐹 )(𝑘) + ( 𝐼𝑏

𝛼𝐶𝐹 |𝑓|)(𝑘) 

≤
2(1 − 𝛼)|𝑓(𝑘)|(𝛼1 + 1)

𝐵(𝛼)(𝛼1 + 1)
 

+
𝛼(𝑏 − 𝑎)(|𝑓(𝑎)| + 𝛼1𝑚|𝑓(𝑏)|)

𝐵(𝛼)(𝛼1 + 1)
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Theorem 3.5. Let Ι ⊆ ℝ. Suppose that 𝑓: [𝑎, 𝑏] ⊆ Ι ⟶

ℝ is a (𝛼1,m)-convex function on [𝑎, 𝑏] such that 𝑓 ∈

𝐿1[𝑎, 𝑏]. Then, we have the following inequality for 

Caputo-Fabrizio fractional integrals: 

 

( 𝐼𝛼 |𝑓|𝑎
𝐶𝐹 )(𝑘) + ( 𝐼𝑏

𝛼𝐶𝐹 |𝑓|)(𝑘) 

≤
2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)|

+
𝛼(𝑏 − 𝑎)

𝐵(𝛼)
(

|𝑓(𝑎)| + 𝛼1𝑚|𝑓(𝑏)|(𝑝𝛼1)
1

𝑝

(𝑝𝛼1 + 1)
1

𝑝

). 

 

where 𝐵(𝛼) > 0 is normalization function 𝑞 > 1, 

 
1

𝑝
+

1

𝑞
= 1, 𝑚 ∈ (0,1]  and 𝛼, 𝛼1 ∈ [0,1]. 

 

Proof : By using the definition of 𝛼1,m)- convex 

function, we can write 

𝑓(𝑡𝑎 + (1 − 𝑡)𝑏) ≤ 𝑡𝛼1𝑓(𝑎) + 𝑚(1 − 𝑡𝛼1)𝑓(𝑏). 

By taking the absolute values of both sides of the 

inequality, the integration is performed with respect to 

t in the interval [0,1], then we have 

∫ |𝑓(𝑡𝑎 + (1 − 𝑡)𝑏)|
1

0

𝑑𝑡 

≤ ∫ 𝑡𝛼1|𝑓(𝑎)|
1

0

𝑑𝑡 + ∫ (1 − 𝑡𝛼1)𝑚|𝑓(𝑏)|
1

0

𝑑𝑡. 

If we apply the Hölder's inequality to the right-hand 

side of the inequality, we get 

∫ |𝑓(𝑡𝑎 + (1 − 𝑡)𝑏)|
1

0

𝑑𝑡

≤ |𝑓(𝑎)| (∫ |𝑡𝛼1|𝑝
1

0

𝑑𝑡)

1

𝑝

(∫ 1𝑞
1

0

𝑑𝑡)

1

𝑞

+ 𝑚|𝑓(𝑏)| (∫ |1 − 𝑡𝛼1|𝑝
1

0

𝑑𝑡)

1

𝑝

(∫ 1𝑞
1

0

𝑑𝑡)

1

𝑞

. 

 

By using the fact that |1 − 𝑡𝛼1|𝑝 ≤ 1 − 𝑡𝑝𝛼1  for  𝛼1 >

0, 𝑝 > 1, we can write 

∫ |𝑓(𝑡𝑎 + (1 − 𝑡)𝑏)|
1

0

𝑑𝑡

≤ 𝑓(𝑎) (∫ |𝑡𝛼1|𝑝
1

0

𝑑𝑡)

1

𝑝

(∫ 1𝑞
1

0

𝑑𝑡)

1

𝑞

+ 𝑚𝑓(𝑏) (∫ 1 − 𝑡𝑝𝛼1

1

0

𝑑𝑡)

1

𝑝

(∫ 1𝑞
1

0

𝑑𝑡)

1

𝑞

. 

By changing the variable as 𝑥 = 𝑡𝑎 + (1 − 𝑡)𝑏 and by 

calculating the right hand side, we obtain 

 

1

𝑏 − 𝑎
∫ |𝑓(𝑥)|

𝑏

𝑎

𝑑𝑥 

≤ |𝑓(𝑎)| (
1

𝑝𝛼1 + 1
)

1

𝑝

+ 𝑚𝑓(𝑏) (
𝑝𝛼1

𝑝𝛼1 + 1
)

1

𝑝
. 

 

By multiplying both sides of the above inequality 

with 
𝛼(𝑏−𝑎)

𝐵(𝛼)
 and adding  

2(1−𝛼)

𝐵(𝛼)
|𝑓(𝑘)|, we have 

2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼

𝐵(𝛼)
∫ |𝑓(𝑥)|

𝑏

𝑎

𝑑𝑥 

≤
2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼(𝑏 − 𝑎)

𝐵(𝛼)
 

× (|𝑓(𝑎)| (
1

𝑝𝛼1 + 1
)

1

𝑝

+ 𝑚|𝑓(𝑏)| (
𝑝𝛼1

𝑝𝛼1 + 1
)

1

𝑝
). 

By simplifying the inequality, we get  

(
1 − 𝛼

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼

𝐵(𝛼)
∫ |𝑓(𝑥)|

𝑘

𝑎

𝑑𝑥)

+ (
1 − 𝛼

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼

𝐵(𝛼)
∫ |𝑓(𝑥)|

𝑏

𝑘

𝑑𝑥)

≤
2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)|

+
𝛼(𝑏 − 𝑎)

𝐵(𝛼)
(

|𝑓(𝑎)| + 𝑚|𝑓(𝑏)|(𝑝𝛼1)
1

𝑝

(𝑝𝛼1 + 1)
1

𝑝

). 

After necessary operations, we provide 

 

( 𝐼𝛼 |𝑓|𝑎
𝐶𝐹 )(𝑘) + ( 𝐼𝑏

𝛼𝐶𝐹 |𝑓|)(𝑘) 

≤
2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)|

+
𝛼(𝑏 − 𝑎)

𝐵(𝛼)
(

|𝑓(𝑎)| + 𝑚|𝑓(𝑏)|(𝑝𝛼1)
1

𝑝

(𝑝𝛼1 + 1)
1

𝑝

). 

 

 

Theorem 3.6. Let Ι ⊆ ℝ. Suppose that 𝑓: [𝑎, 𝑏] ⊆ Ι ⟶

ℝ is a (𝛼1,m)-convex function on [𝑎, 𝑏] such that 𝑓 ∈

𝐿1[𝑎, 𝑏]. Then, we have the following inequality for 

Caputo-Fabrizio fractional integrals: 

 

( 𝐼𝛼 |𝑓|𝑎
𝐶𝐹 )(𝑘) + ( 𝐼𝑏

𝛼𝐶𝐹 |𝑓|)(𝑘) 

≤
2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼(𝑏 − 𝑎)

𝐵(𝛼)
× 

(
|𝑓(𝑎)|(𝑞 + 𝑝(𝑝𝛼1 + 1)) + 𝑚|𝑓(𝑏)|(𝑝𝑞𝛼1 + 𝑝(𝑝𝛼1 + 1))

𝑝𝑞(𝑝𝛼1 + 1)
). 
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where 𝐵(𝛼) > 0 is normalization function 𝑞 > 1,  
1

𝑝
+

1

𝑞
= 1, 𝑚 ∈ (0,1]  and 𝛼, 𝛼1 ∈ [0,1]. 

Proof : By using the definition of convex function, we 

can write 

 

𝑓(𝑡𝑎 + (1 − 𝑡)𝑏) ≤ 𝑡𝛼1𝑓(𝑎) + 𝑚(1 − 𝑡𝛼1)𝑓(𝑏). 
 

By taking the absolute values of both sides of the 

inequality, the integration is performed with respect to 

t in the interval [0,1], then we have 

∫ |𝑓(𝑡𝑎 + (1 − 𝑡)𝑏)|
1

0

𝑑𝑡 

≤ ∫ 𝑡𝛼1|𝑓(𝑎)|
1

0

𝑑𝑡 + ∫ (1 − 𝑡𝛼1)𝑚|𝑓(𝑏)|
1

0

𝑑𝑡. 

If we apply the Young's inequality to the right-hand 

side of the inequality, we get 

∫ |𝑓(𝑡𝑎 + (1 − 𝑡)𝑏)|
1

0

𝑑𝑡 

≤ |𝑓(𝑎)| (
1

𝑝
(∫ |𝑡𝛼1|𝑝

1

0

𝑑𝑡) +
1

𝑞
(∫ 1𝑞

1

0

𝑑𝑡)) 

+𝑚|𝑓(𝑏)| (
1

𝑝
(∫ |1 − 𝑡𝛼1|𝑝

1

0

𝑑𝑡) +
1

𝑞
(∫ 1𝑞

1

0

𝑑𝑡)). 

By using the fact that |1 − 𝑡𝛼|𝑝 ≤ 1 − 𝑡𝑝𝛼 for 𝛼 >

0, 𝑝 > 1, we can write 

∫ |𝑓(𝑡𝑎 + (1 − 𝑡)𝑏)|
1

0

𝑑𝑡 

≤ |𝑓(𝑎)| (
1

𝑝
(∫ |𝑡𝛼1|𝑝

1

0

𝑑𝑡) +
1

𝑞
(∫ 1𝑞

1

0

𝑑𝑡)) 

+𝑚|𝑓(𝑏)| (
1

𝑝
(∫ 1 − 𝑡𝑝𝛼1

1

0

𝑑𝑡) +
1

𝑞
(∫ 1𝑞

1

0

𝑑𝑡)). 

By changing the variable as 𝑥 = 𝑡𝑎 + (1 − 𝑡)𝑏 and by 

calculating the right hand side, we obtain 

 

1

𝑏 − 𝑎
∫ 𝑓(𝑥)

𝑏

𝑎

𝑑𝑥 

≤ |𝑓(𝑎)| (
1

𝑝
(

1

𝑝𝛼1 + 1
) +

1

𝑞
)

+ 𝑚|𝑓(𝑏)| (
1

𝑝
(

𝑝𝛼1

𝑝𝛼1 + 1
) +

1

𝑞
). 

By multiplying both sides of the above inequality with 
𝛼(𝑏−𝑎)

𝐵(𝛼)
 and adding  

2(1−𝛼)

𝐵(𝛼)
|𝑓(𝑘)|, we have 

2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼

𝐵(𝛼)
∫ |𝑓(𝑥)|

𝑏

𝑎

𝑑𝑥 

≤
2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼(𝑏 − 𝑎)

𝐵(𝛼)
 

× (|𝑓(𝑎)| (
1

𝑝(𝑝𝛼1 + 1)
+

1

𝑞
)

+ 𝑚|𝑓(𝑏)| (
𝑝𝛼1

𝑝(𝑝𝛼1 + 1)
+

1

𝑞
)). 

By simplifying the inequality, we get  

 

(
1 − 𝛼

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼

𝐵(𝛼)
∫ |𝑓(𝑥)|

𝑘

𝑎

𝑑𝑥) 

+ (
1 − 𝛼

𝐵(𝛼)
|𝑓(𝑘)| +

𝛼

𝐵(𝛼)
∫ |𝑓(𝑥)|

𝑏

𝑘

𝑑𝑥) 

≤
2(1 − 𝛼)

𝐵(𝛼)
|𝑓(𝑘)| + +

𝛼(𝑏 − 𝑎)

𝐵(𝛼)
 

× (|𝑓(𝑎)| (
1

𝑝(𝑝𝛼1 + 1)
+

1

𝑞
)

+ 𝑚|𝑓(𝑏)| (
𝑝𝛼1

𝑝(𝑝𝛼1 + 1)
+

1

𝑞
)). 

After necessary operations, the proof is completed.  
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