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Introduction and Preliminaries

Let C denote the complex plane and I' © C be a closed,
rectifiable Jordan curve on the plane, G be the region
bounded by I such that 0 € G without loss of generality and
Q be the exterior region of I' with respect to extended
complex plane € = C U {o0}. Also, for t € C, let D(t, p): =
{w:lw—t|>p, p>0}. According to the Riemann
mapping theorem, there exists a univalent conformal
mapping w = ®(z) that maps the region D(0,1) onto the
region ( with the normalizations @®(o0) = o0 and

lim,_,, q)iz) > 0. For any R = 1, we denote the exterior
level curve for the T by Iz: = {z: |®(2)| = R}. Let Gi: =
intly, Qg: = extly.

Let B, denote the collection of all algebraic polynomials
with complex coefficients of degree not exceeding n.

For the curve I' = 0G and a given weight function h(z),

the following can be written for 0 < p < co:

1/
IBullp: = 1Bl cpyhry: = (J. h@)|P(2)IP]dz]) ,0<
p < oo, (1)

1Pl = IPallzgcary: = MaxIBu(2)]; £5(LT) = £, (D).
Here, it's clear that ||-||,, isanorm for 1 < p < coand a
quasi-normfor 0 < p < 1.

l

Assume that {Z]-}],_1 denote a fixed collection of distinct
points on I' that are positively positioned in an ordered
positive manner without loss of generality. The generalized
Jacobian weight function h(z) we use in this paper is as
follows:

Forl < Ry < oo,
vi _
ho(2) H5‘=1 |Z - Zj| A Gy

h(z):= _
2 0, 2 € C\Gg,,

(2)

Keywords: Bernstein inequality, Polynomial estimates, Quasiconformal curve, Piecewise smooth curve.

wherey; > —1,forall j =1,2,...,land hy(z) = ¢,(I) >
0 with a constant ¢y (T') > 0.

The Bernstein—Walsh inequality [1] given below gives an
upper bound on the growth of any polynomial B, € P,
outside a certain region, and this is an important and
fundamental result for comprehending the behavior of
polynomials outside this specified region. The estimation
given in this inequality shows that upon the extension of the
region G to a given region Gg, where ¢ = ¢(G) > 0 is a
constantand R =1 + %, the norm ||Pn||C(5) increases by no
more than a constant:

”Pn”C(ER) < Rn”Pn”c(E): z €. (3)

The question of whether similar estimates to (3) hold
when we replace the norm in (3) by a different norm was
studied in [2, Lemma 2.2] for the space £,,. Here we can see
that the same effect occurs for a constant ¢ = ¢(G) > 0 and
R=1+ %;

1

n+=
IBullc,cpy < R PRy, P> 0. (4)
Moreover, for h(z) # 1, the estimate similar to that in

(4) was obtained in generalized form in [3, Lemma 2.4] as
follows:

n+1+Ymax
Bl c,nrgy < R PPl nry Ymax =
max{O, Yiij = 1,2,...,l}. (5)

For the analogs of the estimates (3-5) in Bergman spaces,
we first introduce the following:

Let o be the area measure on the Jordan region G. For
0<p<oo,
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1Bullay ey = (If, R(DIP(2)Pda,)"",0 < p < o, (6)

”Pn”Aoo(l,G): = r?eaaxlpn(z)llp =00 Ap(l' G) =:Ap(G)'

Here too, as in (1) ||'||Ap(h,c) isanormforl<p <o
and a quasi-normfor 0 < p < 1.

Subsequent to the below definition, we can give
corresponding formulations of the estimations (3) and (5)
pertaining to the A, —(quasi-)norm for the regions with
quasiconformal boundary.

Definition 1.1. [4] LetT c C be a Jordan arc or curve on
the plane. We say that T is K —quasiconformal if there is a
K —quasiconformal mapping f of a region D D T such that
f (') is a line segment or a circle, respectively.

If T is K —quasiconformal for some K, it is called
quasiconformal. We denote

K():=inf{fK(f):f € F(I},
where K (f) is the maximal dilatation of f and, F (') is the
set of all sense-preserving plane homeomorphisms f of
regions D D T such that f (') is a line segment or a circle,
respectively. Then I is quasiconformal if K(I") < oo, and T is
K —quasiconformal if K(T') < K.

In [5], it was showed that if ' is rectifiable quasiconformal
curve, then there exists a constant ¢; = ¢;(I') > 0 such
that for every B, € 7,

Vn
[P (2)] < C1m||Pn||AZ(G)|‘D(Z)|n+1, zZ€Q,

where d(z,T) = dist(z,I).

Similar estimate to (5), provided TI'=4dG is
quasiconformal and h(z) is defined as in (2) for y; > -2,
was obtained in [6] as follows:

1

s
x* D
”Pn”Ap(h,GR) <R ”Pn”Ap(h,G): p>0,

where R*:=14c¢(R—1) and ¢3>0, c:=
¢,(G,p,c3) > 0 are constants independent of n and R.
Furthermore, for arbitrary Jordan region G and for any B, €

PpandRy =1+ %, it was established in [7] that
n+
IFllayry < R “lPulla, 6, P > 0,
1
_ 1 _(_2
holds for any R >R, =1+ "’ where ¢ = (ep_1> [1 +
0(%)] asn — oo is an asymptotically exact constant.

To summarize, we can say that various analogues of
inequalities of type (3) have been studied under properties
of different regions by changing the maximal norm in the
inequality.

Our aim in this paper is to establish the behavior of the
modulus of the higher order derivative of P, (z) in weighted
Lebesgue space by obtaining inequalities such as the
following:

B @) < 1 P llgyarys 2 € Q (7)

where p, = U, (|®(2)|,d(z,T),h,m,p,I) > wasn -
is a constant which depends on the characteristics of I" as
well as the weight function h. While doing this, we assume
that I'is piecewise smooth with cusps (see Definition 1.4) and
derive the estimates using geometric properties of the curve

I'. The assumption here means that the curve I' consists of a
finite set of smooth arcs connecting at exterior non-zero
angles A, 0 < A < 2 and at interior zero angles (i.e. 1 = 2).

Estimates analogous to (7) have been studied, improved
and generalized in various aspects in [5], [8]-[25], [26, p.418-
428], [27-30], [31, Sect. 5.3], [32, p.122-133], [33]-[36] (also
reference therein and others), where m = 0. In this paper,
we develop the methods of previous works and continue to
find results in the weighted Lebesgue space for p > 1, thus
contributing to the growth behavior of polynomials.

We first introduce a number of definitions and notations
that will be used in subsequent sections of the paper.

The constants symbolized by c—whether or not they
include indices—represent positive values which may vary
throughout a particular formula and in a general context
depend on G and parameters that are not critical to the
argument. Otherwise, any such dependencies will be
articulated explicitly. For each a, b > 0, we use the notations
a < b and a = b if the conditions a < ch and c;a < b <
c,x are satisfied, respectively. Forany k = 0 and m > k, the
notation i = k,_mmeansi =kk+1,...,m.

Assume that z = z(s), s € [0,mesT]
natural representation of I'.

Definition 1.2. Let I' be a Jordan curve or arc. T is called
smooth if it possesses a continuous tangent 8(z): = 8(z(s))
at each point z(s). The collection of such smooth curves or
arcs is represented by the notation Cg. Consequently, we
express G € Cy to indicate that 0G € Cy.

According to [4], we have the following corollary:

states the

Corollary 1.3. If TE€Cy then T
quasiconformal for arbitrary small € > 0.

We now recall the definition of regions bounded by a
piecewise smooth curve with non-zero exterior angles at
some connection points of the boundary arcs and zero
interior angles at others.

Definition 1.4. [8] Let G C C be a Jordan region on the

is (1+¢)—

plane and the points {E j}j,zl € I' = dG have the properties
given in the definition of h(z) in (2). We say that G €
PCo(L; Ay, A), 0< A <2, j=1,1 if [ =0G is the
union of {Fl}j=1 smooth arcs such that they have exterior
angles (with respect to G) A, 0 < A; < 2, at the corner

, l o
points {fj}],zl €T, where two arcs I;_y and T}, j =1, I
(T; = T;) are connected.

For simplicity of calculations, we take the case [; = 1,
l=2. This means that, we have the region G €
PCy(1;14,2), 0 < A; < 2suchthat G has an exterior non-
zeroangle A;wat§; € I'and aninterior zero angleat ¢, € T'.

Let us give some notations we need in the proofs:

For 0<4; <&p:= imin{lz1 —2z,|:j =12} let §:=
ming;, (z, §):=0n {z:|1z—z| < &} andQ(8):=
U3_; Q(z;, 8). Let wj: = @(z)), @;: = argw;. We assume
that ¢, < 2m, without loss of generality. For n; =

teaq>r(rxl11(rzlj,5,-))|t — W]-| >0andn:= mm{n]-,] = 1,2} let us

set:
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D= {tle—wl<n}co@m &) pmi=|]oay,

D}- = D(O,l)\D(T}]), B(n) = D(O,l)\D(T}),
! . + +
D1(p)=={t=R-e’9:R2p2 L% <6 <‘P1 . %}’

Dy (p):={t=R-e®:R>p>12222 < g <22 where ¢ =21 — g5; Qpi=P(D, (R)), T}:=Tr N, R 2

1,0 = U%, Q.
Also, some notations that we use both in formulating the results and in the proof are below:

s _(max{l,A}+¢& 0<A<2,
A= {2 a=2 &

/1 =max{1,A}+¢& Ve>00< ;<2 j=12; A —max{/ll, 2}

L ) _ N 027 0<A<2,
yj.— max{O,yj}, j=12; y:= {)72' =2

Y= max{0,yy, ¥}
Main Results

In the theorems and corollaries given throughout the this section, the weight function h(z) is given by (2) for [ = 2, and,
19 , 0<A<?,

the constants ¢; > 0, i = 1,9 are independent of n and z but depend on G, p,y, 1, m and €, where y: = {));1 1=2
27 - ’

and0 < A1 < 2.
We can now start presenting the main results:
Theorem 2.1. Assume thatp = 1; G € PCy(1; A4, 2) with 0 < Ay < 2. Then, for arbitrary P, € §,,, n € N,n > m, any

m=12,..,andz € .QRl, we have:

P (2)| < ¢, E Ol ) ipl |

d(zl)
where
y1+1 =
n(P+m 1)'1, 1Sp<%r1 +1,y1>zy2(1+~i),y2>0,
Yati, 7
nz(p m 1), 1Sp<%]7 +1,0<y, <= y2(1+ ) Y2 >0,
A+1— 1 .
[ (m)__< 2™ () , =5V AL =gyz (1 +Z)' Y2 >0, o)
R mit1—; >2y,+1,0<y, <2 (1+i) >0
, p=372 , Y1 <372 T » Y2 ,
mi+1-= T 2 1
n P, p>ﬁy1+1, y1>§y2(1+i), Y, >0,
pe 1
n" p=1, —1<y,y, <0.

In the situation of the region has zero or nonzero angles at both points simultaneously, we obtain the following results.

Corollary 2.2. Under the conditions of Theorem 2.1, for G € PCy(1; 14, 1,), 0 < A4, 1, < 2, we have:
P @)| < ez )R,

d(z,I)
where
v
n(Perl)A, 1<p< /1*1y +1, y*>0,
mA*+1—
12, (m): = { " P(nm)* s, p = mﬂ’ +1Ly >0 (10)
m/1*+1—5’ p > y*+1, y* >0, or

A*+1
p=1 —-1<vy,y, <0.

Corollary 2.3. Under the conditions of Theorem 2.1, for G € PCy(1; 2,2), we have:

s QIR YA

P @)] < e s
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where
v *
nZ(P+m1), 1Sp<%+1,y*>0,
2m+1-= 1-2 2y .
I,?_p(m): _Jn p(lnn) », p= e +1, y">0, (11)
1 *
nszr1 P, p>%+ 1, y*>0, or

le, _1<)/1,)/2 SO

After obtaining the estimates for the unbounded region above, we obtain the estimates of |P,fm) (Z)|, m = 0, for the
bounded region as follows:
Theorem 2.4. Assume thatp > 0; G € PCy(1;A4,2) with0 < A; < 2. Then, for arbitrary P, € o,, n€E N, n>m,m =
0,1,2,... we have:

A4t
|Pn(m)(z)| < c4n/1(m+ P ) Il By Il

In the first result below, the case where the I" has exterior nonzero angles at both points, and in the second result, the
case where the I" has interior zero angles at both points is examined.
Corollary 2.5. Under the conditions of Theorem 2.4, for G € PCq(1; 11, 4;,), 0 < A4, 1, < 2, we get:

B F41
P (@)| < esn’ (5 Po Ml

Corollary 2.6. Under the conditions of Theorem 2.4, for G € PCq(1; 2,2) we get:

.
el
p

[P (2)] < cﬁnz( ) I B, 1,

Combining Theorem 2.1 and Theorem 2.4, we obtain the following theorem in the whole complex plane:
Theorem 2.7. Assume thatp = 1; G € PCy(1;A4,2) with0 < A; < 2. Then, for arbitrary P, € o,, n€E N, n>m,m =
1,2,... we have:

n-m+1
POl m), zeq,,s,
M < op a@n a
”Pn ”oo = C7” n”p nz(m_'_%) e _

142
where I}, ,,(m) is defined as in (9). i
Respectively, combining Corollaries 2.2 and 2.3 with Corollaries 2.5 and 2.6, we get:
Corollary 2.8. Assumethatp = 1;G € PCy(1; A1, A,) with0 < A4, 4, < 2. Then, for arbitrary P, € §,, n € N,n > m;any
m=12,..,andz € .Q,];, we have:
|@n=mt ()|
d(z,T)

1271, < ealiPall, 2 (met22)
n pJ,

Fp,m), z€Q 1,
n

VAS E 1,
1+;

where I; ,,(m) is defined as in (10).
Corollary 2.9. Assumethatp = 1;G € PCy(1; A1, A,) with0 < A4, 4, < 2. Then, for arbitrary P, € ,, n € N,n > m;any
m=12,...,and z € 24, we have:

|@n-m+1(z)|
d(z,I)

I,f,p(m), ZE Q1+l,

12l < esllBl : "

n w — “9linllp 2(m+y_+1)
n P

) ZE 61 +%,
where I; ,(m) is defined as in (11).

Some Auxiliary Results

Lemma 3.1. [37] Let T' = 3G be a K —quasiconformal curve, z; €T, 25,23 € AN {z: |z — z;| 2 d(21,Tp))}; wj =
CD(z]-),j = 1,2,3. Then

a) The statements |z, — z,| <X |z, — z3| and |w; — w,| < |w; — w3| are equivalent. So |z, — z,| = |z, — z3| and
lw; —wy| = |wy; — ws]| are also equivalent.
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b) If|z; — z3| < |z, — z3], then

-2 2
K K
1~W3 Z1—Z23 1~W3

=< =<
1~W2 2122 wi—w2

where R, > 1 is a constant, depending on G.

Corollary 3.2. Under the assumptions of Lemma 3.1, if z; € T, then
lwy — Wlez <z =z 2wy — Wle_z

Corollary 3.3. IfT" € Cy, then

[wy — W2|1+S <zy — 2| 2 {wy — W2|1_g

foralle > 0.
From the results in [38] and [39], we have the following lemma as a consequence:

Lemma3.4. LetG € PCy(1;44,...,4), 0< /’lj <2, j=12,.., L.Then
a) for any w € D), lw — wj |V < [W(w) = WWwp)| = [w—wy] Y%, |w — w7 < 9 (w)] <
lw— Wj|/1j_1_s;
b) for any w € D(n), (Jw|— D <dWWw),D)| = (Jw|— D¢, (jw] —1)% < |‘P’(W)| < (lw| -
1)7&

Let {Zj}j,:l be a fixed system of distinct points on curve I ordered in the positive direction and the weight function h(z) be
defined as in (2).

Lemma 3.5. [3] Let T be a rectifiable Jordan curve; h(z) as defined in (2). Then, for arbitrary P, (z) € §,, any R > 1

andn € N, we have:
1+y*

L
1Bl gy < R"™p 1P,y P >0, (12)
wherey* = max{y,: k < m}.

Proofs

Proof of Theorem 2.1. Let G € Cg(1;21,2) with0 < A; <2,R =1+, R;:=1+"Zand R,: = 1+ 22

Qand 0 < m < n, letus define

(m)
__ P @
Sn,m(z)' - ¢n7—1m+1(z)'

.Forz €

Since the function S,, ,,, (2) is analytic in  and continuous on Q and moreover Spm(00) = 0, then by the Cauchy integral
formula for unbounded region, we have:

as
nm(z) 2mfR1 Sn,m(f)gﬁ ZE QRl-
If we consider the fact that |®"™*1(§)| = R} ™™*! > 1 for ¢ € I, we obtain the following:

(m) (m)
P (2) 1 P{™@© | 1as] 1 m)
on-mr g = 2anR1 <I>"‘m+1(f)|lf—2| = znd(z,Fm)fFRl [Pl
and so,
(m) [o" ()| (m)
1P (@) 5mprl [P (©)]1d¢1. (13)
Let us express the Cauchy m — th derivative formula for B, (£):
(m) dt
Py (6) —g Iz, Pn(t)m, § € Gg,, (14)
and take ¢ € I , so that by substituting (14) into (13), we obtain the following:
MmN < 12" @) ldt|
B @] 2 g, (g, 121 g 1] (15)
[@" M (2)| |dg]
<= A e ] N
= Td@rry) tséllfsz (prl |t—§|m+1> erz |Pn(t)”dt| (16)
Denote by
[24
erl |t—f|m+1 =:II(FR1); erz |Pn(t)||dt| =:12(FR2)' (17)

and estimate these integrals separately.
Before we move on to the integral estimations, let us mention that we have the following estimation for | W' (t)| ([40, Th.2.8]):
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' d(¥(o),r
¥’ (7)| = LEDD (18)

IT|-1
. . |dé]
1) Estimation of I (Tg,) = er1 It—fﬁ

Replacing the variable T = ®(§),§ € I, w = ®(¢),t € Iy,, we have:

_ |¥' ()|l
h(Try) = S, Toiowanme (19)

Considering the corner points z; = W(wj;),j = 1,2 to estimate the I; (T, ), we define the following sets for which we can
use the geometric properties of the curve I':
Hyi:={r:T€ CD(FJ), lt—wj| <clp—DLHi={r € Hy ;i |t —wj| = |t —wl},
Hplj= Hy \Hpj;
Hi={ute® ), c(p—1 <|t—w| <nLHj:={r e H:: |t —w;| = |t —wl},
Hyj= Hy \Hp i
H}ji={r:t e ®T,)\(H,; UHZ;),j =12

where p = 1. For p = Ry, we perform the estimation of I; (Tk, ) separately for the sets specified above:

L(Tp,) = X8j=1 h(Hg, ) + L(HR, ). (20)
By using Lemma 3.1 and Lemma 3.4 we get the following estimates:
L (HL ) = |¥' (D)ldz| |z —wy|f171e p
1( R1.1) - [W(1) — W(w)|m+t - |7 — w|m+DAs+e) |dzl;
H}%l'l Hl'%l,l
2 N ' @lldrl [e—wy M1 717¢
II(HRl,l) - lez?l,l |W(‘L’)—'~P(W)|m+1 - fHIZQ1,1 |T—W|(m+1)()‘1+6) |dT|

= %' @|ldzl r-wy 1712

HES 1 [W(2)-W(w)|m+1 |dz| + fH,%il [r—w|Mm+D(A1+8) |dz].

Now, we can estimate these integrals for 1 < A; < 2and 0 < 4; < 1 separately.
If1 < A; < 2,then we have:

_ A1—-1-¢ A—-1-¢ Ai—1-¢
I (Hl ) - |T Wll ! |dT| < (l) ! |dT| < (l) ! n(m+1)(Al+g)—1 — nm/11+s
1V Ry1 [T — w|m+DR1+e) - \n |t — w|m+D@t+e) ~— \n )
H}%l,l HR1,1
c
I,(H21,)) = f |V’ (0)l|d7] ldr| = f |d¢| < f S| < 1 < pmAr+e.
v S Y@ —ww)m*t |§ —¢fm+t |§ = ¢™*t ™ d™(E, Tg,)
Hpia W(H,%i_l) d(§.Tr,)
|7 —wy|1171e |dt]|
22 — mli+e
II(HRpl) - f |t — w|m+DA1+e) |dz| = f |t — w|m+DA1—21+1+e =nmET
H)%i@ H}%iJ
Let 0 < 4; < 1. In this case we have:
1 |7 —wy|f171e |dz]|
Li(Hg, 1) = |7 — w|m+DAa+e) |dt| = |t — w|l-At(m+D (A te)
H}%l,l Hl'%l,l
< n1—11+(m+1)(/11+£)mes(1_11% 1) < n1—11+(m+1)(/11+s)—1 — nm11+s).
=< ) =2
I (HZ ) — |lp’(T)||dT| - |T - Wllll_l_s |dT|
1R [W(D) —w(w)[m [T — |+ DG
H12?1.1 H1221,1
_ |dt| ldt] maA +e mi+e miy+e
- fH}Zﬁ‘l [t—w|1-A1+(Mm+1) (A1 +£) + fH}%i‘l [T—wyq |1-A1+(m+1)(A1+£) ST A TR S T
Finally, applying (18) and Corollary 3.3, for k = 1,2, we have:
ko) _ d(¥(),r) < ldzl . 2m
L(H,2) = fH;’%l,z e 147 = anz’ei,z frmwpzm = 1
3 — d(¥(r),IN < |dt| < n2(1+8)
ll(HRl,k) - legl,k W (1) -¥(w)|m+1(|7]-1) |dT| =n HI%LZ [t-w|m@+e) — n .
Combining all this estimates, we obtain forall 0 < 4; < 2:
I (T,) < n™, (21)
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2) Estimation of I, (Tg,) = er |B,()||dt].
2
We consider the cases p > 1 and p = 1 separately. Firstly, we assume that p > 1 for the weighted L, —norm . Multiplying
1
and dividing the integrand in I, (Tg, ) by h?(t), using Holder inequality and (16), we get:
1

q
2 hP(D)

L(Tw) = Jy, 1B@Ilde] < (f,, hOIPOP1de ) x (fFR ﬂ)q

ldt] \q # 1,1
=< ”Pn”p : (fFRZ hq—l(t)>q =: “Pn"p X IZ(FRZ) ;+;= 1. (22)

To estimate the last integral, first we replace the variable w = ®(t) and after we set:
Hg, ;= {w:w e CD(FI{Z), |w — W]-| <¢(R; - 1},
HE, ;= {w:w € CD(FI{:Z), (R, —1) < |w — W]-| <n},
HR,ji={w:w € &I} ),n < |w — w;| < diamG},
where 0 <¢; <7 is chosen so that {w:|w—w;| <¢(R, —1}ND(0,1) # @ and d(Tg,) = P(Ui, ;) =
sz-zl CD(F,{Z) = sz'zl Ui, HIj?z,i' Considering all these and also taking into account the points z; and z, are isolated, we get:

- a _ [¥' W)

(@)l = fuier, w—wmoma D wmpraas W]
<y | [%' )| |dw|
= A= o) [Ww)—w w) V1D W (w)—W (wy) 120D

:22._ f i [®’ (w)| ldw| =:22'— L (W)
Jj=1 ®(Tg,) |ly(w)_ly(wj)|yj(q—1) j=1 Ln2(Wj

Therefore, we need to estimate L, , (w;) forj = 1,2:

_v3 [¥' w)| _v3 gi
Ly,(W)) = Xizs fH}i?zJ, oI D l[dw| = Xioq Ly (w)). (23)

For j = 1,2, we evaluate integrals in (23) separately for y; > 0 andy; < 0.
qﬂ _ 11—1—8
Lha(wy) = J, ] lawl < [, |

Ry PW)—® (w11 21 IW=wq [V1(a=D01+e)
-1)(A1+8)—-(A1—1— -1)-1]A1+1+ 1
<@ DGO hm1ma [ Jdw] < aba@ DI e mes (1}, )

< plr@-1D-14 te

(L}lz(wl))% ﬁ n(Y1TT1_1)Al+€

fory; > 0and
w—w, 171

1 < - s
Ly ,(wy) =< fH;%ZJ [w—w, V1@ DA1+9)

(1>/11+(—V1)(q—1)/11+5

(24)

|dW| = le |W — Wl|(/11_1)+(_1’1)(q—1)11+8|dW|
Ry1

=< <n,
n

1
(L4, (w))T < n' 7>

fory, <0.

(25)

2 _ [%" W) _ a¥w)Ir) ldw|
Lz (wy) = Hh, 1 ¥ (w)-W(wy)¥1@-D ldw] = fHéz wl-1  [®w)-¥(wy)|¥1a-1)

ldw]| |dw|
< <
= an,%Z_l lw—w,|[V1@-D-1@A1+8) = anzzez,l [w—w,|[¥1(@-D-1]41+e

pl@-D-tl+e [y (g —1)—1]4, +e> 1,
< {nlnn, ri@—1D -1 +e=1,
n, [ri(g -1 -1 +e<1,

y1+1 )
(BE2-1)25+e M +D)+1
n.p» <———+¢
» P Ai1+1 te

1 1
= - 2
(L%L,z (Wl))‘? < (nlnn)1 P, p= —1(;1:11)“ +¢, (26)
1
1-L Mi(ri+1)+1
n o, p> e + ¢,
fory; > 0;
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2 w—wy [*171 — A+ (~y)(g-1D)A1 -1+
Ln,Z(Wl) < lezi’z,l mldwl = lezi’z,l |W - Wll( 1+(-v1)(@-D14 Sldwl

< fH}%z‘l lw — wy | Ydw]| < anﬁz1 ldw| < n,

1 1
1 1

(L2,(w))izn (27)

fory, <0.
1 - [#" W) - d(¥w).r) ldw|
Ly (w2) = fH,%z,z [®(w)—® (wy)[Y2(@-1) ldwl = fHéz,z wi-1  [wW)-Pwz)[r2a-D)
ldw]| |dw|
=n n

< -7
H,%Z_z ¥ (w)—P(wp)|Y2@-D-1 = HI%Z,Z [w—w |2lv2(a-D=1]
< n1+2[y2(q_l)_l]meS(H}ez,z) < n2lr2(a-1-11

1 Y2+1
= 2 -1
(U o)t < 02057 (28)
fory, > 0;
Ly ,(wp) = nfyll2 i [P (W) — W (wy)|"02@ D+ dw| < n mes(H,,) < 1;
2
1
(Lh2(wy)) =1 (29)
fory, <0.
2 |dw| ldw]|
bnzW2) S0z e wor@ s = M e
n22@-D-1 20y (g —1) - 1] > 1,
< {nlnn, 2[y,(q-1D—-1]=1,
n, 2[y(a-D-1] <1,
Yo+1
nZ(ZT—l), p < 2(V2;1)+1'
1 1
(L721,2(W2))q < (nlnn)l_g, p= w’ (30)
1
nl—g’ p > 2(]/2-;1)+1,
fory, > 0and
L2 ,(w,) = an,% . [P (w) — W (w,) |~ "D+ gy < n mes(H,%Zyz) <n,
2,
1 1
= 1__
(Lr2(wy))T =P (31)
fory, < 0.
Forw € ng,i' we have |‘P(w) - lP(Wj)| > 1,thenforj = 1,2, we get:
3 d(@w),r) _4y-e e
o) = fys T ldwl < fys (Wl = D~%ldw| < 7%,
1 1
(13.,(w))7 < n(75) (32)
Combining estimates (23)-(32), we get:
it q)i 7 Yo+l
n( . 1) U< 1(17?1:11)+1' nz( - 1)' p < 2(y2-;1)+1’

-1 1 _1
IZ(FRZ) < ”Pn”p (nlnn)l p, p= %’ + (nlnn)l P, p= Z(V%l)ﬂ’

1 ~ 1
1-= A1(ra+1)+1 1-— 2(y2+1)+1
p —_— n v > =
n b, p> S ) p 3

’
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y1+1 \x
n( F _1)'11, 1<p<5y2+1, y1>3y2(1+~i),

Yitl \1
n(P 1)'11, 1<p<z+1y1+1 Y, > y2(1+%)

Yotl_
nz( 5 1), 1<p<—y2+1, 0<y <—y2(1+%),
1

vori_
< 1Pl {5, 1<p<~ +1,0<y <2y, (1+5),
1

1 ~
(ninn)' >, p ==

TVt )’1251’2(1 +Z)'

1 2 1
n v, p>§y2+1,0<y1<§y2(1+i),
1 ~

n v, p>=

+1n>2n(145),

foryy, ¥, > 0and

1
1__
L([Tr,) 2 IBllpn »
for y1,v, < 0. Then, we obtain:

vitl_)y
n(lp 1)'11, 1<p<~ 7+l >3 Vz(1+ ) ¥2>0,

Y2+l
nz(zp 1), 1<p< V+1 0<y:1 <z V2(1+ ) Y2 >0,

1

1
1-= ~
(nnn)” », p=5—7+1 1 =;yz(1 +z_1)' Y2 >0,
1

L,(Try) = Pyl 4 (33)
2 1
n v, p>§y2+1,0<y1<5y2(1+z—1),y2>0,
-1 T 2 1
n p, p>my1+1, y1>§y2(1+z—1),y2>0,
1
n'’, p>1, —1<y.,y, <O.

Therefore, combining (16), (17), (21) and (33), forthe casep > 1,y; > —1,y, > —1,and all z € Qg , we obtain:

P @] < B,
W <+l n>dn (1+~i)' >0
) P (lnn) p= iy +1, y, = 5}/2 (1 +$1‘_1)’ Y2 >0,
w1t p>ly+1 0<),1<Zy2(1+~i), y2 >0,
mZ+1—5’ p> ;1‘1+1 +1, 9, >= yz (1 += ) Y2 >0,
mitig p>1 —1<y,y, <0.

For the case p > 1, we have completed the estimations and can move on to the case p = 1. For the estimation, we first
multiply and divide the integrand in (15) by h, then by some operations we obtain the following:

m [@n-m+1 ()| ||
P ()| < 2L sup Ure, i) (g, ROIR@I1de])

d@TR)  rerg \TR1 (O™

[@™ M (z))| |dé|
<12 @i .
= e 1Bl e, () {?#,EZ J: . . (34)

R1 H§:1|t—zj|y1|t—§|m+1
By changing the variable t = W(w), we obtain the following according to Lemma 3.1 and Lemma 3.4:

1 1 1 1
lt=z1Y1 |t=z3Y2 ~ [WW)-W(wy)IV1 [P (W)-W(wy)|V2
1 1

= Wy V13140 w22
< n’, if y >0,

1, if y<0;
so, we get:
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1 7T
— < n¥t
'y —
l_l?=1|t_zj'| J ’

where 7*: = max{0; y}.

(35)

Considering the methods for estimating the integral (19) for p = 1, we have:

[
TRy le—gm+t = =

Also, from Lemma 3.5,

Bl ey g,y = NPalley chrg,)-

(36)

(37)

Finally, combining (34)-(37), we take the estimation for p = 1 as follows:

|¢,n—m+1 (Z)l

@ +m)a
A LN

IR @) <

Now, it remains to establish that d(z,Iy,) = d(z,T) is satisfied for any z € Q. Let Uy, (T, 8): = Uger U(S, &) and
U,é):= U?’:l U]-(F, 6) € Uy (T, 8) be defined as infinite open cover and finite open cover of T, respectively; Q(6): =
Q(T,6): = QN Uy(T,5). Forthe points z & Q(T , d(Tr,, Iz)), itis obviousthatd(z,Ig,) = & = d(z,I'). Now consider the
arbitrary point z € Q(I,, d(Tr,,[r)). Let & € Ik, and &, € T' be such points that d(z,Ik,) = |z — ;| and d(z,T) =

1
|z = &l For t = @(2),t; = @(§), t, = (&), we have: [t —t1] >[It — o] — |t — 41| 2 |It—t2|—;|t—t2| >

% |t — t,]. Then, according to Lemma 3.1, d(z, T,) = d(z,T).

Proof of Theorem 2.4. The estimation of |Pn(m) (z)| is proved for z € G, for each m > 0 using the following theorem:
Theorem A [33] Let G € PCqy(1,A,2) for some 0 < A < 2, h(z) be defined as in (2). Then, forany P, € go,, n€ N, y; > 1,
i = 1,2 and arbitrary small € > 0, we have:

y+iy
1Plle < caon ? 1Bl

where c;o = ¢10(G,¥:, A, 0, €) > 0 is the constant, independent of n and z, ¥ and A are defined as in (8).
Let z € [is an arbitrary fixed point and, B(z, d(z, I'z,)) denote the d(z, I'z,) — neighborhood of z. According to the Cauchy
integral formula for derivatives, we have:

m Pu(t)

(m) — — T
b (2) = faB(z,d(Z.FRl)) (t-z)m+1

(m) m!
P <— ma
| n (Z)l 2m zeaB(z,d()z(,FRl))

2nd(z,TR)
am+i(zrg) = d™(zlr) ~

< ™ max |B,(1)] -
2 teGR,

P+is

7 A mi
|Pn(m)(z)| <n™.n? B, < n

Since z € I is arbitrary, we have:

H(neT2)

A
[Pl < 1 Il B, 1,

Thus, we complete the proof of Theorem 2.4.
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