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Introduction and Preliminaries 
 

Let ℂ denote the complex plane and Γ ⊂ ℂ be a closed, 
rectifiable Jordan curve on the plane, 𝐺𝐺 be the region 
bounded by Γ such that 0 ∈ 𝐺𝐺 without loss of generality and 
Ω be the exterior region of Γ with respect to extended 
complex plane ℂ = ℂ ∪ {∞}. Also, for 𝑡𝑡 ∈ ℂ, let 𝐷𝐷(𝑡𝑡,𝜌𝜌): =
{𝑤𝑤: |𝑤𝑤 − 𝑡𝑡| > 𝜌𝜌, 𝜌𝜌 > 0}. According to the Riemann 
mapping theorem, there exists a univalent conformal 
mapping 𝑤𝑤 = Φ(𝑧𝑧) that maps the region 𝐷𝐷(0,1) onto the 
region Ω with the normalizations Φ(∞) = ∞ and 
lim𝑧𝑧→∞

Φ(𝑧𝑧)
𝑧𝑧

> 0. For any  𝑅𝑅 ≥ 1, we denote the exterior 
level curve for the Γ by Γ𝑅𝑅: = {𝑧𝑧: |Φ(𝑧𝑧)| = 𝑅𝑅}. Let 𝐺𝐺𝑅𝑅: =
𝑖𝑖𝑖𝑖𝑖𝑖Γ𝑅𝑅 , Ω𝑅𝑅: = 𝑒𝑒𝑒𝑒𝑒𝑒Γ𝑅𝑅. 

Let 𝒫𝒫𝑛𝑛 denote the collection of all algebraic polynomials 
with complex coefficients of degree not exceeding 𝑛𝑛. 

For the curve Γ = 𝜕𝜕𝜕𝜕 and a given weight function ℎ(𝑧𝑧), 
the following can be written for 0 < 𝑝𝑝 ≤ ∞: 

‖𝑃𝑃𝑛𝑛‖𝑝𝑝: = ‖𝑃𝑃𝑛𝑛‖ℒ𝑝𝑝(ℎ,Γ): = �∫𝐶𝐶 ℎ(𝑧𝑧)|𝑃𝑃𝑛𝑛(𝑧𝑧)|𝑝𝑝|𝑑𝑑𝑑𝑑|�1/𝑝𝑝, 0 <
𝑝𝑝 < ∞,                (1) 

‖𝑃𝑃𝑛𝑛‖∞: = ‖𝑃𝑃𝑛𝑛‖ℒ∞(1,Γ): = max
𝑧𝑧∈𝐶𝐶

|𝑃𝑃𝑛𝑛(𝑧𝑧)|;  ℒ𝑝𝑝(1, Γ) =:ℒ𝑝𝑝(Γ). 
Here, it’s clear that ‖∙‖𝑝𝑝 is a norm for 1 ≤ 𝑝𝑝 ≤ ∞ and a 

quasi-norm for 0 < 𝑝𝑝 < 1. 
Assume that �𝑧𝑧𝑗𝑗�𝑗𝑗=1

𝑙𝑙
 denote a fixed collection of distinct 

points on Γ that are positively positioned in an ordered 
positive manner without loss of generality. The generalized 
Jacobian weight function ℎ(𝑧𝑧) we use in this paper is as 
follows:  

 For 1 < 𝑅𝑅0 < ∞,  

ℎ(𝑧𝑧): = �
ℎ0(𝑧𝑧)∏𝑙𝑙

𝑗𝑗=1 �𝑧𝑧 − 𝑧𝑧𝑗𝑗�
𝛾𝛾𝑗𝑗 , 𝑧𝑧 ∈ 𝐺𝐺𝑅𝑅0 ,

0, 𝑧𝑧 ∈ ℂ\𝐺𝐺𝑅𝑅0 ,
 (2) 

where 𝛾𝛾𝑗𝑗 > −1, for all  𝑗𝑗 = 1,2, . . . , 𝑙𝑙 and   ℎ0(𝑧𝑧) ≥ 𝑐𝑐0(Γ) >
0 with a constant 𝑐𝑐0(Γ) > 0. 

The Bernstein–Walsh inequality [1] given below gives an 
upper bound on the growth of any polynomial 𝑃𝑃𝑛𝑛 ∈ 𝒫𝒫𝑛𝑛 
outside a certain region, and this is an important and 
fundamental result for comprehending the behavior of 
polynomials outside this specified region. The estimation 
given in this inequality shows that upon the extension of the 
region 𝐺𝐺 to a given region 𝐺𝐺𝑅𝑅, where 𝑐𝑐 = 𝑐𝑐(𝐺𝐺) > 0 is a 
constant and 𝑅𝑅 = 1 + 𝑐𝑐

𝑛𝑛
, the norm ‖𝑃𝑃𝑛𝑛‖𝐶𝐶(𝐺𝐺) increases by no 

more than a constant: 

‖𝑃𝑃𝑛𝑛‖𝐶𝐶(𝐺𝐺𝑅𝑅) ≤ 𝑅𝑅𝑛𝑛‖𝑃𝑃𝑛𝑛‖𝐶𝐶(𝐺𝐺),    𝑧𝑧 ∈ Ω.       (3) 
The question of whether similar estimates to (3) hold 

when we replace the norm in (3) by a different norm was 
studied in [2, Lemma 2.2] for the space ℒ𝑝𝑝. Here we can see 
that the same effect occurs for a constant 𝑐𝑐 = 𝑐𝑐(𝐺𝐺) > 0 and 
𝑅𝑅 = 1 + 𝑐𝑐

𝑛𝑛
:  

‖𝑃𝑃𝑛𝑛‖ℒ𝑝𝑝(Γ𝑅𝑅) ≤ 𝑅𝑅𝑛𝑛+
1
𝑝𝑝‖𝑃𝑃𝑛𝑛‖ℒ𝑝𝑝(Γ),    𝑝𝑝 > 0.       (4) 

 
Moreover, for ℎ(𝑧𝑧) ≠ 1, the estimate similar to that in 

(4) was obtained in generalized form in [3, Lemma 2.4] as 
follows:  

‖𝑃𝑃𝑛𝑛‖ℒ𝑝𝑝(ℎ,Γ𝑅𝑅) ≤ 𝑅𝑅𝑛𝑛+
1+𝛾𝛾𝑚𝑚𝑚𝑚𝑚𝑚

𝑝𝑝 ‖𝑃𝑃𝑛𝑛‖ℒ𝑝𝑝(ℎ,Γ), 𝛾𝛾𝑚𝑚𝑚𝑚𝑚𝑚 =
max�0, 𝛾𝛾𝑗𝑗: 𝑗𝑗 = 1,2, . . . , 𝑙𝑙�.                        (5) 

 
For the analogs of the estimates (3-5) in Bergman spaces, 

we first introduce the following: 
Let 𝜎𝜎 be the area measure on the Jordan region 𝐺𝐺. For 

0 < 𝑝𝑝 ≤ ∞,  
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‖𝑃𝑃𝑛𝑛‖𝐴𝐴𝑝𝑝(ℎ,𝐺𝐺): = �∬𝐺𝐺 ℎ(𝑧𝑧)|𝑃𝑃𝑛𝑛(𝑧𝑧)|𝑝𝑝𝑑𝑑𝜎𝜎𝑧𝑧�
1/𝑝𝑝, 0 < 𝑝𝑝 < ∞,   (6) 

‖𝑃𝑃𝑛𝑛‖𝐴𝐴∞(1,𝐺𝐺): = max
𝑧𝑧∈𝐺𝐺

|𝑃𝑃𝑛𝑛(𝑧𝑧)|, 𝑝𝑝 = ∞ ;   𝐴𝐴𝑝𝑝(1,𝐺𝐺) =:𝐴𝐴𝑝𝑝(𝐺𝐺). 

Here too, as in (1) ‖∙‖𝐴𝐴𝑝𝑝(ℎ,𝐺𝐺) is a norm for 1 ≤ 𝑝𝑝 ≤ ∞ 
and a quasi-norm for 0 < 𝑝𝑝 < 1. 

Subsequent to the below definition, we can give 
corresponding formulations of the estimations (3) and (5) 
pertaining to the 𝐴𝐴𝑝𝑝 −(quasi-)norm for the regions with 
quasiconformal boundary. 

Definition 1.1.  [4] Let Γ ⊂ ℂ be a Jordan arc or curve on 
the plane. We say that Γ is 𝐾𝐾 −quasiconformal if there is a 
𝐾𝐾 −quasiconformal mapping 𝑓𝑓 of a region 𝐷𝐷 ⊃ Γ such that 
𝑓𝑓(Γ) is a line segment or a circle, respectively. 

If Γ is 𝐾𝐾 −quasiconformal for some 𝐾𝐾, it is called 
quasiconformal. We denote  

 𝐾𝐾(Γ): = inf{𝐾𝐾(𝑓𝑓): 𝑓𝑓 ∈ 𝐹𝐹(Γ)}, 
where 𝐾𝐾(𝑓𝑓) is the maximal dilatation of 𝑓𝑓 and, 𝐹𝐹(Γ) is the 
set of all sense-preserving plane homeomorphisms 𝑓𝑓 of 
regions 𝐷𝐷 ⊃ Γ such that 𝑓𝑓(Γ) is a line segment or a circle, 
respectively. Then Γ is quasiconformal if 𝐾𝐾(Γ) < ∞, and Γ is 
𝐾𝐾 −quasiconformal if 𝐾𝐾(Γ) ≤ 𝐾𝐾.  

In [5], it was showed that if Γ is rectifiable quasiconformal 
curve, then there exists a constant 𝑐𝑐1 = 𝑐𝑐1(Γ) > 0   such 
that for every 𝑃𝑃𝑛𝑛 ∈ 𝒫𝒫𝑛𝑛,  

|𝑃𝑃𝑛𝑛(𝑧𝑧)| ≤ 𝑐𝑐1
√𝑛𝑛

𝑑𝑑(𝑧𝑧, Γ)
‖𝑃𝑃𝑛𝑛‖𝐴𝐴2(𝐺𝐺)|Φ(𝑧𝑧)|𝑛𝑛+1, 𝑧𝑧 ∈ Ω, 

where  𝑑𝑑(𝑧𝑧, Γ) = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑧𝑧, Γ). 
Similar estimate to (5), provided Γ = 𝜕𝜕𝜕𝜕 is 

quasiconformal and ℎ(𝑧𝑧) is defined as in (2) for 𝛾𝛾𝑗𝑗 > −2, 
was obtained in [6] as follows:  

‖𝑃𝑃𝑛𝑛‖𝐴𝐴𝑝𝑝(ℎ,𝐺𝐺𝑅𝑅) ≤ 𝑐𝑐2𝑅𝑅∗
𝑛𝑛+1𝑝𝑝‖𝑃𝑃𝑛𝑛‖𝐴𝐴𝑝𝑝(ℎ,𝐺𝐺), 𝑝𝑝 > 0, 

where 𝑅𝑅∗: = 1 + 𝑐𝑐3(𝑅𝑅 − 1) and 𝑐𝑐3 > 0, 𝑐𝑐2: =
𝑐𝑐2(𝐺𝐺, 𝑝𝑝, 𝑐𝑐3) > 0 are constants independent of 𝑛𝑛 and 𝑅𝑅. 
Furthermore, for arbitrary Jordan region 𝐺𝐺 and for any 𝑃𝑃𝑛𝑛 ∈
℘𝑛𝑛 and 𝑅𝑅1 = 1 + 1

𝑛𝑛
, it was established in [7] that  

‖𝑃𝑃𝑛𝑛‖𝐴𝐴𝑝𝑝(𝐺𝐺𝑅𝑅) ≤ 𝑐𝑐𝑅𝑅 
𝑛𝑛+2𝑝𝑝‖𝑃𝑃𝑛𝑛‖𝐴𝐴𝑝𝑝(𝐺𝐺𝑅𝑅1), 𝑝𝑝 > 0, 

holds for any 𝑅𝑅 > 𝑅𝑅1 = 1 + 1
𝑛𝑛

, where 𝑐𝑐 = � 2
𝑒𝑒𝑝𝑝−1

�
1
𝑝𝑝 �1 +

𝑂𝑂(1
𝑛𝑛

)� as 𝑛𝑛 → ∞ is an asymptotically exact constant. 
To summarize, we can say that various analogues of 

inequalities of type (3) have been studied under properties 
of different regions by changing the maximal norm in the 
inequality. 

Our aim in this paper is to establish the behavior of the 
modulus of the higher order derivative of 𝑃𝑃𝑛𝑛(𝑧𝑧) in weighted 
Lebesgue space by obtaining inequalities such as the 
following:  

�𝑃𝑃𝑛𝑛
(𝑚𝑚)(𝑧𝑧)� ≤ 𝜇𝜇𝑛𝑛 ∥ 𝑃𝑃𝑛𝑛 ∥ℒ𝑝𝑝(ℎ,Γ), 𝑧𝑧 ∈ Ω,                       (7) 

where 𝜇𝜇𝑛𝑛 = 𝜇𝜇𝑛𝑛(|Φ(𝑧𝑧)|,𝑑𝑑(𝑧𝑧, Γ), ℎ,𝑚𝑚, 𝑝𝑝, Γ) → ∞ as 𝑛𝑛 → ∞ 
is a constant which depends on the characteristics of Γ as 
well as the weight function ℎ. While doing this, we assume 
that Γ is piecewise smooth with cusps (see Definition 1.4) and 
derive the estimates using geometric properties of the curve 

Γ. The assumption here means that the curve Γ consists of a 
finite set of smooth arcs connecting at exterior non-zero 
angles 𝜆𝜆𝜆𝜆, 0 < 𝜆𝜆 < 2 and at interior zero angles (i.e. 𝜆𝜆 = 2). 

Estimates analogous to (7) have been studied, improved 
and generalized in various aspects in [5], [8]-[25], [26, p.418-
428], [27-30], [31, Sect. 5.3], [32, p.122-133], [33]-[36] (also 
reference therein and others), where 𝑚𝑚 ≥ 0. In this paper, 
we develop the methods of previous works and continue to 
find results in the weighted Lebesgue space for 𝑝𝑝 ≥ 1, thus 
contributing to the growth behavior of polynomials. 

We first introduce a number of definitions and notations 
that will be used in subsequent sections of the paper. 

The constants symbolized by 𝑐𝑐–whether or not they 
include indices–represent positive values which may vary 
throughout a particular formula and in a general context 
depend on 𝐺𝐺 and parameters that are not critical to the 
argument. Otherwise, any such dependencies will be 
articulated explicitly. For each 𝑎𝑎, 𝑏𝑏 > 0, we use the notations 
𝑎𝑎 ⪯ 𝑏𝑏 and 𝑎𝑎 ≍ 𝑏𝑏 if the conditions 𝑎𝑎 ≤ 𝑐𝑐𝑐𝑐 and 𝑐𝑐1𝑎𝑎 ≤ 𝑏𝑏 ≤
𝑐𝑐2𝑥𝑥 are satisfied, respectively. For any 𝑘𝑘 ≥ 0 and 𝑚𝑚 > 𝑘𝑘, the 
notation 𝑖𝑖 = 𝑘𝑘,𝑚𝑚 means 𝑖𝑖 = 𝑘𝑘, 𝑘𝑘 + 1, . . . ,𝑚𝑚. 

Assume that   𝑧𝑧 = 𝑧𝑧(𝑠𝑠), 𝑠𝑠 ∈ [0,𝑚𝑚𝑚𝑚𝑚𝑚Γ] states the 
natural representation of Γ. 

Definition 1.2.  Let Γ be a Jordan curve or arc. Γ is called 
smooth if it possesses a continuous tangent 𝜃𝜃(𝑧𝑧): = 𝜃𝜃(𝑧𝑧(𝑠𝑠)) 
at each point 𝑧𝑧(𝑠𝑠). The collection of such smooth curves or 
arcs is represented by the notation 𝐶𝐶𝜃𝜃. Consequently, we 
express 𝐺𝐺 ∈ 𝐶𝐶𝜃𝜃 to indicate that 𝜕𝜕𝜕𝜕 ∈ 𝐶𝐶𝜃𝜃 .  

According to [4], we have the following corollary: 
 
Corollary 1.3.  If Γ ∈ 𝐶𝐶𝜃𝜃 ,  then Γ is (1 + 𝜀𝜀) − 

quasiconformal  for arbitrary small 𝜀𝜀 > 0.  
We now recall the definition of regions bounded by a 

piecewise smooth curve with non-zero exterior angles at 
some connection points of the boundary arcs and zero 
interior angles at others. 

Definition 1.4.  [8] Let 𝐺𝐺 ⊂ ℂ be a Jordan region on the 
plane and the points �𝜉𝜉𝑗𝑗�𝑗𝑗=1

𝑙𝑙 ∈ Γ = 𝜕𝜕𝜕𝜕 have the properties 

given in the definition of ℎ(𝑧𝑧) in (2). We say that 𝐺𝐺 ∈
𝑃𝑃𝐶𝐶𝜃𝜃(1; 𝜆𝜆1, . . . , 𝜆𝜆𝑙𝑙), 0 < 𝜆𝜆𝑗𝑗 ≤ 2, 𝑗𝑗 = 1, 𝑙𝑙 if Γ = 𝜕𝜕𝜕𝜕 is the 

union of �Γ𝑗𝑗�𝑗𝑗=1
𝑙𝑙

 smooth arcs such that they have exterior 

angles (with respect to 𝐺𝐺) 𝜆𝜆𝑗𝑗𝜋𝜋, 0 < 𝜆𝜆𝑗𝑗 ≤ 2,  at the corner 

points �𝜉𝜉𝑗𝑗�𝑗𝑗=1
𝑙𝑙 ∈ Γ, where two arcs Γ𝑗𝑗−1 and Γ𝑗𝑗 , 𝑗𝑗 = 1, 𝑙𝑙, 

(Γ1 ≡ Γ𝑙𝑙) are connected.  
For simplicity of calculations, we take the case 𝑙𝑙1 = 1,

𝑙𝑙 = 2. This means that, we have the region 𝐺𝐺 ∈
𝑃𝑃𝐶𝐶𝜃𝜃(1; 𝜆𝜆1, 2), 0 < 𝜆𝜆1 < 2 such that 𝐺𝐺 has an exterior non-
zero angle 𝜆𝜆1𝜋𝜋 at 𝜉𝜉1 ∈ Γ and an interior zero angle at 𝜉𝜉2 ∈ Γ. 

Let us give some notations we need in the proofs: 
For 0 < 𝛿𝛿𝑗𝑗 < 𝛿𝛿0: = 1

4
min{|𝑧𝑧1 − 𝑧𝑧2|: 𝑗𝑗 = 1,2},let 𝛿𝛿: =

min
1≤𝑗𝑗≤2

𝛿𝛿𝑗𝑗, Ω(𝑧𝑧𝑗𝑗 , 𝛿𝛿𝑗𝑗): = Ω ∩ �𝑧𝑧: �𝑧𝑧 − 𝑧𝑧𝑗𝑗� ≤ 𝛿𝛿𝑗𝑗� and Ω(𝛿𝛿): =

⋃2
𝑗𝑗=1 Ω(𝑧𝑧𝑗𝑗 , 𝛿𝛿). Let 𝑤𝑤𝑗𝑗 : = Φ(𝑧𝑧𝑗𝑗),𝜑𝜑𝑗𝑗: = arg𝑤𝑤𝑗𝑗. We assume 

that 𝜑𝜑2 < 2𝜋𝜋, without loss of generality. For 𝜂𝜂𝑗𝑗 =
min

𝑡𝑡∈𝜕𝜕Φ(Ω(𝑧𝑧𝑗𝑗,𝛿𝛿𝑗𝑗))
�𝑡𝑡 − 𝑤𝑤𝑗𝑗� > 0 and 𝜂𝜂: = min�𝜂𝜂𝑗𝑗 , 𝑗𝑗 = 1,2� let us 

set:  
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𝐷𝐷(𝜂𝜂𝑗𝑗): = �𝑡𝑡: �𝑡𝑡 − 𝑤𝑤𝑗𝑗� ≤ 𝜂𝜂𝑗𝑗� ⊂ Φ(Ω(𝑧𝑧𝑗𝑗 , 𝛿𝛿𝑗𝑗)), 𝐷𝐷(𝜂𝜂): = �
2

𝑗𝑗=1

𝐷𝐷(𝜂𝜂𝑗𝑗), 

𝐷𝐷�𝑗𝑗 = 𝐷𝐷(0,1)\𝐷𝐷(𝜂𝜂𝑗𝑗), 𝐷𝐷�(𝜂𝜂): = 𝐷𝐷(0,1)\𝐷𝐷(𝜂𝜂), 

𝐷𝐷1 
′(𝜌𝜌): = �𝑡𝑡 = 𝑅𝑅 ⋅ 𝑒𝑒𝑖𝑖𝑖𝑖:𝑅𝑅 ≥ 𝜌𝜌 ≥ 1,

𝜑𝜑0 + 𝜑𝜑1
2

  ≤ 𝜃𝜃 <
𝜑𝜑1 + 𝜑𝜑2

2
�, 

𝐷𝐷2 
′(𝜌𝜌): = �𝑡𝑡 = 𝑅𝑅 ⋅ 𝑒𝑒𝑖𝑖𝑖𝑖:𝑅𝑅 ≥ 𝜌𝜌 ≥ 1, 𝜑𝜑1+𝜑𝜑2

2
≤ 𝜃𝜃 < 𝜑𝜑2+𝜑𝜑0

2
� where   𝜑𝜑0 = 2𝜋𝜋 − 𝜑𝜑2;   Ω𝑅𝑅

𝑗𝑗 : = Ψ(𝐷𝐷𝑗𝑗 
′(𝑅𝑅)), Γ𝑅𝑅

𝑗𝑗: = Γ𝑅𝑅 ∩ Ω𝑅𝑅
𝑗𝑗

, 𝑅𝑅 ≥

1, Ω𝑅𝑅 = ⋃2
𝑗𝑗=1 Ω𝑅𝑅

𝑗𝑗 . 
Also, some notations that we use both in formulating the results and in the proof are below: 
 

 𝜆̃𝜆: = �max{1, 𝜆𝜆} + 𝜀𝜀, 0 < 𝜆𝜆 < 2,
2, 𝜆𝜆 = 2;  (8) 

 𝜆̃𝜆𝑗𝑗: = max{1, 𝜆𝜆𝑗𝑗} + 𝜀𝜀, ∀𝜀𝜀 > 0,0 < 𝜆𝜆𝑗𝑗 < 2, 𝑗𝑗 = 1,2;  𝜆𝜆∗: = max�𝜆̃𝜆1, 𝜆̃𝜆2�; 

 𝛾𝛾�𝑗𝑗: = max�0; 𝛾𝛾𝑗𝑗�, 𝑗𝑗 = 1,2;  𝛾𝛾�: = �𝛾𝛾�1,   0 < 𝜆𝜆 < 2,
𝛾𝛾�2,   𝜆𝜆 = 2;  

 𝛾𝛾∗: = max{0, 𝛾𝛾1, 𝛾𝛾2}. 
 

Main Results 

In the theorems and corollaries given throughout the this section, the weight function ℎ(𝑧𝑧) is given by (2) for 𝑙𝑙 = 2, and, 

the constants 𝑐𝑐𝑖𝑖 > 0, 𝑖𝑖 = 1,9 are independent of 𝑛𝑛 and 𝑧𝑧 but depend on 𝐺𝐺, 𝑝𝑝, 𝛾𝛾, 𝜆𝜆,𝑚𝑚 and 𝜀𝜀, where 𝛾𝛾: = �𝛾𝛾1,   0 < 𝜆𝜆 < 2,
𝛾𝛾2,   𝜆𝜆 = 2,  

and 0 < 𝜆𝜆 ≤ 2. 
 We can now start presenting the main results:  
Theorem 2.1.  Assume that 𝑝𝑝 ≥ 1; 𝐺𝐺 ∈ 𝑃𝑃𝐶𝐶𝜃𝜃(1; 𝜆𝜆1, 2) with 0 < 𝜆𝜆1 < 2. Then, for arbitrary 𝑃𝑃𝑛𝑛 ∈ ℘𝑛𝑛, 𝑛𝑛 ∈ ℕ, 𝑛𝑛 ≥ 𝑚𝑚, any 

𝑚𝑚 = 1,2, . . ., and 𝑧𝑧 ∈ 𝛺𝛺𝑅𝑅1 , we have:  
  

 �𝑃𝑃𝑛𝑛
(𝑚𝑚)(𝑧𝑧)� ≤ 𝑐𝑐1

�Φ𝑛𝑛−𝑚𝑚+1(𝑧𝑧)�
𝑑𝑑(𝑧𝑧,Γ)

𝐼𝐼𝑛𝑛,𝑝𝑝
1 (𝑚𝑚)‖𝑃𝑃𝑛𝑛‖𝑝𝑝  , 

where  

 𝐼𝐼𝑛𝑛,𝑝𝑝
1 (𝑚𝑚): =

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧𝑛𝑛

�𝛾𝛾1+1𝑝𝑝 +𝑚𝑚−1�𝜆𝜆�1 , 1 ≤ 𝑝𝑝 < 𝜆𝜆�

𝜆𝜆�+1
𝛾𝛾� + 1, 𝛾𝛾1 > 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� , 𝛾𝛾2 > 0,

𝑛𝑛2�
𝛾𝛾2+1
𝑝𝑝 +𝑚𝑚−1�, 1 ≤ 𝑝𝑝 < 𝜆𝜆�

𝜆𝜆�+1
𝛾𝛾� + 1, 0 < 𝛾𝛾1 < 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� , 𝛾𝛾2 > 0,

𝑛𝑛𝑚𝑚𝜆𝜆�+1−1𝑝𝑝(ln𝑛𝑛)1−
1
𝑝𝑝, 𝑝𝑝 = 𝜆𝜆�

𝜆𝜆�+1
𝛾𝛾� + 1, 𝛾𝛾1 = 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� , 𝛾𝛾2 > 0,

𝑛𝑛𝑚𝑚𝜆𝜆�+1−1𝑝𝑝, 𝑝𝑝 > 2
3
𝛾𝛾2 + 1, 0 < 𝛾𝛾1 < 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� , 𝛾𝛾2 > 0,

𝑛𝑛𝑚𝑚𝜆𝜆�+1−1𝑝𝑝, 𝑝𝑝 > 𝜆𝜆�1
𝜆𝜆�1+1

𝛾𝛾1 + 1, 𝛾𝛾1 > 2
3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� , 𝛾𝛾2 > 0,

𝑛𝑛𝑚𝑚𝜆𝜆�+1−1𝑝𝑝, 𝑝𝑝 ≥ 1, −1 < 𝛾𝛾1, 𝛾𝛾2 ≤ 0.

       (9) 

  
In the situation of the region has zero or nonzero angles at both points simultaneously, we obtain the following results. 
 
Corollary 2.2.  Under the conditions of Theorem 2.1, for 𝐺𝐺 ∈ 𝑃𝑃𝐶𝐶𝜃𝜃(1; 𝜆𝜆1, 𝜆𝜆2), 0 < 𝜆𝜆1, 𝜆𝜆2 < 2, we have:  

 �𝑃𝑃𝑛𝑛
(𝑚𝑚)(𝑧𝑧)� ≤ 𝑐𝑐2

�Φ𝑛𝑛−𝑚𝑚+1(𝑧𝑧)�
𝑑𝑑(𝑧𝑧,Γ)

𝐼𝐼𝑛𝑛,𝑝𝑝
2 (𝑚𝑚)‖𝑃𝑃𝑛𝑛‖𝑝𝑝, 

where  

 𝐼𝐼𝑛𝑛,𝑝𝑝
2 (𝑚𝑚): =

⎩
⎪⎪
⎨

⎪⎪
⎧𝑛𝑛�

𝛾𝛾∗+1
𝑝𝑝 +𝑚𝑚−1�𝜆𝜆∗ , 1 ≤ 𝑝𝑝 < 𝜆𝜆∗

𝜆𝜆∗+1
𝛾𝛾∗ + 1, 𝛾𝛾∗ > 0,

𝑛𝑛𝑚𝑚𝜆𝜆∗+1−1𝑝𝑝(ln𝑛𝑛)1−
1
𝑝𝑝, 𝑝𝑝 = 𝜆𝜆∗

𝜆𝜆∗+1
𝛾𝛾∗ + 1, 𝛾𝛾∗ > 0,

𝑛𝑛𝑚𝑚𝜆𝜆∗+1−1𝑝𝑝, 𝑝𝑝 > 𝜆𝜆∗

𝜆𝜆∗+1
𝛾𝛾∗ + 1, 𝛾𝛾∗ > 0, 𝑜𝑜𝑜𝑜

𝑝𝑝 ≥ 1, −1 < 𝛾𝛾1, 𝛾𝛾2 ≤ 0.

        (10) 

  
Corollary 2.3.  Under the conditions of Theorem 2.1, for 𝐺𝐺 ∈ 𝑃𝑃𝐶𝐶𝜃𝜃(1; 2,2), we have:  

 �𝑃𝑃𝑛𝑛
(𝑚𝑚)(𝑧𝑧)� ≤ 𝑐𝑐3

�Φ𝑛𝑛−𝑚𝑚+1(𝑧𝑧)�
𝑑𝑑(𝑧𝑧,Γ)

𝐼𝐼𝑛𝑛,𝑝𝑝
3 (𝑚𝑚)‖𝑃𝑃𝑛𝑛‖𝑝𝑝, 
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where  

 𝐼𝐼𝑛𝑛,𝑝𝑝
3 (𝑚𝑚): =

⎩
⎪⎪
⎨

⎪⎪
⎧𝑛𝑛2�

𝛾𝛾∗+1
𝑝𝑝 +𝑚𝑚−1�, 1 ≤ 𝑝𝑝 < 2𝛾𝛾∗

3
+ 1, 𝛾𝛾∗ > 0,

𝑛𝑛2𝑚𝑚+1−1𝑝𝑝(ln𝑛𝑛)1−
1
𝑝𝑝, 𝑝𝑝 = 2𝛾𝛾∗

3
+ 1, 𝛾𝛾∗ > 0,

𝑛𝑛2𝑚𝑚+1−1𝑝𝑝, 𝑝𝑝 > 2𝛾𝛾∗

3
+ 1, 𝛾𝛾∗ > 0, 𝑜𝑜𝑜𝑜

𝑝𝑝 ≥ 1, −1 < 𝛾𝛾1, 𝛾𝛾2 ≤ 0.

        (11) 

  
After obtaining the estimates for the unbounded region above, we obtain the estimates of �𝑃𝑃𝑛𝑛

(𝑚𝑚)(𝑧𝑧)�, 𝑚𝑚 ≥ 0, for the 
bounded region as follows: 
Theorem 2.4.  Assume that 𝑝𝑝 > 0;   𝐺𝐺 ∈ 𝑃𝑃𝐶𝐶𝜃𝜃(1; 𝜆𝜆1, 2) with 0 < 𝜆𝜆1 < 2. Then, for arbitrary 𝑃𝑃𝑛𝑛 ∈ ℘𝑛𝑛, 𝑛𝑛 ∈ ℕ, 𝑛𝑛 ≥ 𝑚𝑚, 𝑚𝑚 =
0,1,2, . .. we have:  

 �𝑃𝑃𝑛𝑛
(𝑚𝑚)(𝑧𝑧)� ≤ 𝑐𝑐4𝑛𝑛

𝜆𝜆��𝑚𝑚+𝛾𝛾�+1𝑝𝑝 � ∥ 𝑃𝑃𝑛𝑛 ∥𝑝𝑝.  

In the first result below, the case where the Γ has exterior nonzero angles at both points, and in the second result, the 
case where the Γ has interior zero angles at both points is examined. 
Corollary 2.5.  Under the conditions of Theorem 2.4, for 𝐺𝐺 ∈ 𝑃𝑃𝐶𝐶𝜃𝜃(1; 𝜆𝜆1, 𝜆𝜆2), 0 < 𝜆𝜆1, 𝜆𝜆2 < 2, we get:  

 �𝑃𝑃𝑛𝑛
(𝑚𝑚)(𝑧𝑧)� ≤ 𝑐𝑐5𝑛𝑛

𝜆𝜆∗�𝑚𝑚+𝛾𝛾
∗+1
𝑝𝑝 � ∥ 𝑃𝑃𝑛𝑛 ∥𝑝𝑝. 

Corollary 2.6.  Under the conditions of Theorem 2.4, for 𝐺𝐺 ∈ 𝑃𝑃𝐶𝐶𝜃𝜃(1; 2,2) we get:  

 �𝑃𝑃𝑛𝑛
(𝑚𝑚)(𝑧𝑧)� ≤ 𝑐𝑐6𝑛𝑛

2�𝑚𝑚+𝛾𝛾
∗+1
𝑝𝑝 � ∥ 𝑃𝑃𝑛𝑛 ∥𝑝𝑝. 

Combining Theorem 2.1 and Theorem 2.4, we obtain the following theorem in the whole complex plane: 
Theorem 2.7.  Assume that 𝑝𝑝 ≥ 1;   𝐺𝐺 ∈ 𝑃𝑃𝐶𝐶𝜃𝜃(1; 𝜆𝜆1, 2) with 0 < 𝜆𝜆1 < 2. Then, for arbitrary 𝑃𝑃𝑛𝑛 ∈ ℘𝑛𝑛, 𝑛𝑛 ∈ ℕ, 𝑛𝑛 ≥ 𝑚𝑚, 𝑚𝑚 =
1,2, . .. we have:  

 �𝑃𝑃𝑛𝑛
(𝑚𝑚)�

∞
≤ 𝑐𝑐7‖𝑃𝑃𝑛𝑛‖𝑝𝑝 �

�Φ𝑛𝑛−𝑚𝑚+1(𝑧𝑧)�
𝑑𝑑(𝑧𝑧,Γ)

𝐼𝐼𝑛𝑛,𝑝𝑝
1 (𝑚𝑚), 𝑧𝑧 ∈ Ω1+1𝑛𝑛

,

𝑛𝑛𝜆𝜆
��𝑚𝑚+𝛾𝛾�+1𝑝𝑝 �, 𝑧𝑧 ∈ 𝐺𝐺1+1𝑛𝑛

,
 

where 𝐼𝐼𝑛𝑛,𝑝𝑝
1 (𝑚𝑚) is defined as in (9).  

Respectively, combining Corollaries 2.2 and 2.3 with Corollaries 2.5 and 2.6, we get: 
Corollary 2.8.  Assume that 𝑝𝑝 ≥ 1; 𝐺𝐺 ∈ 𝑃𝑃𝐶𝐶𝜃𝜃(1; 𝜆𝜆1, 𝜆𝜆2) with 0 < 𝜆𝜆1, 𝜆𝜆2 < 2. Then, for arbitrary 𝑃𝑃𝑛𝑛 ∈ ℘𝑛𝑛, 𝑛𝑛 ∈ ℕ, 𝑛𝑛 ≥ 𝑚𝑚; any 
𝑚𝑚 = 1,2, . . ., and 𝑧𝑧 ∈ 𝛺𝛺𝑅𝑅

𝑗𝑗 , we have:  

 �𝑃𝑃𝑛𝑛
(𝑚𝑚)�

∞
≤ 𝑐𝑐8‖𝑃𝑃𝑛𝑛‖𝑝𝑝 �

�Φ𝑛𝑛−𝑚𝑚+1(𝑧𝑧)�
𝑑𝑑(𝑧𝑧,Γ)

𝐼𝐼𝑛𝑛,𝑝𝑝
2 (𝑚𝑚), 𝑧𝑧 ∈ Ω1+1𝑛𝑛

,

𝑛𝑛𝜆𝜆
∗�𝑚𝑚+𝛾𝛾

∗+1
𝑝𝑝 �, 𝑧𝑧 ∈ 𝐺𝐺1+1𝑛𝑛

,
 

where 𝐼𝐼𝑛𝑛,𝑝𝑝
2 (𝑚𝑚) is defined as in (10).  

Corollary 2.9.  Assume that 𝑝𝑝 ≥ 1; 𝐺𝐺 ∈ 𝑃𝑃𝐶𝐶𝜃𝜃(1; 𝜆𝜆1, 𝜆𝜆2) with 0 < 𝜆𝜆1, 𝜆𝜆2 < 2. Then, for arbitrary 𝑃𝑃𝑛𝑛 ∈ ℘𝑛𝑛, 𝑛𝑛 ∈ ℕ, 𝑛𝑛 ≥ 𝑚𝑚; any 
𝑚𝑚 = 1,2, . . ., and 𝑧𝑧 ∈ 𝛺𝛺𝑅𝑅

𝑗𝑗 , we have:  

 �𝑃𝑃𝑛𝑛
(𝑚𝑚)�

∞
≤ 𝑐𝑐9‖𝑃𝑃𝑛𝑛‖𝑝𝑝 �

�Φ𝑛𝑛−𝑚𝑚+1(𝑧𝑧)�
𝑑𝑑(𝑧𝑧,Γ)

𝐼𝐼𝑛𝑛,𝑝𝑝
3 (𝑚𝑚), 𝑧𝑧 ∈ Ω1+1𝑛𝑛

,

𝑛𝑛2�𝑚𝑚+𝛾𝛾
∗+1
𝑝𝑝 �, 𝑧𝑧 ∈ 𝐺𝐺1+1𝑛𝑛

,
 

where 𝐼𝐼𝑛𝑛,𝑝𝑝
3 (𝑚𝑚) is defined as in (11). 

 
Some Auxiliary Results 

 
Lemma 3.1.  [37] Let Γ = 𝜕𝜕𝜕𝜕 be a 𝐾𝐾 −quasiconformal curve, 𝑧𝑧1 ∈ Γ, 𝑧𝑧2, 𝑧𝑧3 ∈ Ω ∩ {𝑧𝑧: |𝑧𝑧 − 𝑧𝑧1| ⪯ 𝑑𝑑(𝑧𝑧1, Γ𝑅𝑅0)}; 𝑤𝑤𝑗𝑗 =

Φ(𝑧𝑧𝑗𝑗), 𝑗𝑗 = 1,2,3. Then 
  

a) The statements |𝑧𝑧1 − 𝑧𝑧2| ⪯ |𝑧𝑧1 − 𝑧𝑧3| and |𝑤𝑤1 − 𝑤𝑤2| ⪯ |𝑤𝑤1 − 𝑤𝑤3| are equivalent. So |𝑧𝑧1 − 𝑧𝑧2| ≍ |𝑧𝑧1 − 𝑧𝑧3| and 
|𝑤𝑤1 − 𝑤𝑤2| ≍ |𝑤𝑤1 − 𝑤𝑤3| are also equivalent. 
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b) If |𝑧𝑧1 − 𝑧𝑧2| ⪯ |𝑧𝑧1 − 𝑧𝑧3|, then  

 �𝑤𝑤1−𝑤𝑤3
𝑤𝑤1−𝑤𝑤2

�
𝐾𝐾−2

⪯ �𝑧𝑧1−𝑧𝑧3
𝑧𝑧1−𝑧𝑧2

� ⪯ �𝑤𝑤1−𝑤𝑤3
𝑤𝑤1−𝑤𝑤2

�
𝐾𝐾2

, 
where  𝑅𝑅0 > 1 is a constant, depending on 𝐺𝐺.   
 
Corollary 3.2.  Under the assumptions of Lemma 3.1, if 𝑧𝑧3 ∈ Γ𝑅𝑅0 , then  

 |𝑤𝑤1 − 𝑤𝑤2|𝐾𝐾2 ⪯ |𝑧𝑧1 − 𝑧𝑧2| ⪯ |𝑤𝑤1 − 𝑤𝑤2|𝐾𝐾−2 . 
f 

Corollary 3.3.  If Γ ∈ 𝐶𝐶𝜃𝜃 , then  
 |𝑤𝑤1 − 𝑤𝑤2|1+𝜀𝜀 ⪯ |𝑧𝑧1 − 𝑧𝑧2| ⪯ |𝑤𝑤1 − 𝑤𝑤2|1−𝜀𝜀 , 

 
for all 𝜀𝜀 > 0.  

 
From the results in [38] and [39], we have the following lemma as a consequence: 
 

Lemma 3.4.  Let 𝐺𝐺 ∈ 𝑃𝑃𝐶𝐶𝜃𝜃(1; 𝜆𝜆1, . . . , 𝜆𝜆𝑙𝑙), 0 < 𝜆𝜆𝑗𝑗 < 2, 𝑗𝑗 = 1,2, . . ., 𝑙𝑙,. Then 
a) for any 𝑤𝑤 ∈ 𝐷𝐷𝑗𝑗(𝜂𝜂), |𝑤𝑤 − 𝑤𝑤𝑗𝑗|𝜆𝜆𝑗𝑗+𝜀𝜀 ⪯ |Ψ(𝑤𝑤) −Ψ(𝑤𝑤𝑗𝑗)| ⪯ |𝑤𝑤 − 𝑤𝑤𝑗𝑗|𝜆𝜆𝑗𝑗−𝜀𝜀, |𝑤𝑤 − 𝑤𝑤𝑗𝑗|𝜆𝜆𝑗𝑗−1+𝜀𝜀 ⪯ |Ψ ′(𝑤𝑤)| ⪯

|𝑤𝑤 − 𝑤𝑤𝑗𝑗|𝜆𝜆𝑗𝑗−1−𝜀𝜀; 
b) for any 𝑤𝑤 ∈ 𝐷𝐷�(𝜂𝜂), (|𝑤𝑤| − 1)1+𝜀𝜀 ⪯ 𝑑𝑑(Ψ(𝑤𝑤), Γ)| ⪯ (|𝑤𝑤| − 1)1−𝜀𝜀, (|𝑤𝑤| − 1)𝜀𝜀 ⪯ |Ψ ′(𝑤𝑤)| ⪯ (|𝑤𝑤| −

1)−𝜀𝜀 .  
 
Let �𝑧𝑧𝑗𝑗�𝑗𝑗=1

𝑙𝑙
 be a fixed system of distinct points on curve Γ ordered in the positive direction and the weight function ℎ(𝑧𝑧) be 

defined as in (2). 
 

Lemma 3.5.  [3] Let Γ be a rectifiable  Jordan  curve;   ℎ(𝑧𝑧) as defined in (2). Then, for arbitrary 𝑃𝑃𝑛𝑛(𝑧𝑧) ∈ ℘𝑛𝑛,  any 𝑅𝑅 > 1 
and 𝑛𝑛 ∈ ℕ,  we have:  

 ‖𝑃𝑃𝑛𝑛‖ℒ𝑝𝑝(ℎ,Γ𝑅𝑅) ≤ 𝑅𝑅𝑛𝑛+
1+𝛾𝛾∗
𝑝𝑝 ‖𝑃𝑃𝑛𝑛‖ℒ𝑝𝑝(ℎ,Γ), 𝑝𝑝 > 0,           (12) 

where 𝛾𝛾∗ = max{𝛾𝛾𝑘𝑘: 𝑘𝑘 ≤   𝑚𝑚}.  
 
Proofs 

 
Proof of Theorem 2.1. Let 𝐺𝐺 ∈ 𝐶𝐶𝜃𝜃(1; 𝜆𝜆1, 2) with 0 < 𝜆𝜆1 < 2, 𝑅𝑅 = 1 + 𝜀𝜀0

𝑛𝑛
, 𝑅𝑅1: = 1 + 𝑅𝑅−1

3
 and 𝑅𝑅2: = 1 + 2(𝑅𝑅−1)

3
. For 𝑧𝑧 ∈

Ω and 0 ≤ 𝑚𝑚 < 𝑛𝑛, let us define  

 𝑆𝑆𝑛𝑛,𝑚𝑚(𝑧𝑧): = 𝑃𝑃𝑛𝑛
(𝑚𝑚)(𝑧𝑧)

Φ𝑛𝑛−𝑚𝑚+1(𝑧𝑧)
. 

Since the function 𝑆𝑆𝑛𝑛,𝑚𝑚(𝑧𝑧) is analytic in Ω and continuous on Ω and moreover 𝑆𝑆𝑛𝑛,𝑚𝑚(∞) = 0, then by the Cauchy integral 
formula for unbounded region, we have:  
 𝑆𝑆𝑛𝑛,𝑚𝑚(𝑧𝑧) = − 1

2𝜋𝜋𝜋𝜋 ∫Γ𝑅𝑅1
𝑆𝑆𝑛𝑛,𝑚𝑚(𝜉𝜉) 𝑑𝑑𝑑𝑑

𝜉𝜉−𝑧𝑧
, 𝑧𝑧 ∈ Ω𝑅𝑅1 . 

If we consider the fact that |Φ𝑛𝑛−𝑚𝑚+1(𝜉𝜉)| = 𝑅𝑅1𝑛𝑛−𝑚𝑚+1 > 1 for 𝜉𝜉 ∈ Γ𝑅𝑅1 , we obtain the following:  

 � 𝑃𝑃𝑛𝑛
(𝑚𝑚)(𝑧𝑧)

Φ𝑛𝑛−𝑚𝑚+1(𝑧𝑧)
� ≤ 1

2𝜋𝜋 ∫Γ𝑅𝑅1
� 𝑃𝑃𝑛𝑛

(𝑚𝑚)(𝜉𝜉)
Φ𝑛𝑛−𝑚𝑚+1(𝜉𝜉)

� |𝑑𝑑𝑑𝑑|
|𝜉𝜉−𝑧𝑧|

≤ 1
2𝜋𝜋𝜋𝜋(𝑧𝑧,Γ𝑅𝑅1)∫Γ𝑅𝑅1

�𝑃𝑃𝑛𝑛
(𝑚𝑚)(𝜉𝜉)�|𝑑𝑑𝑑𝑑|, 

and so,  

 �𝑃𝑃𝑛𝑛
(𝑚𝑚)(𝑧𝑧)� ⪯ �Φ𝑛𝑛−𝑚𝑚+1(𝑧𝑧)�

2𝜋𝜋𝜋𝜋(𝑧𝑧,Γ𝑅𝑅1) ∫Γ𝑅𝑅1
�𝑃𝑃𝑛𝑛

(𝑚𝑚)(𝜉𝜉)�|𝑑𝑑𝑑𝑑|.           (13) 

Let us express the Cauchy 𝑚𝑚 − 𝑡𝑡ℎ derivative formula for 𝑃𝑃𝑛𝑛(𝜉𝜉):  
 𝑃𝑃𝑛𝑛

(𝑚𝑚)(𝜉𝜉) = 𝑚𝑚!
2𝜋𝜋𝜋𝜋 ∫Γ𝑅𝑅2

𝑃𝑃𝑛𝑛(𝑡𝑡) 𝑑𝑑𝑑𝑑
(𝑡𝑡−𝜉𝜉)𝑚𝑚+1 , 𝜉𝜉 ∈ 𝐺𝐺𝑅𝑅2 ,          (14) 

and take 𝜉𝜉 ∈ Γ𝑅𝑅1 , so that by substituting (14) into (13), we obtain the following:  

 �𝑃𝑃𝑛𝑛
(𝑚𝑚)(𝑧𝑧)� ⪯ �Φ𝑛𝑛−𝑚𝑚+1(𝑧𝑧)�

𝑑𝑑(𝑧𝑧,Γ𝑅𝑅1) ∫Γ𝑅𝑅1
�∫Γ𝑅𝑅2

|𝑃𝑃𝑛𝑛(𝑡𝑡)| |𝑑𝑑𝑑𝑑|
|𝑡𝑡−𝜉𝜉|𝑚𝑚+1� |𝑑𝑑𝑑𝑑|         (15) 

           ⪯ �Φ𝑛𝑛−𝑚𝑚+1(𝑧𝑧)�
𝑑𝑑(𝑧𝑧,Γ𝑅𝑅1)

sup
𝑡𝑡∈Γ𝑅𝑅2

�∫Γ𝑅𝑅1
|𝑑𝑑𝑑𝑑|

|𝑡𝑡−𝜉𝜉|𝑚𝑚+1� ∫Γ𝑅𝑅2
|𝑃𝑃𝑛𝑛(𝑡𝑡)||𝑑𝑑𝑑𝑑|.         (16) 

Denote by 
 ∫Γ𝑅𝑅1

|𝑑𝑑𝑑𝑑|
|𝑡𝑡−𝜉𝜉|𝑚𝑚+1 =: 𝐼𝐼1(Γ𝑅𝑅1);∫Γ𝑅𝑅2

|𝑃𝑃𝑛𝑛(𝑡𝑡)||𝑑𝑑𝑑𝑑| =: 𝐼𝐼2(Γ𝑅𝑅2),          (17) 

and estimate these integrals separately. 
Before we move on to the integral estimations, let us mention that we have the following estimation for |Ψ′(𝜏𝜏)| ([40, Th.2.8]):  
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 |Ψ′(𝜏𝜏)| ≍ 𝑑𝑑(Ψ(𝜏𝜏),Γ)
|𝜏𝜏|−1

.             (18) 

1) Estimation of 𝐼𝐼1(Γ𝑅𝑅1) = ∫Γ𝑅𝑅1
|𝑑𝑑𝑑𝑑|

|𝑡𝑡−𝜉𝜉|𝑚𝑚+1. 
Replacing the variable 𝜏𝜏 = Φ(𝜉𝜉), 𝜉𝜉 ∈ Γ𝑅𝑅1 ,𝑤𝑤 = Φ(𝑡𝑡), 𝑡𝑡 ∈ Γ𝑅𝑅2, we have:  

 𝐼𝐼1(Γ𝑅𝑅1) = ∫|𝜏𝜏|=𝑅𝑅1
�Ψ′(𝜏𝜏)�|𝑑𝑑𝑑𝑑|

|Ψ(𝜏𝜏)−Ψ(𝑤𝑤)|𝑚𝑚+1.            (19) 

Considering the corner points 𝑧𝑧𝑗𝑗 = Ψ(𝑤𝑤𝑗𝑗), 𝑗𝑗 = 1,2 to estimate the 𝐼𝐼1(Γ𝑅𝑅1), we define the following sets for which we can 
use the geometric properties of the curve Γ:  
 𝐻𝐻𝜌𝜌,𝑗𝑗

1 : = {𝜏𝜏: 𝜏𝜏 ∈ Φ(Γ𝜌𝜌
𝑗𝑗), �𝜏𝜏 − 𝑤𝑤𝑗𝑗� < 𝑐𝑐𝑗𝑗(𝜌𝜌 − 1)},𝐻𝐻𝜌𝜌,𝑗𝑗

11 : = �𝜏𝜏 ∈ 𝐻𝐻𝜌𝜌,𝑗𝑗
1 : |𝜏𝜏 − 𝑤𝑤𝑗𝑗| ≥ |𝜏𝜏 − 𝑤𝑤|�, 

 𝐻𝐻𝜌𝜌,𝑗𝑗
12 : = 𝐻𝐻𝜌𝜌,𝑗𝑗

1 \𝐻𝐻𝜌𝜌,𝑗𝑗
11 ; 

 𝐻𝐻𝜌𝜌,𝑗𝑗
2 : = {𝜏𝜏: 𝜏𝜏 ∈ Φ(Γ𝜌𝜌

𝑗𝑗), 𝑐𝑐𝑗𝑗(𝜌𝜌 − 1) ≤ �𝜏𝜏 − 𝑤𝑤𝑗𝑗� < 𝜂𝜂},𝐻𝐻𝜌𝜌,𝑗𝑗
21: = �𝜏𝜏 ∈ 𝐻𝐻𝜌𝜌,𝑗𝑗

2 : |𝜏𝜏 − 𝑤𝑤𝑗𝑗| ≥ |𝜏𝜏 − 𝑤𝑤|�, 
 𝐻𝐻𝜌𝜌,𝑗𝑗

22: = 𝐻𝐻𝜌𝜌,𝑗𝑗
2 \𝐻𝐻𝜌𝜌,𝑗𝑗

21; 
 𝐻𝐻𝜌𝜌,𝑗𝑗

3 : = {𝜏𝜏: 𝜏𝜏 ∈ Φ(Γ𝜌𝜌)}\�𝐻𝐻𝜌𝜌,𝑗𝑗
1 ∪ 𝐻𝐻𝜌𝜌,𝑗𝑗

2 �, 𝑗𝑗 = 1,2 
where 𝜌𝜌 ≥ 1. For 𝜌𝜌 = 𝑅𝑅1, we perform the estimation of 𝐼𝐼1(Γ𝑅𝑅1) separately for the sets specified above:  

 𝐼𝐼1(Γ𝑅𝑅1) = ∑2
𝑖𝑖,𝑗𝑗=1 𝐼𝐼1(𝐻𝐻𝑅𝑅1,𝑗𝑗

𝑖𝑖 ) + 𝐼𝐼1(𝐻𝐻𝑅𝑅1,𝑗𝑗
3 ).           (20) 

By using Lemma 3.1 and Lemma 3.4 we get the following estimates:  

                    𝐼𝐼1(𝐻𝐻𝑅𝑅1,1
1 ) = �

𝐻𝐻𝑅𝑅1,1
1

|Ψ′(𝜏𝜏)||𝑑𝑑𝑑𝑑|
|Ψ(𝜏𝜏) −Ψ(𝑤𝑤)|𝑚𝑚+1 ≍ �

𝐻𝐻𝑅𝑅1,1
1

|𝜏𝜏 − 𝑤𝑤1|𝜆𝜆1−1−𝜀𝜀

|𝜏𝜏 − 𝑤𝑤|(𝑚𝑚+1)(𝜆𝜆1+𝜀𝜀) |𝑑𝑑𝑑𝑑|; 

  

     𝐼𝐼1(𝐻𝐻𝑅𝑅1,1
2 ) = ∫𝐻𝐻𝑅𝑅1,1

2
�Ψ′(𝜏𝜏)�|𝑑𝑑𝑑𝑑|

|Ψ(𝜏𝜏)−Ψ(𝑤𝑤)|𝑚𝑚+1 ≍ ∫𝐻𝐻𝑅𝑅1,1
2

|𝜏𝜏−𝑤𝑤1|𝜆𝜆1−1−𝜀𝜀

|𝜏𝜏−𝑤𝑤|(𝑚𝑚+1)(𝜆𝜆1+𝜀𝜀) |𝑑𝑑𝑑𝑑| 

                        = ∫𝐻𝐻𝑅𝑅1,1
21

�Ψ′(𝜏𝜏)�|𝑑𝑑𝑑𝑑|
|Ψ(𝜏𝜏)−Ψ(𝑤𝑤)|𝑚𝑚+1 |𝑑𝑑𝑑𝑑| + ∫𝐻𝐻𝑅𝑅1,1

22
|𝜏𝜏−𝑤𝑤1|𝜆𝜆1−1−𝜀𝜀

|𝜏𝜏−𝑤𝑤|(𝑚𝑚+1)(𝜆𝜆1+𝜀𝜀) |𝑑𝑑𝑑𝑑|. 

Now, we can estimate these integrals for 1 ≤ 𝜆𝜆1 < 2 and 0 < 𝜆𝜆1 < 1 separately.  
If 1 ≤ 𝜆𝜆1 < 2, then we have:  

𝐼𝐼1(𝐻𝐻𝑅𝑅1,1
1 ) ≍ �

𝐻𝐻𝑅𝑅1,1
1

|𝜏𝜏 − 𝑤𝑤1|𝜆𝜆1−1−𝜀𝜀

|𝜏𝜏 − 𝑤𝑤|(𝑚𝑚+1)(𝜆𝜆1+𝜀𝜀) |𝑑𝑑𝑑𝑑| ⪯ �
1
𝑛𝑛
�
𝜆𝜆1−1−𝜀𝜀

�
𝐻𝐻𝑅𝑅1,1
1

|𝑑𝑑𝑑𝑑|
|𝜏𝜏 − 𝑤𝑤|(𝑚𝑚+1)(𝜆𝜆1+𝜀𝜀) ⪯ �

1
𝑛𝑛
�
𝜆𝜆1−1−𝜀𝜀

𝑛𝑛(𝑚𝑚+1)(𝜆𝜆1+𝜀𝜀)−1 = 𝑛𝑛𝑚𝑚𝜆𝜆1+𝜀𝜀 . 

  

𝐼𝐼1(𝐻𝐻𝑅𝑅1,1
21 ) = �

𝐻𝐻𝑅𝑅1,1
21

|Ψ′(𝜏𝜏)||𝑑𝑑𝑑𝑑|
|Ψ(𝜏𝜏) −Ψ(𝑤𝑤)|𝑚𝑚+1 |𝑑𝑑𝑑𝑑| = �

Ψ�𝐻𝐻𝑅𝑅1,1
21 �

|𝑑𝑑𝑑𝑑|
|𝜉𝜉 − 𝑡𝑡|𝑚𝑚+1  ⪯ �

𝑐𝑐

𝑑𝑑(𝜉𝜉,Γ𝑅𝑅2)

|𝑑𝑑𝑑𝑑|
|𝜉𝜉 − 𝑡𝑡|𝑚𝑚+1 ⪯

1
𝑑𝑑𝑚𝑚(𝜉𝜉, Γ𝑅𝑅2)

⪯ 𝑛𝑛𝑚𝑚𝜆𝜆1+𝜀𝜀; 

  

𝐼𝐼1(𝐻𝐻𝑅𝑅1,1
22 ) = �

𝐻𝐻𝑅𝑅1,1
22

|𝜏𝜏 − 𝑤𝑤1|𝜆𝜆1−1−𝜀𝜀

|𝜏𝜏 − 𝑤𝑤|(𝑚𝑚+1)(𝜆𝜆1+𝜀𝜀) |𝑑𝑑𝑑𝑑| ⪯ �
𝐻𝐻𝑅𝑅1,1
22

|𝑑𝑑𝑑𝑑|
|𝜏𝜏 − 𝑤𝑤|(𝑚𝑚+1)𝜆𝜆1−𝜆𝜆1+1+𝜀𝜀

⪯ 𝑛𝑛𝑚𝑚𝜆𝜆1+𝜀𝜀 . 

Let 0 < 𝜆𝜆1 < 1. In this case we have:  

𝐼𝐼1(𝐻𝐻𝑅𝑅1,1
1 ) ≍ �

𝐻𝐻𝑅𝑅1,1
1

|𝜏𝜏 − 𝑤𝑤1|𝜆𝜆1−1−𝜀𝜀

|𝜏𝜏 − 𝑤𝑤|(𝑚𝑚+1)(𝜆𝜆1+𝜀𝜀) |𝑑𝑑𝑑𝑑| = �
𝐻𝐻𝑅𝑅1,1
1

|𝑑𝑑𝑑𝑑|
|𝜏𝜏 − 𝑤𝑤|1−𝜆𝜆1+(𝑚𝑚+1)(𝜆𝜆1+𝜀𝜀) 

 ⪯ 𝑛𝑛1−𝜆𝜆1+(𝑚𝑚+1)(𝜆𝜆1+𝜀𝜀)𝑚𝑚𝑚𝑚𝑚𝑚(𝐻𝐻𝑅𝑅1,1
1 ) ⪯ 𝑛𝑛1−𝜆𝜆1+(𝑚𝑚+1)(𝜆𝜆1+𝜀𝜀)−1 = 𝑛𝑛𝑚𝑚𝜆𝜆1+𝜀𝜀). 

  

𝐼𝐼1(𝐻𝐻𝑅𝑅1,1
2 ) = �

𝐻𝐻𝑅𝑅1,1
2

|Ψ′(𝜏𝜏)||𝑑𝑑𝑑𝑑|
|Ψ(𝜏𝜏) −Ψ(𝑤𝑤)|𝑚𝑚+1 ≍ �

𝐻𝐻𝑅𝑅1,1
2

|𝜏𝜏 − 𝑤𝑤1|𝜆𝜆1−1−𝜀𝜀

|𝜏𝜏 − 𝑤𝑤|(𝑚𝑚+1)(𝜆𝜆1+𝜀𝜀) |𝑑𝑑𝑑𝑑| 

                  = ∫𝐻𝐻𝑅𝑅1,1
21

|𝑑𝑑𝑑𝑑|
|𝜏𝜏−𝑤𝑤|1−𝜆𝜆1+(𝑚𝑚+1)(𝜆𝜆1+𝜀𝜀) + ∫𝐻𝐻𝑅𝑅1,1

22
|𝑑𝑑𝑑𝑑|

|𝜏𝜏−𝑤𝑤1|1−𝜆𝜆1+(𝑚𝑚+1)(𝜆𝜆1+𝜀𝜀) ⪯ 𝑛𝑛𝑚𝑚𝜆𝜆1+𝜀𝜀 + 𝑛𝑛𝑚𝑚𝜆𝜆1+𝜀𝜀 ⪯ 𝑛𝑛𝑚𝑚𝜆𝜆1+𝜀𝜀 . 

Finally, applying  (18) and Corollary 3.3, for 𝑘𝑘 = 1,2, we have:  

 𝐼𝐼1�𝐻𝐻𝑅𝑅1,2
𝑘𝑘 � ≍ ∫𝐻𝐻𝑅𝑅1,2

𝑘𝑘
𝑑𝑑(Ψ(𝜏𝜏),Γ)

|Ψ(𝜏𝜏)−Ψ(𝑤𝑤)|𝑚𝑚+1(|𝜏𝜏|−1)
|𝑑𝑑𝑑𝑑| ⪯ 𝑛𝑛∫𝐻𝐻𝑅𝑅1,2

𝑘𝑘
|𝑑𝑑𝑑𝑑|

|𝜏𝜏−𝑤𝑤|2𝑚𝑚
⪯ 𝑛𝑛2𝑚𝑚, 

 
 𝐼𝐼1(𝐻𝐻𝑅𝑅1,𝑘𝑘

3 ) ≍ ∫𝐻𝐻𝑅𝑅1,𝑘𝑘
3

𝑑𝑑(Ψ(𝜏𝜏),Γ)
|Ψ(𝜏𝜏)−Ψ(𝑤𝑤)|𝑚𝑚+1(|𝜏𝜏|−1)

|𝑑𝑑𝑑𝑑| ⪯ 𝑛𝑛∫𝐻𝐻𝑅𝑅1,2
1

|𝑑𝑑𝑑𝑑|
|𝜏𝜏−𝑤𝑤|𝑚𝑚(1+𝜀𝜀) ⪯ 𝑛𝑛2(1+𝜀𝜀). 

Combining all this estimates, we obtain for all  0 < 𝜆𝜆1 ≤ 2:  
 𝐼𝐼1(Γ𝑅𝑅1) ⪯ 𝑛𝑛𝑚𝑚𝜆𝜆�.              (21) 
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2) Estimation of 𝐼𝐼2(Γ𝑅𝑅2) = ∫Γ𝑅𝑅2

|𝑃𝑃𝑛𝑛(𝑡𝑡)||𝑑𝑑𝑑𝑑|.  
 We consider the cases 𝑝𝑝 > 1 and 𝑝𝑝 = 1 separately. Firstly, we assume that 𝑝𝑝 > 1 for the weighted ℒ𝑝𝑝 −norm . Multiplying 

and dividing the integrand in 𝐼𝐼2(Γ𝑅𝑅2) by ℎ
1
𝑝𝑝(𝑡𝑡), using Hölder inequality and (16), we get:  

 𝐼𝐼2(Γ𝑅𝑅2) = ∫Γ𝑅𝑅2
|𝑃𝑃𝑛𝑛(𝑡𝑡)||𝑑𝑑𝑑𝑑| ≤ �∫Γ𝑅𝑅2

ℎ(𝑡𝑡)|𝑃𝑃𝑛𝑛(𝑡𝑡)|𝑝𝑝|𝑑𝑑𝑑𝑑|�
1
𝑝𝑝 × �∫Γ𝑅𝑅2

|𝑑𝑑𝑑𝑑|

ℎ
𝑞𝑞
𝑝𝑝(𝑡𝑡)

�

1
𝑞𝑞
 

         ⪯ ‖𝑃𝑃𝑛𝑛‖𝑝𝑝 ⋅ �∫Γ𝑅𝑅2
|𝑑𝑑𝑑𝑑|

ℎ𝑞𝑞−1(𝑡𝑡)
�
1
𝑞𝑞 =: ‖𝑃𝑃𝑛𝑛‖𝑝𝑝 × 𝐼𝐼2(Γ𝑅𝑅2)  1

𝑝𝑝
+ 1

𝑞𝑞
= 1.         (22) 

To estimate the last integral, first we replace the variable 𝑤𝑤 = Φ(𝑡𝑡) and after we set:  
 𝐻𝐻𝑅𝑅2,𝑗𝑗

1 : = �𝑤𝑤:𝑤𝑤 ∈ Φ�Γ𝑅𝑅2
𝑗𝑗 �, �𝑤𝑤 − 𝑤𝑤𝑗𝑗� < 𝑐𝑐𝑗𝑗(𝑅𝑅2 − 1)�, 

 𝐻𝐻𝑅𝑅2,𝑗𝑗
2 : = �𝑤𝑤:𝑤𝑤 ∈ Φ�Γ𝑅𝑅2

𝑗𝑗 �, 𝑐𝑐𝑗𝑗(𝑅𝑅2 − 1) ≤ �𝑤𝑤 − 𝑤𝑤𝑗𝑗� < 𝜂𝜂�, 
 𝐻𝐻𝑅𝑅2,𝑗𝑗

3 : = {𝑤𝑤:𝑤𝑤 ∈ Φ(Γ𝑅𝑅2
𝑗𝑗 ), 𝜂𝜂 ≤ �𝑤𝑤 − 𝑤𝑤𝑗𝑗� < 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝐺𝐺}, 

where 0 < 𝑐𝑐𝑗𝑗 < 𝜂𝜂 is chosen so that {𝑤𝑤: �𝑤𝑤 − 𝑤𝑤𝑗𝑗� < 𝑐𝑐𝑗𝑗(𝑅𝑅2 − 1)} ∩ 𝐷𝐷(0,1) ≠ ∅ and Φ(Γ𝑅𝑅2) = Φ(⋃2
𝑗𝑗=1 Γ2

𝑗𝑗) =
⋃2
𝑗𝑗=1 Φ(Γ𝑅𝑅2

𝑗𝑗 ) = ⋃2
𝑗𝑗=1 ⋃3

𝑖𝑖=1 𝐻𝐻𝑅𝑅2,𝑖𝑖
𝑗𝑗 . Considering all these and also taking into account the points 𝑧𝑧1 and 𝑧𝑧2 are isolated, we get:  

 �𝐼𝐼2(Γ𝑅𝑅2)�𝑞𝑞 = ∫|𝑤𝑤|=𝑅𝑅2
�Ψ′(𝑤𝑤)�

|Ψ(𝑤𝑤)−Ψ(𝑤𝑤1)|𝛾𝛾1(𝑞𝑞−1)|Ψ(𝑤𝑤)−Ψ(𝑤𝑤2)|𝛾𝛾2(𝑞𝑞−1) |𝑑𝑑𝑑𝑑| 

           ⪯ ∑2
𝑗𝑗=1 ∫Φ(Γ𝑅𝑅2

𝑗𝑗 )
�Ψ′(𝑤𝑤)�

|Ψ(𝑤𝑤)−Ψ(𝑤𝑤1)|𝛾𝛾1(𝑞𝑞−1)|Ψ(𝑤𝑤)−Ψ(𝑤𝑤2)|𝛾𝛾2(𝑞𝑞−1) |𝑑𝑑𝑑𝑑| 

           ≍ ∑2
𝑗𝑗=1 ∫Φ(Γ𝑅𝑅2

𝑗𝑗 )
�Ψ′(𝑤𝑤)�

�Ψ(𝑤𝑤)−Ψ(𝑤𝑤𝑗𝑗)�
𝛾𝛾𝑗𝑗(𝑞𝑞−1) |𝑑𝑑𝑑𝑑| =:∑2

𝑗𝑗=1 𝐿𝐿𝑛𝑛,2(𝑤𝑤𝑗𝑗). 

Therefore, we need to estimate 𝐿𝐿𝑛𝑛,2(𝑤𝑤𝑗𝑗) for 𝑗𝑗 = 1,2: 

 𝐿𝐿𝑛𝑛,2(𝑤𝑤𝑗𝑗) = ∑3
𝑖𝑖=1 ∫𝐻𝐻𝑅𝑅2,𝑗𝑗

𝑖𝑖
�Ψ′(𝑤𝑤)�

�Ψ(𝑤𝑤)−Ψ(𝑤𝑤𝑗𝑗)�
𝛾𝛾𝑗𝑗(𝑞𝑞−1) |𝑑𝑑𝑑𝑑| = ∑3

𝑖𝑖=1 𝐿𝐿𝑛𝑛,2
𝑖𝑖 (𝑤𝑤𝑗𝑗).        (23) 

 
For 𝑗𝑗 = 1,2, we evaluate integrals in (23) separately for 𝛾𝛾𝑗𝑗 > 0 and 𝛾𝛾𝑗𝑗 ≤ 0.  

 𝐿𝐿𝑛𝑛,2
1 (𝑤𝑤1) = ∫𝐻𝐻𝑅𝑅2,1

1
�Ψ′(𝑤𝑤)�

|Ψ(𝑤𝑤)−Ψ(𝑤𝑤1)|𝛾𝛾1(𝑞𝑞−1) |𝑑𝑑𝑑𝑑| ⪯ ∫𝐻𝐻𝑅𝑅2,1
1

|𝑤𝑤−𝑤𝑤1|𝜆𝜆1−1−𝜀𝜀

|𝑤𝑤−𝑤𝑤1|𝛾𝛾1(𝑞𝑞−1)(𝜆𝜆1+𝜀𝜀) |𝑑𝑑𝑑𝑑| 

          ⪯ 𝑛𝑛𝛾𝛾1(𝑞𝑞−1)(𝜆𝜆1+𝜀𝜀)−(𝜆𝜆1−1−𝜀𝜀) ∫𝐻𝐻𝑅𝑅2,1
1 |𝑑𝑑𝑑𝑑| ⪯ 𝑛𝑛[𝛾𝛾1(𝑞𝑞−1)−1]𝜆𝜆1+1+𝜀𝜀𝑚𝑚𝑚𝑚𝑚𝑚(𝐻𝐻𝑅𝑅2,1

1 ) 

          ⪯ 𝑛𝑛[𝛾𝛾1(𝑞𝑞−1)−1]𝜆𝜆1+𝜀𝜀 , 
  

 �𝐿𝐿𝑛𝑛,2
1 (𝑤𝑤1)�

1
𝑞𝑞 ⪯ 𝑛𝑛�

𝛾𝛾1+1
𝑝𝑝 −1�𝜆𝜆1+𝜀𝜀             (24) 

 for 𝛾𝛾1 > 0 and  

 𝐿𝐿𝑛𝑛,2
1 (𝑤𝑤1) ⪯ ∫𝐻𝐻𝑅𝑅2,1

1
|𝑤𝑤−𝑤𝑤1|𝜆𝜆1−1−𝜀𝜀

|𝑤𝑤−𝑤𝑤1|𝛾𝛾1(𝑞𝑞−1)(𝜆𝜆1+𝜀𝜀) |𝑑𝑑𝑑𝑑| ⪯ ∫𝐻𝐻𝑅𝑅2,1
1 |𝑤𝑤 − 𝑤𝑤1|(𝜆𝜆1−1)+(−𝛾𝛾1)(𝑞𝑞−1)𝜆𝜆1+𝜀𝜀|𝑑𝑑𝑑𝑑| 

                   ⪯ �1
𝑛𝑛
�
𝜆𝜆1+(−𝛾𝛾1)(𝑞𝑞−1)𝜆𝜆1+𝜀𝜀

⪯ 𝑛𝑛, 
  

 �𝐿𝐿𝑛𝑛,2
1 (𝑤𝑤1)�

1
𝑞𝑞 ⪯ 𝑛𝑛1−

1
𝑝𝑝             (25) 

 for 𝛾𝛾1 ≤ 0.  

 𝐿𝐿𝑛𝑛,2
2 (𝑤𝑤1) = ∫𝐻𝐻𝑅𝑅2,1

2
�Ψ′(𝑤𝑤)�

|Ψ(𝑤𝑤)−Ψ(𝑤𝑤1)|𝛾𝛾1(𝑞𝑞−1) |𝑑𝑑𝑑𝑑| ≍ ∫𝐻𝐻𝑅𝑅2,1
2

𝑑𝑑(Ψ(𝑤𝑤),Γ)
|𝑤𝑤|−1

|𝑑𝑑𝑑𝑑|
|Ψ(𝑤𝑤)−Ψ(𝑤𝑤1)|𝛾𝛾1(𝑞𝑞−1) 

          ⪯ 𝑛𝑛∫𝐻𝐻𝑅𝑅2,1
2

|𝑑𝑑𝑑𝑑|
|𝑤𝑤−𝑤𝑤1|[𝛾𝛾1(𝑞𝑞−1)−1](𝜆𝜆1+𝜀𝜀) ⪯ 𝑛𝑛 ∫𝐻𝐻𝑅𝑅2,1

2
|𝑑𝑑𝑑𝑑|

|𝑤𝑤−𝑤𝑤1|[𝛾𝛾1(𝑞𝑞−1)−1]𝜆𝜆1+𝜀𝜀
 

          ⪯ �
𝑛𝑛[𝛾𝛾1(𝑞𝑞−1)−1]𝜆𝜆1+𝜀𝜀, [𝛾𝛾1(𝑞𝑞 − 1) − 1]𝜆𝜆1 + 𝜀𝜀 > 1,
𝑛𝑛ln𝑛𝑛, [𝛾𝛾1(𝑞𝑞 − 1) − 1]𝜆𝜆1 + 𝜀𝜀 = 1,
𝑛𝑛, [𝛾𝛾1(𝑞𝑞 − 1) − 1]𝜆𝜆1 + 𝜀𝜀 < 1,

 

  

 �𝐿𝐿𝑛𝑛,2
2 (𝑤𝑤1)�

1
𝑞𝑞 ⪯

⎩
⎪
⎨

⎪
⎧𝑛𝑛

�𝛾𝛾1+1𝑝𝑝 −1�𝜆𝜆1+𝜀𝜀 , 𝑝𝑝 < 𝜆𝜆1(𝛾𝛾1+1)+1
𝜆𝜆1+1

+ 𝜀𝜀,

(𝑛𝑛ln𝑛𝑛)1−
1
𝑝𝑝, 𝑝𝑝 = 𝜆𝜆1(𝛾𝛾1+1)+1

𝜆𝜆1+1
+ 𝜀𝜀,

𝑛𝑛1−
1
𝑝𝑝, 𝑝𝑝 > 𝜆𝜆1(𝛾𝛾1+1)+1

𝜆𝜆1+1
+ 𝜀𝜀,

         (26) 

 for 𝛾𝛾1 > 0;  
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 𝐿𝐿𝑛𝑛,2
2 (𝑤𝑤1) ⪯ ∫𝐻𝐻𝑅𝑅2,1

2
|𝑤𝑤−𝑤𝑤1|𝜆𝜆1−1−𝜀𝜀

|𝑤𝑤−𝑤𝑤1|𝛾𝛾1(𝑞𝑞−1)(𝜆𝜆1+𝜀𝜀) |𝑑𝑑𝑑𝑑| = ∫𝐻𝐻𝑅𝑅2,1
2 |𝑤𝑤 − 𝑤𝑤1|(𝜆𝜆1+(−𝛾𝛾1)(𝑞𝑞−1)𝜆𝜆1−1+𝜀𝜀|𝑑𝑑𝑑𝑑| 

                    ⪯ ∫𝐻𝐻𝑅𝑅2,1
2 |𝑤𝑤 − 𝑤𝑤1|−1|𝑑𝑑𝑑𝑑| ⪯ 𝑛𝑛∫𝐻𝐻𝑅𝑅2,1

2 |𝑑𝑑𝑑𝑑| ⪯ 𝑛𝑛, 

  

 �𝐿𝐿𝑛𝑛,2
2 (𝑤𝑤1)�

1
𝑞𝑞 ⪯ 𝑛𝑛1−

1
𝑝𝑝             (27) 

 for 𝛾𝛾1 ≤ 0.  

 𝐿𝐿𝑛𝑛,2
1 (𝑤𝑤2) = ∫𝐻𝐻𝑅𝑅2,2

1
�Ψ′(𝑤𝑤)�

|Ψ(𝑤𝑤)−Ψ(𝑤𝑤2)|𝛾𝛾2(𝑞𝑞−1) |𝑑𝑑𝑑𝑑| ≍ ∫𝐻𝐻𝑅𝑅2,2
1

𝑑𝑑(Ψ(𝑤𝑤),Γ)
|𝑤𝑤|−1

|𝑑𝑑𝑑𝑑|
|Ψ(𝑤𝑤)−Ψ(𝑤𝑤2)|𝛾𝛾2(𝑞𝑞−1) 

          ⪯ 𝑛𝑛∫𝐻𝐻𝑅𝑅2,2
1

|𝑑𝑑𝑑𝑑|
|Ψ(𝑤𝑤)−Ψ(𝑤𝑤2)|𝛾𝛾2(𝑞𝑞−1)−1 ⪯ 𝑛𝑛 ∫𝐻𝐻𝑅𝑅2,2

1
|𝑑𝑑𝑑𝑑|

|𝑤𝑤−𝑤𝑤2|2[𝛾𝛾2(𝑞𝑞−1)−1] 

          ⪯ 𝑛𝑛1+2[𝛾𝛾2(𝑞𝑞−1)−1]𝑚𝑚𝑚𝑚𝑚𝑚�𝐻𝐻𝑅𝑅2,2
1 � ⪯ 𝑛𝑛2[𝛾𝛾2(𝑞𝑞−1)−1], 

  

 �𝐿𝐿𝑛𝑛,2
1 (𝑤𝑤2)�

1
𝑞𝑞 ⪯ 𝑛𝑛2�

𝛾𝛾2+1
𝑝𝑝 −1�             (28) 

 for 𝛾𝛾2 > 0;  
 𝐿𝐿𝑛𝑛,2

1 (𝑤𝑤2) = 𝑛𝑛 ∫𝐻𝐻𝑅𝑅2,2
1 |Ψ(𝑤𝑤) −Ψ(𝑤𝑤2)|−(𝛾𝛾2)(𝑞𝑞−1)+1|𝑑𝑑𝑑𝑑| ⪯ 𝑛𝑛  𝑚𝑚𝑚𝑚𝑚𝑚(𝐻𝐻𝑅𝑅2,2

1 ) ⪯ 1; 

  

 �𝐿𝐿𝑛𝑛,2
1 (𝑤𝑤2)�

1
𝑞𝑞 ⪯ 1              (29) 

 for 𝛾𝛾2 ≤ 0.  

 𝐿𝐿𝑛𝑛,2
2 (𝑤𝑤2) ⪯ 𝑛𝑛∫𝐻𝐻𝑅𝑅2,2

2
|𝑑𝑑𝑑𝑑|

|Ψ(𝑤𝑤)−Ψ(𝑤𝑤2)|𝛾𝛾2(𝑞𝑞−1)−1 ⪯ 𝑛𝑛 ∫𝐻𝐻𝑅𝑅2,2
2

|𝑑𝑑𝑑𝑑|
|𝑤𝑤−𝑤𝑤2|2[𝛾𝛾2(𝑞𝑞−1)−1] 

          ⪯ �
𝑛𝑛2[𝛾𝛾2(𝑞𝑞−1)−1], 2[𝛾𝛾2(𝑞𝑞 − 1) − 1] > 1,
𝑛𝑛ln𝑛𝑛, 2[𝛾𝛾2(𝑞𝑞 − 1) − 1] = 1,
𝑛𝑛, 2[𝛾𝛾2(𝑞𝑞 − 1) − 1] < 1,

 

  

 �𝐿𝐿𝑛𝑛,2
2 (𝑤𝑤2)�

1
𝑞𝑞 ⪯

⎩
⎪
⎨

⎪
⎧𝑛𝑛

2�𝛾𝛾2+1𝑝𝑝 −1�, 𝑝𝑝 < 2(𝛾𝛾2+1)+1
3

,

(𝑛𝑛ln𝑛𝑛)1−
1
𝑝𝑝, 𝑝𝑝 = 2(𝛾𝛾2+1)+1

3
,

𝑛𝑛1−
1
𝑝𝑝, 𝑝𝑝 > 2(𝛾𝛾2+1)+1

3
,

          (30) 

for 𝛾𝛾2 > 0 and  
 𝐿𝐿𝑛𝑛,2

2 (𝑤𝑤2) = 𝑛𝑛 ∫𝐻𝐻𝑅𝑅2,2
2 |Ψ(𝑤𝑤) −Ψ(𝑤𝑤2)|−(𝛾𝛾2)(𝑞𝑞−1)+1|𝑑𝑑𝑑𝑑| ⪯ 𝑛𝑛  𝑚𝑚𝑚𝑚𝑚𝑚�𝐻𝐻𝑅𝑅2,2

2 � ⪯ 𝑛𝑛, 

  

 �𝐿𝐿𝑛𝑛,2
2 (𝑤𝑤2)�

1
𝑞𝑞 ⪯ 𝑛𝑛1−

1
𝑝𝑝             (31) 

for 𝛾𝛾2 ≤ 0.  
For 𝑤𝑤 ∈ 𝐻𝐻𝑅𝑅2,𝑗𝑗

3 , we have �Ψ(𝑤𝑤) −Ψ(𝑤𝑤𝑗𝑗)� ⪰ 1, then for 𝑗𝑗 = 1,2, we get: 

 𝐿𝐿𝑛𝑛,2
3 �𝑤𝑤𝑗𝑗� ⪯ ∫𝐻𝐻𝑅𝑅2,𝑗𝑗

3
𝑑𝑑(Ψ(𝑤𝑤),Γ)

|𝑤𝑤|−1
|𝑑𝑑𝑑𝑑| ⪯ ∫𝐻𝐻𝑅𝑅2,𝑗𝑗

3 (|𝑤𝑤| − 1)−𝜀𝜀|𝑑𝑑𝑑𝑑| ⪯ 𝑛𝑛𝜀𝜀 , 

  

 �𝐿𝐿𝑛𝑛,2
3 (𝑤𝑤𝑗𝑗)�

1
𝑞𝑞 ⪯ 𝑛𝑛𝜀𝜀�1−

1
𝑝𝑝�.            (32) 

Combining estimates (23)-(32), we get:  

 𝐼𝐼2(Γ𝑅𝑅2) ⪯ ‖𝑃𝑃𝑛𝑛‖𝑝𝑝

⎣
⎢
⎢
⎢
⎢
⎡

⎩
⎪
⎨

⎪
⎧𝑛𝑛

�𝛾𝛾1+1𝑝𝑝 −1�𝜆𝜆�1 , 𝑝𝑝 < 𝜆𝜆�1(𝛾𝛾1+1)+1
𝜆𝜆�1+1

,

(𝑛𝑛ln𝑛𝑛)1−
1
𝑝𝑝, 𝑝𝑝 = 𝜆𝜆�1(𝛾𝛾1+1)+1

𝜆𝜆�1+1
,

𝑛𝑛1−
1
𝑝𝑝, 𝑝𝑝 > 𝜆𝜆�1(𝛾𝛾1+1)+1

𝜆𝜆�1+1
,

+

⎩
⎪
⎨

⎪
⎧𝑛𝑛

2�𝛾𝛾2+1𝑝𝑝 −1�, 𝑝𝑝 < 2(𝛾𝛾2+1)+1
3

,

(𝑛𝑛ln𝑛𝑛)1−
1
𝑝𝑝, 𝑝𝑝 = 2(𝛾𝛾2+1)+1

3
,

𝑛𝑛1−
1
𝑝𝑝, 𝑝𝑝 > 2(𝛾𝛾2+1)+1

3
,⎦
⎥
⎥
⎥
⎥
⎤
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        ⪯ ‖𝑃𝑃𝑛𝑛‖𝑝𝑝

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧𝑛𝑛

�𝛾𝛾1+1𝑝𝑝 −1�𝜆𝜆�1 , 1 < 𝑝𝑝 < 2
3
𝛾𝛾2 + 1, 𝛾𝛾1 > 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� ,

𝑛𝑛�
𝛾𝛾1+1
𝑝𝑝 −1�𝜆𝜆�1 , 1 < 𝑝𝑝 < 𝜆𝜆�1

𝜆𝜆�1+1
𝛾𝛾1 + 1, 𝛾𝛾1 > 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� ,

𝑛𝑛2�
𝛾𝛾2+1
𝑝𝑝 −1�, 1 < 𝑝𝑝 < 2

3
𝛾𝛾2 + 1, 0 < 𝛾𝛾1 < 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� ,

𝑛𝑛2�
𝛾𝛾2+1
𝑝𝑝 −1�, 1 < 𝑝𝑝 < 𝜆𝜆�1

𝜆𝜆�1+1
𝛾𝛾1 + 1, 0 < 𝛾𝛾1 < 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� ,

(𝑛𝑛ln𝑛𝑛)1−
1
𝑝𝑝, 𝑝𝑝 = 𝜆𝜆�

𝜆𝜆�+1
𝛾𝛾� + 1, 𝛾𝛾1 = 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� ,

𝑛𝑛1−
1
𝑝𝑝, 𝑝𝑝 > 2

3
𝛾𝛾2 + 1, 0 < 𝛾𝛾1 < 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� ,

𝑛𝑛1−
1
𝑝𝑝, 𝑝𝑝 > 𝜆𝜆�1

𝜆𝜆�1+1
𝛾𝛾1 + 1, 𝛾𝛾1 > 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� ,

 

for 𝛾𝛾1, 𝛾𝛾2 > 0 and  

 𝐼𝐼2(Γ𝑅𝑅2) ⪯ ‖𝑃𝑃𝑛𝑛‖𝑝𝑝𝑛𝑛
1−1𝑝𝑝 

for 𝛾𝛾1, 𝛾𝛾2 ≤ 0. Then, we obtain:  

 𝐼𝐼2(Γ𝑅𝑅2) ⪯ ‖𝑃𝑃𝑛𝑛‖𝑝𝑝

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧𝑛𝑛

�𝛾𝛾1+1𝑝𝑝 −1�𝜆𝜆�1 , 1 < 𝑝𝑝 < 𝜆𝜆�

𝜆𝜆�+1
𝛾𝛾� + 1, 𝛾𝛾1 > 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� , 𝛾𝛾2 > 0,

𝑛𝑛2�
𝛾𝛾2+1
𝑝𝑝 −1�, 1 < 𝑝𝑝 < 𝜆𝜆�

𝜆𝜆�+1
𝛾𝛾� + 1, 0 < 𝛾𝛾1 < 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� , 𝛾𝛾2 > 0,

(𝑛𝑛ln𝑛𝑛)1−
1
𝑝𝑝, 𝑝𝑝 = 𝜆𝜆�

𝜆𝜆�+1
𝛾𝛾� + 1, 𝛾𝛾1 = 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� , 𝛾𝛾2 > 0,

𝑛𝑛1−
1
𝑝𝑝, 𝑝𝑝 > 2

3
𝛾𝛾2 + 1, 0 < 𝛾𝛾1 < 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� , 𝛾𝛾2 > 0,

𝑛𝑛1−
1
𝑝𝑝, 𝑝𝑝 > 𝜆𝜆�1

𝜆𝜆�1+1
𝛾𝛾1 + 1, 𝛾𝛾1 > 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� , 𝛾𝛾2 > 0,

𝑛𝑛1−
1
𝑝𝑝, 𝑝𝑝 > 1, −1 < 𝛾𝛾1, 𝛾𝛾2 ≤ 0.

     (33) 

 
Therefore, combining (16), (17), (21) and (33), for the case 𝑝𝑝 > 1, 𝛾𝛾1 > −1, 𝛾𝛾2 > −1, and all 𝑧𝑧 ∈ Ω𝑅𝑅1 , we obtain:  

 �𝑃𝑃𝑛𝑛
(𝑚𝑚)(𝑧𝑧)� ⪯ �Φ𝑛𝑛−𝑚𝑚+1(𝑧𝑧)�

𝑑𝑑(𝑧𝑧,Γ𝑅𝑅1)
‖𝑃𝑃𝑛𝑛‖𝑝𝑝 

           ×

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧𝑛𝑛

�𝛾𝛾1+1𝑝𝑝 +𝑚𝑚−1�𝜆𝜆�1 , 1 < 𝑝𝑝 < 𝜆𝜆�

𝜆𝜆�+1
𝛾𝛾� + 1, 𝛾𝛾1 > 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� , 𝛾𝛾2 > 0,

𝑛𝑛2�
𝛾𝛾2+1
𝑝𝑝 +𝑚𝑚−1�, 1 < 𝑝𝑝 < 𝜆𝜆�

𝜆𝜆�+1
𝛾𝛾� + 1, 0 < 𝛾𝛾1 < 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� , 𝛾𝛾2 > 0,

𝑛𝑛𝑚𝑚𝜆𝜆�+1−1𝑝𝑝(ln𝑛𝑛)1−
1
𝑝𝑝, 𝑝𝑝 = 𝜆𝜆�

𝜆𝜆�+1
𝛾𝛾� + 1, 𝛾𝛾1 = 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� , 𝛾𝛾2 > 0,

𝑛𝑛𝑚𝑚𝜆𝜆�+1−1𝑝𝑝, 𝑝𝑝 > 2
3
𝛾𝛾2 + 1, 0 < 𝛾𝛾1 < 2

3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� , 𝛾𝛾2 > 0,

𝑛𝑛𝑚𝑚𝜆𝜆�+1−1𝑝𝑝, 𝑝𝑝 > 𝜆𝜆�1
𝜆𝜆�1+1

𝛾𝛾1 + 1, 𝛾𝛾1 > 2
3
𝛾𝛾2 �1 + 1

𝜆𝜆�1
� , 𝛾𝛾2 > 0,

𝑛𝑛𝑚𝑚𝜆𝜆�+1−1𝑝𝑝, 𝑝𝑝 > 1, −1 < 𝛾𝛾1, 𝛾𝛾2 ≤ 0.

 

 
For the case 𝑝𝑝 > 1, we have completed the estimations and can move on to the case 𝑝𝑝 = 1. For the estimation, we first 
multiply and divide the integrand in (15) by ℎ, then by some operations we obtain the following:  

 �𝑃𝑃𝑛𝑛
(𝑚𝑚)(𝑧𝑧)� ⪯ �Φ𝑛𝑛−𝑚𝑚+1(𝑧𝑧)�

𝑑𝑑(𝑧𝑧,Γ𝑅𝑅1)
⋅ sup
𝑡𝑡∈Γ𝑅𝑅2

�∫Γ𝑅𝑅1
|𝑑𝑑𝑑𝑑|

ℎ(𝑡𝑡)|𝑡𝑡−𝜉𝜉|𝑚𝑚+1� �∫Γ𝑅𝑅2
ℎ(𝑡𝑡)|𝑃𝑃𝑛𝑛(𝑡𝑡)||𝑑𝑑𝑑𝑑|� 

           ⪯ �Φ𝑛𝑛−𝑚𝑚+1(𝑧𝑧)�
𝑑𝑑(𝑧𝑧,Γ𝑅𝑅1)

‖𝑃𝑃𝑛𝑛‖ℒ1(ℎ,Γ𝑅𝑅2) ⋅ sup
𝑡𝑡∈Γ𝑅𝑅2

�∫Γ𝑅𝑅1
|𝑑𝑑𝑑𝑑|

∏2𝑗𝑗=1 �𝑡𝑡−𝑧𝑧𝑗𝑗�
𝛾𝛾𝑗𝑗|𝑡𝑡−𝜉𝜉|𝑚𝑚+1�.       (34) 

By changing the variable 𝑡𝑡 = Ψ(𝑤𝑤), we obtain the following according to Lemma 3.1 and Lemma 3.4: 
 
 1

|𝑡𝑡−𝑧𝑧1|𝛾𝛾1
⋅ 1

|𝑡𝑡−𝑧𝑧2|𝛾𝛾2
= 1

|Ψ(𝑤𝑤)−Ψ(𝑤𝑤1)|𝛾𝛾1
⋅ 1

|Ψ(𝑤𝑤)−Ψ(𝑤𝑤2)|𝛾𝛾2
 

                ⪯ 1
|𝑤𝑤−𝑤𝑤1|𝛾𝛾1(𝜆𝜆1+𝜀𝜀) ⋅

1
|𝑤𝑤−𝑤𝑤2|2𝛾𝛾2

 

                ⪯ �𝑛𝑛
𝛾𝛾�𝜆𝜆�, if  𝛾𝛾 > 0,

1, if  𝛾𝛾 ≤ 0;
 

so, we get:  
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∏2𝑗𝑗=1 �𝑡𝑡−𝑧𝑧𝑗𝑗�

𝛾𝛾𝑗𝑗 ⪯ 𝑛𝑛𝛾𝛾�∗𝜆𝜆�,             (35) 

where 𝛾𝛾�∗: = max{0; 𝛾𝛾�}. 

Considering the methods for estimating the integral (19) for 𝑝𝑝 = 1, we have:  

 ∫Γ𝑅𝑅1
|𝑑𝑑𝑑𝑑|

|𝑡𝑡−𝜉𝜉|𝑚𝑚+1 ⪯ 𝑛𝑛𝑚𝑚𝜆𝜆�.             (36) 

Also, from Lemma 3.5,  

 ‖𝑃𝑃𝑛𝑛‖ℒ1(ℎ,Γ𝑅𝑅2) ⪯ ‖𝑃𝑃𝑛𝑛‖ℒ1(ℎ,Γ𝑅𝑅1).            (37) 

Finally, combining (34)-(37), we take the estimation for 𝑝𝑝 = 1 as follows:  

 �𝑃𝑃𝑛𝑛
(𝑚𝑚)(𝑧𝑧)� ⪯ �Φ𝑛𝑛−𝑚𝑚+1(𝑧𝑧)�

𝑑𝑑(𝑧𝑧,Γ𝑅𝑅1)
𝑛𝑛(𝛾𝛾�∗+𝑚𝑚)𝜆𝜆�‖𝑃𝑃𝑛𝑛‖1. 

 Now, it remains to establish that 𝑑𝑑(𝑧𝑧, Γ𝑅𝑅1) ⪰ 𝑑𝑑(𝑧𝑧, Γ) is satisfied for any 𝑧𝑧 ∈ Ω𝑅𝑅. Let 𝑈𝑈∞(Γ, 𝛿𝛿): = ⋃𝜉𝜉∈Γ 𝑈𝑈(𝜉𝜉, 𝛿𝛿) and 
𝑈𝑈(Γ, 𝛿𝛿): = ⋃𝑁𝑁

𝑗𝑗=1 𝑈𝑈𝑗𝑗(Γ, 𝛿𝛿) ⊂ 𝑈𝑈∞(Γ, 𝛿𝛿) be defined as infinite open cover and finite open cover of Γ, respectively; Ω(𝛿𝛿): =
Ω(Γ, 𝛿𝛿): = Ω ∩ 𝑈𝑈𝑁𝑁(Γ, 𝛿𝛿). For the points 𝑧𝑧 ∉ Ω(Γ𝑅𝑅1 ,𝑑𝑑(Γ𝑅𝑅1 , Γ𝑅𝑅)), it is obvious that 𝑑𝑑(𝑧𝑧, Γ𝑅𝑅1) ⪰ 𝛿𝛿 ⪰ 𝑑𝑑(𝑧𝑧, Γ). Now consider the 
arbitrary point 𝑧𝑧 ∈ Ω(Γ𝑅𝑅1 ,𝑑𝑑(Γ𝑅𝑅1 , Γ𝑅𝑅)). Let 𝜉𝜉1 ∈ Γ𝑅𝑅1  and 𝜉𝜉2 ∈ Γ be such points that 𝑑𝑑(𝑧𝑧, Γ𝑅𝑅1) = |𝑧𝑧 − 𝜉𝜉1| and 𝑑𝑑(𝑧𝑧, Γ) =

|𝑧𝑧 − 𝜉𝜉2|. For 𝑡𝑡 = Φ(𝑧𝑧), 𝑡𝑡1 = Φ(𝜉𝜉1), 𝑡𝑡2 = Φ(𝜉𝜉2), we have: |𝑡𝑡 − 𝑡𝑡1| ≥ �|𝑡𝑡 − 𝑡𝑡2| − |𝑡𝑡2 − 𝑡𝑡1|� ≥ �|𝑡𝑡 − 𝑡𝑡2| − 1
2

|𝑡𝑡 − 𝑡𝑡2|� ≥
1
2

|𝑡𝑡 − 𝑡𝑡2|. Then, according to Lemma 3.1, 𝑑𝑑(𝑧𝑧, Γ𝑅𝑅1) ⪰ 𝑑𝑑(𝑧𝑧, Γ).   

Proof of Theorem 2.4. The estimation of �𝑃𝑃𝑛𝑛
(𝑚𝑚)(𝑧𝑧)� is proved for 𝑧𝑧 ∈ 𝐺𝐺, for each 𝑚𝑚 ≥ 0 using the following theorem: 

Theorem A [33] Let 𝐺𝐺 ∈ 𝑃𝑃𝐶𝐶𝜃𝜃(1, 𝜆𝜆, 2) for some 0 < 𝜆𝜆 < 2, ℎ(𝑧𝑧) be defined as in (2). Then, for any 𝑃𝑃𝑛𝑛 ∈ ℘𝑛𝑛, 𝑛𝑛 ∈ ℕ, 𝛾𝛾𝑖𝑖 > 1,
𝑖𝑖 = 1,2 and arbitrary small 𝜀𝜀 > 0, we have:  

 ‖𝑃𝑃𝑛𝑛‖𝐶𝐶(𝐺𝐺) ≤ 𝑐𝑐10𝑛𝑛
𝛾𝛾�+1
𝑝𝑝 𝜆𝜆�‖𝑃𝑃𝑛𝑛‖𝑝𝑝 

where 𝑐𝑐10 = 𝑐𝑐10(𝐺𝐺, 𝛾𝛾𝑖𝑖 , 𝜆𝜆𝑖𝑖 , 𝑝𝑝, 𝜀𝜀) > 0 is the constant, independent of 𝑛𝑛 and 𝑧𝑧, 𝛾𝛾� and 𝜆̃𝜆 are defined as in (8). 
Let 𝑧𝑧 ∈ Γ is an arbitrary fixed point and, 𝐵𝐵(𝑧𝑧,𝑑𝑑(𝑧𝑧,Γ𝑅𝑅1)) denote the 𝑑𝑑(𝑧𝑧, Γ𝑅𝑅1) − neighborhood of 𝑧𝑧. According to the Cauchy 
integral formula for derivatives, we have:  
 𝑃𝑃𝑛𝑛

(𝑚𝑚)(𝑧𝑧) = 𝑚𝑚!
2𝜋𝜋𝜋𝜋 ∫𝜕𝜕𝜕𝜕(𝑧𝑧,𝑑𝑑(𝑧𝑧,Γ𝑅𝑅1))

𝑃𝑃𝑛𝑛(𝑡𝑡)
(𝑡𝑡−𝑧𝑧)𝑚𝑚+1 𝑑𝑑𝑑𝑑,𝑚𝑚 = 0,1,2, . .. 

Applying the Bernstein-Walsh inequality given in (3) and Lemmas 3.1 and 3.4, we get 
 �𝑃𝑃𝑛𝑛

(𝑚𝑚)(𝑧𝑧)� ≤ 𝑚𝑚!
2𝜋𝜋

max
𝑧𝑧∈𝜕𝜕𝜕𝜕(𝑧𝑧,𝑑𝑑(𝑧𝑧,Γ𝑅𝑅1))

|𝑃𝑃𝑛𝑛(𝑡𝑡)| ⋅ ∫𝜕𝜕𝜕𝜕(𝑧𝑧,𝑑𝑑(𝑧𝑧,Γ𝑅𝑅1))
|𝑑𝑑𝑑𝑑|

|𝑡𝑡−𝑧𝑧|𝑚𝑚+1 

          ≤ 𝑚𝑚!
2𝜋𝜋

max
𝑡𝑡∈𝐺𝐺𝑅𝑅1

|𝑃𝑃𝑛𝑛(𝑡𝑡)| ⋅ 2𝜋𝜋𝜋𝜋(𝑧𝑧,Γ𝑅𝑅)
𝑑𝑑𝑚𝑚+1(𝑧𝑧,Γ𝑅𝑅)

⪯
‖𝑃𝑃𝑛𝑛‖𝐶𝐶(𝐺𝐺)

𝑑𝑑𝑚𝑚(𝑧𝑧,Γ𝑅𝑅)
⪯ 𝑛𝑛𝑚𝑚𝜆𝜆�‖𝑃𝑃𝑛𝑛‖𝐶𝐶(𝐺𝐺) 

Then, according to Theorem A, for 𝑝𝑝 > 0 and ∀𝑧𝑧 ∈ Γ, we obtain:  

 �𝑃𝑃𝑛𝑛
(𝑚𝑚)(𝑧𝑧)� ⪯ 𝑛𝑛𝑚𝑚𝜆𝜆� ⋅ 𝑛𝑛

𝛾𝛾�+1
𝑝𝑝 𝜆𝜆�‖𝑃𝑃𝑛𝑛‖𝑝𝑝 ⪯ 𝑛𝑛𝑚𝑚𝜆𝜆�+𝛾𝛾�+1𝑝𝑝 𝜆𝜆� ∥ 𝑃𝑃𝑛𝑛 ∥𝑝𝑝. 

Since 𝑧𝑧 ∈ Γ is arbitrary, we have:  

 ‖𝑃𝑃𝑛𝑛‖∞ ⪯ 𝑛𝑛𝜆𝜆
��𝑚𝑚+𝛾𝛾�+1𝑝𝑝 � ∥ 𝑃𝑃𝑛𝑛 ∥𝑝𝑝. 

Thus, we complete the proof of Theorem 2.4. 
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