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1. Introduction mathematicians including Euler, Lagrange, Laplace,

Lacroix, Fourier, Liouville, Riemann, Greer,
One of the most significant studies conducted by Holmgren, Griinwald, Letnikov, Sonin, Laurent,
humanity to better comprehend nature is described in Nekrassov, Krug, and Weyl (Kurt, 2018). Their
a letter that L'Hospital wrote to Leibniz in 1695 which contributions have helped physics, engineering, and
establishes the terms derivative and integral, the other scientific fields advance (Spiegel, 1965). In
building blocks of fractional calculations. Following recent years, there have been numerous
this letter, it caught the interest of other scientists, advancements in the field of fractional calculus, as
leading to the substantial contributions of numerous well as numerous definitions of fractional derivatives.
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Riemann-Liouville, Caputo, Griiwald-Letnikov,
Hadamard, Marchaud, Riesz, Wely, and Erdely-
Kober are a few of the authors who defined fractional
derivative (Kilbas, 2006). The Riemann-Liouville
fractional nonlocal derivative had certain drawbacks,
thus Caputo defined a new nonlocal fractional
derivative in 1967 that was superior to many other
fractional nonlocal derivatives. However, since the
derivative of the resultant function, product, and
quotient of two functions is not defined by these non-
local fractional derivative definitions, Khalil and his
colleagues defined the local conformable derivative
(Khalil, et al., 2014) and the local conformable
integral (Vanterler da Costa Sousa; & Capelas de
Oliveira, 2017), which are close to the classical
derivative.  Additionally, = Abdeljawad (2015)
developed the chain rule, exponential functions,
Gronwall's inequality, partial integration, Taylor
series expansion, which are some important features
of the harmonic derivative, and defined the Laplace
transform in terms of the harmonic derivative
(Abdeljawad, T., 2015). Another type of local
derivative and integral was defined by Katugampola
(2011). Atangana A. (2013) by the triple Laplace
transform formulated, articulated, and demonstrated a
number of theorems on this transformation. The
Mboctara equations have been subjected to this novel
alteration (Atangana ,2013). Thakur and Panda
(2015) established and validated theorems pertaining
to some characteristics of triple Laplace
transformations. Jarad et al. (2017) investigated
definitions and theorems in conformable fractional
partial derivatives. The M —derivative, a brand-new
local derivative using the Mittag-Leffler function,
was published by Vanter da Costa Sousa and Capelas
de Oliveira (2017). The characteristics of integer-
order computations are satisfied by this newly found
M-derivative. (Katugampola, 2011). In 2018, Ozkan
and Kurt expressed and proved certain fundamental
features of the conformable Laplace transform, and
then they used these properties to get the solutions of
conformable fractional integral and integro-
differential equations. In a different work, Kurt and
Ozkan (2018) defined the double conformable
Laplace transform and discussed some of its
characteristics. Using these characteristics, they were
able to fully solve the conformable fractional-order
heat and telegraph problem. Voltera Integro-
Differential Equations were used to the triple Laplace
transform by Mousa and Elzaki, Jarad and
Abdeljawad (2020) examined the convolution
theorem and Laplace transform in conformable
derivatives. The spectrum solutions of differential
equations with fractional M-derivatives under
starting circumstances were studied by Bas et al
(2020).

2. Description of Truncated M-Derivative
and Some Fundamental Tools

2.1. Study site

Definition 2.1. For 0<f <1, the fractional
M —derivative is;

. 9(tiEy(et™F))-g(v)
DuP?g(6) = lim (e - ) (1
(Jarad, F., Ugurlu, E., Abdeljawad, T. and Baleanu,
D., 2017).

Definition 2.2. An integrable function in the
December f,(a,t]a=0,t 2a and0 < p < 1, the
left-hand M —integral is defined as:

t
WI2F(8) = f F()d,(ax)

=T+ [, f)x—a)tdx  (2)
for dy(x,a) = I'(y + 1)(x —a)?"'d,x  and

assuming that the definition of the M-integral from
the right at a = 0 is as follows

t
PYIF() = f F()d, (b, %)

=T+ D[ OB -2 tdx  (3)
(Bas et al., 2020).

Definition 2.3. Let f, g be differentiable functions
with 0 <a <1 and f, g: [a, b] = R. Next, the M-
derivative's partial integration from the left and right,
respectively, is as follows:

b
roy+1) f (t — @)@ F(0) Dy g(0)dt

= F(OIDOLE - Ty +1)
St -t x g0 Dy f(Ddt )

and

b
roy+1) f (t — Q) £(6) Dy g(O)dt

a

b
= f©OIOL + Iy +1) f b — -t
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.9 Dy f(O)dt (5)
(Bas et al.,2020).

Definition 2.4. Consider a real-valued function
f:la,0) > R with a €ER,y >0, and0 <p < 1.
The Laplace transform of the function f's M-
derivative in this instance is,

Loy Af©)}(s) = Bl (s)

ry+1)(t-a)P

=L+ [ e v fOt-a)dt (6)
(Bas et al., 2020).

Theorem 2.1. Let f:[a,00)— R be a defined function.
Then L3 {f(t)}(s) = Fg(s), which is derived from
the traditional Laplace transform as

Lo Af©)}(s) = B (s)

—cfr(ar2r) o

(Bas et al., 2020).

Definition 2.4. Let the functions f(t) and g(t) have
piecewise continuous and exponential order.
Convolution integral of f and g functions over M-
derivative

Fxap@O=ry+1)

S f@ga+ (¢ - = @ —a)M) > (t—a)dt (8)
(Bas, E., Acay, B., and T. Abdeljawad, 2020).
Theorem 2.2. The requirements

L& FO1()=F(5), L[ g(©)](5)=G8(s) are

providedby g : [a,0)» R a € R, 0<p <1 Y>0,
s > 0 and the functions f(t) and g(t).

LoyAf * 93 O=F5y(5).Gpy (5)

The convolution of the functions f and g is described
by the equation { f * g }.

Laplace transformations of some functions can be
expressed using the M —derivative, as shown in the
table below (Bas, E., Acay, B., and T. Abdeljawad,
2020):

o L7 {1}(s) = %,S > 0.

o i f(ro+n ““”")B} (s)

p

__T(B+1)
T og1+B

Re(B) >0, s > 0.

1

r(1+1)(FL)E
4D
o L8{t)(s) = S o5,
s P

a k F(%+1)(r(yi1))% .

o L5 {t"})(s) = —"—Fm—— ,s>0and kis
s P
any constant.
tP
F Sy .

o Loyfe T2Ys) = i , s >candc is any

constant.

o tP
o Lpy {F(y +1) % e T+, }

any constant.

1 .
(s)——(s_c)2 ,C s

o L5 {sin(bT(y+1) %)} ()=rombis  any

+52°
constant.

s
+s2°

e Lg, {cos( bT(y+1) %} (s)—b —,bis any

constant.

t

p
« L2, {e_cr(yﬂ)? sin(bI'(y + 1) %} (s)

b

= TGO b and c are any constant.

t

—cI‘(y+1)—p tP
pcos(bT(y+ 1); (s)

. L;},y {e

= %, b and care any constant.

Utilizing the double Laplace and triple Laplace
conformable derivatives as articulated in Kurt's
(2018) thesis, a correlation with the M derivative was
established through the incorporation of the Mittag-
Leffler function. Consequently, the triple and double
Laplace representations of the M derivative were
derived. It is anticipated that the Mittag-Leffler
function will yield superior and more accurate results
concerning the M derivative, which delineates the
distinction between the conformable derivative and
the M-derivative.
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3. Main Theorical Result and Applications

Definition 3.1. Let v(x,y,z) be a continuous and
exponential order function with a defined piecewise
on it, and consider the function as[0, ) X [0, ) X
[0,0). If

[v(x,y.2)|
Supx>0,y>0,z>0

tP xS y0
eF(Y+1)7+F(J+1)T+F(u+1)T

(00)

is satisfied for any w,y,o > 0, then the function
V(p,r,s) is a triple M-derivative Laplace transform
of the function v(x,y,z). The function V(p,r,s) is
the function v(x,y, z)'s triple M-derivative Laplace
transform.

MpPMpiMLOiy(x,y, 2)}=V(p,T,s)

o (o —r(+1)x—§
:ffjl“(a+1)epa ¢
o Jo 4

zP 6
T(y+ 1)e_SF(Y+1)7 I'(u+ 1)e_rr(”+1)y7

(v(x,y, Z))ded(ngy )]
In the form. The integrals are for p, s,r € C,
0<p,¢,0 <1 and are fractional integrals in the
sense of the M-integral depending on the variables
z,y, x respectively.

Theorem 3.1. u(x,y,z) and h(x,y,z)are two

functions that provide a triple M —Laplace transform,
a,, a, € R such that

ML;’MLiMLg {a;v(x,y,2) + a,h(x,y,2)}
=a1 ML; MLfCML:?} {v(xl y; Z)}
+aMLOMLEMLO (h(x, y, 2)} (10)

there is equality. So, the ML MLEMLf,Operator is
linear.

Proof.

If we consider the linearity property of the triple
Laplace transform with the definition of triple M-
Laplace, theorem 3.1. Is easily proved.

Theorem 3.2. The translation property of
theM Lf M L’fc M L’g transformation, which is

(e

v(x,y,z) function that provide a triple M-Laplace
transform, ¢;, c;vecs € R, is as follows.

Proof.

In the formulation of the triple M-derivative Laplace

transform, the function
0

y-

b v(x,y,z) is

written if it is substituted for the function

v(x,y, z) represented in equation (9).

00 00 0O x¢
f f f I'o+1)e "7
0 0 0

p 0
T(y+ 1)e_SF(Y+1)%(u + 1)e_rr(”+1)y7

¢ p
e—c1F(a+ 1)%—czl“(y+ 1)%—63 r(u+1)

¢ p 0
—c1I'(o+ 1)%—02 C(y+ 1)%—C3F(u+l)%

P P
—sC(y+ 1)% —c,T(y+ 1)%

=f0°°1"(y +1)e

“ pr(e+1) e (a1
U o+ 1e P 7777 —orre
0

[e%) y9 y9
. [f F(u + 1)e—r[‘(u+1)7—c3[‘(u+1)7
0

v(x,y,2)dgy] drx|d,z

is acquired. Given that the M-Laplace transform has
the translational property

(oo —sF(y+1)£— —Cy F(y+1)£
_f() F(Y + 1)6 p P

AV + ¢, 7+ ¢3,2)]1dyz
=V(p+c,r+css+cy)

the proof is complete.

Theorem 3.3. Allow M£°M ¢ MLlv(x,y,2)]
=V(p,r,s), v(x,y,z) to represent the function ¢ in
relation to x order, p in relation to z order, and 8 in
relation to y. The triple M-derivative Laplace

transforms of fractional order partial derivatives are
respectively

OMLIMLEM LD v (X, Y, 2))

:pV(p,T',S) —V(O,T,S) (11)
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GDMLEMLEMLO(, D, v(x, y, 2)}

:rV(p'T' S) - V(p' 01 S) (12)
E)MLEMLEM LD, v(x, Y, 2)}

=sV(p,r,s) — V(p,7,0) (13)
(IMLEMLEM L, D,P D v (x, y, 7))

=psV(p,r,s) —pV(p,7,0) —sV(0,r,s)
+V(0,7,0) (14)
(v) MLé) Mﬁi ML)Q/{MDyGMDva(xr Y, Z)}
=rsV(p,r,s) —sV(p,0,s) —rV(p,7,0)

+V(p,0,0) (15)
wiMeeM LMt (0,50, v(x,y, 7))
=prV(p,r,s) —rV(0,r,s) —pV(p,0,s)

+V(0,0,s) (16)
Wi MLEMLEM LD, D, 1D v(x,y, )}
=prs V(p,r,s)-prV(p,7,0)-psV(p,0,s)
+pV(p,0,0) —rsV(0,r,s) +rV(0,r,0)
+sV(0,0,s) — V(0,0,0) (17)
it is expressed in the form.

Proof.

(i) (9) if the function v(x,y, z) is substituted with

uDyv(x,y,2), the triple M-Laplace transform
provided by the definition

MLOM LM L0 (D v(x, y, 7))

xS
:J-Ooo fooo fooo F(O’ n 1) e—pF(o‘+1)?

Zp

ST+ r'(p+1e

0
Yy
T(y+1e —T 1)

(uDx*v(x,y, 2))dpzdsxdgy

:fo fo r(u+1e rHrtyg rty+1e SF(Y+1)"

—pr( +1)x_( ”
.<v(x,y,z)e prioThT
0

+pJ:OF(0+1)

8
: e_pr(aﬂ)T(v(x, y, z))dgx) d,zdgy

00 (00 _ ﬁ — i
:fo fo r'(u+1e rHurtyg r'(y+ e SF(YH)"

: [pV(p; Y, Z) - V(Oryr Z)]dedBy
=pV(p,r,s) — V(0,r,s)
1s obtained.

(i) The proof will be produced if the function
v(x,y,z) is written MDyeu(x, y, z)instead of the
function v(x, y, z) in the triple M-Laplace transform
given by the definition, and the operations of
Theorem 3.3 (i) are repeated.

(iii) The proof will be produced if the function
v(x,y,z) is written ,D,v(x,y,z)instead of the
function v(x, y, z) in the triple M-Laplace transform
given by the definition, and the operations of
Theorem 3.3 (i) are repeated.

(iv) (13)Ifthe function v(x,y, z) is substituted with
wuDyD,Pv(x,y, ), the triple M-Laplace transform
provided by the definition

MLOMLEM 00D D, v(x, Y, 2)}
xS
:fooo fooo fooo re+1) e_pr(aﬂ)?r(Y +1)

i

—sI'(y+1) r bl
e T T+ De ™" (+1)%

. (uDx*uD, v (x,y,2))d,zd xdgy
%) ® y9
= SJ. f rp+ 1)e_rr(“+1)7
0
0

—pF(0'+1)xT<

T'(c+1)e uD SV (x,, s)d¢;xdgy

© [ —rT( +1)ﬂ —pl"(a+1)x—<
—j f]"(u+1)e W8T+ 1)e ¢
0
0

: MszV(x, y,0)d¢xdgy
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be located. By performing procedures similar to the
proof of parts (i) and (iii) of Theorem 3.3., it follows
that

[0

ye
=s f I+ e g
0

[oe]

x(
J- roc+1) e_pr(aﬂ)TMDxZV(x, Y, s)dzx‘ dgy
0

o)

y9
_f r(u+ 1)e—rr(l’-+1)7
0

[oe]

_ x¢
f Fio+1)e P, 0.V (x,y,0)d,x
0

doy

6
oo _ had
=sf0 [(p+ 1)e WG

0
[ee] — y
oV, y.s) = V(0,y,9)]dey — [, T'(+ e T(+1)%

[V (p,y,0) = V(0,y,0)]dgy
=psV(p,r,s) —pV(p,r,0) —sV(0,r,s)
+V(0,7,0)

Thus, the proof is completed.

(v) The proof will be produced if the function
v(x,y,z) is written MDyg wD, v(x,y,2) instead of
the function v(x,y,z) in the triple M-Laplace
transform given by the definition, and the operations
of Theorem 3.3 (iv) are repeated.

(vi) The proof will be produced if the function

v(x,y,z) is written 5D, MDyev(x, y,z) instead of
the function v(x,y,z) in the triple M-Laplace
transform given by the definition, and the operations
of Theorem 3.3 (iv) are repeated.

(vii) (9) if the function v(x, y, z) is substituted with
uD5® MDy‘9 uD,’v(x,v,z) , the triple M-Laplace
transform provided by the definition

ALY D540, u0.,0)

£l

—pr(o+1) 7 F(Y + 1)

=[S T+ e

zP

—sI'(y+1) r 1 il
e Pr(p+ 1)e TG

. (MDx(MDyeMDva(x, y,2))dyzd;xdgy

2ad

6
-pr(o+1) P [‘(IJ + 1)e—1‘l—‘(u+1)y?

=[" [ I'(o+1e
*© —SF(Y+1)£ 14 0 p
. I'(y+ 1e P mDx’uDy” uD,
0
v(x,y, Z))de

¢
—pr(o+ nx

6
oo [ole) B y
:fo fo 1"(0+ 1)e 7 F(u+ 1)e rr(u+ D%

. [SMDXCMDyev(xJ Y, S) - MDxZMDyGU(x: Y, 0)]dfxd9y

be located. By performing procedures similar to the
proof of part (vi) of Theorem 3.3.,

0 00 x{ yG
s f f r'(o+ e P ™T ru+ e T
0 0
(D uDy v(x,,5) ) dexdgy

°r” pr(o+1S
—f f Fo+1)e P 7777
o Jo

ye
T+ D™ (10,0, v(x, y,0)) dexdgy

=sr (pV(p, r,s)—V(,r, s)) -5 (pV(p, 0,s) —
-1(0,0,5)) — r (pV(p,7,0) = V(0,7,0))

+ (V(p,0,0) — V(0,0,0))

Theorem 3.4. Let v(x,y,z) € (}(R* x Rt x RY)
and | =max(f,Lu)with 0<p,{,6 <1 and
f,l,o eN. Also, let v(x,y,2), MDx(i){ v(x,y,2),
1,2,....f,j=12,...,1,and k = 1,2,..., 0 functions
that have triple M-Laplace transformations. In this
case,

OMLEMLiMLo{ D, Du(x, y, 2)}

=p/V(p,1,5) — pf~V(0,1,5)

f-1
_ Z p/=1=iMLPM Lo b 083(0,y,7)]
i=1
ML LM Lo{yD, VPux, y, 2))
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=stU(p,r,s) — s""1U(p,7,0)
o—1

1-1
= ) ST ML L0, D, PP, , 0)] —s' ) ro 1K 0, 0% p,0,5)]
j=1 k=1
-1
iii MLP ML{MLQ D (O)Gu X,y, 7 0
(iii) {M (x,y,2)} _gl-1 Z ro-1-k [MDy(k)eV(p, 0,0)]
=r°U(p,r,s) — r°"1U(p,0,s) k=1
0-1 1-10-1
= pomtmkmppm gl p (90 0, 7)) ro-1-kgt=1=j[,,p, 07, p ©®y(0,0,0)]
k=1 j=1k=1
(iv)MLfMLgMLg {MDx(f)zv(x, y,2) D, PPu(x, v, 2) f-1
zz f1-i 04
s p [MDx°V (0,7, 5)]
MDy(O)ev(x:y; Z)} i=1
= pf[ro(slV(p, r,s) — sV (p,1,0) f1
_gl-1 Z pf—l—i [MDx(i)gV(O, T, 0)]
1-1 =
_Z sl=1-J [ MDz(j)pV(P, T, 0)]
= l1-1f-1
pf-1-igl-1-j [MDZ(i)pMDx(i)ZV(OI r,0)]
—r°_1(slV(p, 0,s) — sV (p,0,0) j=1i=1
-1 f1
_ z sl-1-j [MDz(j)pV(p: 0’0)] —po-1| ¢l Z pf—l—i [MDx(i)(V(O,O, S)]
j=1 i=1
0o-1 f-1
gl Z ro=17k [,0, M0y (, 0, 5)] -1 Z p" 1[0,V (0,0,0)]
k=1
0o—1 06 1-1f
- -1-k ) ) ) i
—s 1 70 1 [MDy V(p, 0,0)] Z pf—l—l Sl—l—] [MDZ(J)PMDx(l)zV(O,O,O)]
k=1 ]:1 i=1
1-10-1 _ 100 f-1o0-1
Z ro-1-k (l-1-j [MDZ(J)pMDy V(p, 0,0)] +st Z Z po=l-k pf-1-i MDy(k)eMDx(l){V(O,O, 5)
j=1k=1 i=1k=1
—p/[r°(s'v (0,7, 5) = 5"V (0,7, 0) o )3
_gl-1 Z Z ro-i-kpf=1=i p 098 p Oy 00 5)
Z} 151 1- 1[ D (1)pV(0 T, O)D i=1 k=1
o-1(cl -1 e ®
—r°~(s'V(0,0,s) — s~V (0,0,0 i feq—i ; ¢
( ( ) ( ) _ po-l-ipf-1-i MDZ(J)pMDy(k)GMDx
-1 j=1i=1k=1
= > s [0, 9%V (0,0,0)] V(0,0,0) (18)

1

Jj
It can be written.
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Proof.

(i) The entire technique requires us to first
demonstrate its efficacy for f=1. We have
demonstrated its accuracy for f = 1 in Theorem 3.3.
(i) Now accept the accuracy for the f — 1. We will
show that it is true for f. The triple M-Laplace

transform is defined and, in accordance with Theorem
33

MpaMpBe, D MBy(x, t))

= pMLEMLE (1D PP ux, 0)-
—MLE (D™ VPu(0, 0}

can be written. Since equality is considered true for

f - 1'
MpPMeiM 8, D, Nu(x, y, 2)}

=p(ptU(p,7,5) —p 72U, 1,5)

-2
= D PO LD, DU (0, , 2]

i=1
— MLoM LoD Y (0,y, 2)}

If the final equality achieved undergoes the required
processes, then

MLPMLEM L8l uDu(x, y, 2)}

=plU(p,7,s) — p/~tU(0,7,5s)

f-1
B Z pmi=iMpPmpoe p 0¢u(0,y,2)}
i=1

It is obtained.

(ii) The proof will be made in the same manner as
Theorem 3.4 (i).

(iii) The proof will be made in the same manner as
Theorem 3.4 (i).

(iv) We shall make use of equations (i), (ii), and
(iii) to demonstrate this theorem. From equality, in
Q)

MLMLIMLL 1D Pov(x, v, 2) D, VP u(x, v, 2)

MDy(o)ev(x, ¥y, Z)}

=MeoMe8{D, VPu(x,y,2) yD, % v(x,y,2)V (p,y,2)}
VU A
{MDZ(Dpu(x, y,7) MDy(O)ev(x, y,2)V(0,y,2)}-

- 1 ®¢
—Mepmrd (sl pr 7 [,,D, % D, @D,V (0,,2)]}
(19)

It can be set up like this. (19) The expressions on the
right side of the equation are according to the property
of the triple M-Laplace transform

MLEMLS (D, VP Dy PV (b, y, 2))

= oML (D, PV (p, 1, 2)}

— oMLl (D, VPV (p, 0, 2)}

=MLt o uD, P Dy OV (00,0 (20)
HLEM LD, 00 D, @OV (0,5, )

=roMgl e D, VPV(0,7,2)}

— oMl D,MPV(0,0,2)}

=MLzt e WD, P D, 0V (0,0, 0]) (21

- 1 ¢
oM Ld (S p/ 7 D, D, @D,V (0,y, 2)])

f-1
. 16
— poMpp Z pf-i-i [MDZ(l)pMDx MV(O, . Z)]

i=1
f-1
= ot (3 pr 0,00, v (0,0,2)])
i=1

f-1o-1

_MLg{E Z ro-1-k pf—l—i MDZ(I)pMDy(k)e
i=1k=1

D4V (0,0,2)} (22)

it is written. If the equation's right-hand expressions
(20), (21) and (22) are expanded;

MLl (D, VPV (0,7, 2)}

25



Bas and Ozkucuk (2026). J Inno Sci Eng 10(1):18-36

=stv(0,r,s) — s*=1v(0,7,0)
— 224 s (D, 0PV (0,7,0)] (23)
Ml (D, PPV (0,0,2)}
= s'7(0,0,s) — s=1v(0,0,0)
— 2 st [0, 97V (0,0,0)] (24)
MLl D, VPV (7, 2)}
=sV(p,r,s) — s""W(p,1,0)
— 2t st [0, VPV (p, 7, 0)] (25)
MLl D, VPV (p,0,2)}
= SlV(p: O; S) - Sl_lV(pl 0:0)
Z, 1Sl 1-j [ D (])Pv(p 0 0)] (26)

o—1
MLg {Z ro-1-k [MDZ(DP MDy(k)eV(P, 0, Z)]}

k=1

o—-1

= st Z ro=1=k [0, %V (p,0,5)]

k=1

o-1
—gl-1 ro-1-k [MDy(k)eV(P, 0’0)]
k=1

Ry R X
@7)

(k)6
V(p, 0,0)]

o—1
M[,g {Z ro-1-k [MDZ(DP MDy(k)eV(O,O. Z)]}

k=1
=s' Xz * [uDy 0V (0,0,9)]

o—-1

—gl-1 Z ro-1-k [MDy(k)eV(O,O,O)]

k=1

-

=

o—1
ro—1-k l-1-j [MDZ(j)PMDy(k)Gv(O,O,O)]
1k=1

J

(28)

-1
Mg pr—l—i [MDZ(I)PMD (l)(V(O,r,Z)]

i=1

f-1
= gl Z pf—l—i [MDx(i)ZV(O, T, s)]
i=1

f-1
—gl-1 z pf—l—i [MDx(i)(V(O, T, 0)]

i=1

1-1f-1
pr =i gl=1=i [,,D 0pp Dy (0,7, 0))]

j=1i=1
(29)
f-1

. 0]
M Z pf-1-i [MDZ(D”MD ¢
i=1

“v(0,0, z)]

=gl Z{=—11 pf—1-t [MD,C(MV(O,O, s)]
f-1

— gl Z pf—l—i [ MDx(i)ZV(O,O,O)]
i=1

-1 f-1

pf—1-i gl=1-j [MDZ(j)pMDX(l)EV(O'O,O)] (30)
1

j=1i=
f-1o0-1
Ml:g Fo—1-k pf—l—i MDZ(l)pMDy(k)G
i=1 k=1
uDx MV (0,0,2)}
f-10-1 X
= s! Z Z poi-kpf=1=i, p @8 p 00 5)
i=1 k=1
f-10-1
_ (-1 Z Z po-1-k pf-1-i MDy(k)eMDx(lKV(O,O, 5
i=1 k=1
1-1f-10-1 _ ()¢
z 01k f~1~i Sl_l_jMDz(])pMDy(k)eMDx
k=1

j=1i=1
.V(0,0,0) (31)

It is obtained. The (18) equality is produced if the
appropriate procedures are carried out and these
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discovered equations are substituted for the (19)
equality.

Theorem 3.5. Using the M-derivative, we can

express the triple Laplace transformations of various
functions as follow:

D) MLEMLEMLO(1} = p%p >0,s>0,7>0

Proof.
If v(x,y,z) =1 is taken instead of the function
v(x,y,z) in the equation (13) in the definition of the

m-derived Laplace transform, the triple M-Laplace
transform is;

Moy

x(
=[2 [P0+ De YT ry 1)

. 5
e VB (4 e T VTG 2d, xdgy]

—pI‘(cr+1)%

1 fo
=;f0 I'(c+ e

6
o _ Y
Afy T+ De TG gy dex

0 [oe]
xS —rl"(u+1)y—
1 poo -pr(oc+1)= | -e 0
:;fo F(O'+1)€ ¢ B dgx
0
¢
1 o0 —pr(c+1)~ 1
- I -
—J, T'(c+1De dex=—=

as obtained.

i) MLfMLfCMﬁg {xmz"yk}

n
_ L (L)P
prs\sl'(y +1)

m k

) Graen) T+ (1+)

.F(1+?)p>0,S>0r>0m,nandkare

any constants.

Proof.

When the function v(x,y,z) in equation (9) is
substituted by x™z"yk, the derived M-Laplace
transform  definition and the  M-Laplace
transformation formulas are considered:

MLEMLEMﬁg{menyk}

_ e[ —pF(a+1)x—< —sl"(y+1)£
= '+ 1e ¢r(y+ e P
o Jo
0

[Z]
y
T+ 1)e_rr(“+DT(xmznyk)dpzd(xdgy

N
= fooo ric+1) e Pr+T ym

x( zP
. [fooo F(Y n 1) e—pF(a+1)?e—sF(y+1)7zn

o _ A
- <fo I+ 1)e % ykde)/) dpz)dx

N
=f0°° rc+1) e PrO*D7 ym

zP
' <fooo Fy + De o n(Meo k) dpz) dex

k 4
1 ] Gl k\ oo —pr(c+1)~
= (rmm)) r (1 n 5) [7r@+1)e Z

zP
x™ <f0°° r(y+ 1)e_SF(Y+l)72n dpz> dex

) (D) T e

x™(MLL{z"})dyx
k n
N % (rl‘(z+1))9 r (1 + g) § (sf(5+1))p r (1 + %)
n m L
Mﬁ’i{xm}: p_is (sr($+ 1))p (pl"(ff+1)) { (rl"(i+1))9

.r(1+§)r(1+g)r(1+?)

B

cr( +1)£+d1‘(0+1)x—<+ﬂ"( +1)y—9
iii) McoMeiMeo {e v gH T e}
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1
ORI
any constants.

p>c,s>d,r>f, cand f are

Proof.

(9) If the triple M-Laplace transform given by the

p xS y
. ) cI(y+1)%+dr (6+ D)2+ fT(p+1)%-
definition is written e v )P ( )é' T+

instead of the function v(x, y,z) and the M-Laplace
transformation formulas and the definition of the M-
Laplace transform are taken into account, then, after
performing the necessary steps:

0
¢ CF(Y+1)£+df(0'+1)x—<+fl"(|,1+1)y—
MphMps MLS e p 4 g

pF(cr+1)

=[S Te+1e <F( +1)

o sF(y+1)p1_,( + 1)e rl"(u+1)

cl"(y+1) +dF(0'+ 1) +fl"(u+ 1)

. (e 9)d,zd;xdgy

xS xS
—pl"(0'+1)?ed1"(cr+1)?

=f0001“(0+1)e

o)

f I'(y+ 1e

0

o) r ye r y6
<f r(p+ e " (Do f (u+1)7d9y>
0

I( +1)Zp I( +1)Zp
ST+ T+

.dpz]d(x

xS xS
—pF(a+1)TedI*(a+ 1)7

=["T(c+1e

zP zP
Fy+1)% cr(y+1)%=
sT'(y )peC(v )p

. [fo‘” r(y+1)e”

y6
) <ML3 {efr(”“)T}) dpz]dgx

xS xS
—pF(a+1)TedF(a+1)7

:foool“(a+ e

zP zP
© —s[(y+1)— cl(y+1)— 1
) (fo I'(y+ 1e re ) (—(r_f)) dpz> dyx

F(cr+1)x—{ dF(0+1)x—<
(rf)f re+1e” ‘e ¢

. <f0°°F(y n 1)e—sl"(y+1) cF(y+1) 7 d Z) d(x
:foooF(O' n 1) e—pF(0'+1) dF(0'+1) 7 d(

1
C(r=Ns-0

_ 1 Ml dr(a+1)
(r—f)(s—c)< Lxte })

-
C (p-d)(s-0)(r—1)

2P
iv) MLQML,(CMLg {sin <aF(y +1) ?>

xS y?
.sin (bI'(c + 1) ?)sin (cT'(u+1) 7}}

_ abc
(a?+s2)(b2+p?)(c2+712)

a, b, care any constants.

Proof.

(9) If the triple M-Laplace transform given by the
definition is written sin (aF(y +1) %))

. sin (br(a +1) "?{) sin (cI'(p+ 1) y;f)

instead of the function v(x,y, z) and the M-Laplace
transformation formulas and the definition of the M-
Laplace transform are taken into account then,

MpPMpiMpo {sin <aF( +1) ﬁ)
z ~x *~y Y P

x$ yb
.sin <bF(J +1) ?> sin (cT'(u+ 1) 7)}

pF(0'+1)

=0T+ De <r< +1)

.e-sr(v+1)p I(u+ e Ty g sin (aF(Y +1) ))

x¢ y?
.sin <bF(0 +1) ?> sin <cF(u +1) 7) d,zd;xdgy

—plr(oc+ 1)

=f0°°F(0+1) <sm(b1“(a+1) )
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zP
. [fooo r(c+1) e ST in (aF(y +1) %)

¥
) <ML'3 {sin (cT'(u+ 1) 7}) dyz|dyx

pF(o+1)

:fooor((f +1e ¢ sin (bF(a +1) )dzx

a c
" (a?+s2) (c?41?)

ac

IO (ML{{sm (bF(U +1) X;)})

_ abc
(a?+s2)(b2+p?)(c?+12)

2P
V) ML;)MLSCMLE, {cos <aF(y +1) ?>

x$ y?
.cos (bI'(c + 1) ?)cos (cT(u+1) ?)}

_ psr
(a?+s2)(b2+p?)(c?+1?)

a, b, care any constants
Proof.

In the theorem's (IV) form, the proof will be finished
. P 6
if the cos (a[‘(y +1) %) cos (cl“(u +1) y?)

4
cos (bF (c+1) x?)is written in place of
zP x$
sin <aF(y +1) ?> sin <bF(a +1) ?>

2]
sin (CF u+1) y?) and the required operations are
carried out.

vi) MLoMLEMLo {F(y + 1)7(0 + 1)? M+ D45
r( +1)£+d1‘( +1)£+ r( +1)£1 1
(T DTHAr @+ DT T 1 |

) =02-a)?(r-1)?
p>c,s>d,r > f,c,d and fare any constants.

Proof.

(9) If the triple M-Laplace transform given by the
definition is written

e+ De ST roe+n=

o+ x
=f1"(o'+ e’ @+ )T<F(a+1)?

Zp x{ ye

P 4 6
F(y+ 1% +dr (c+ 1)+ fT(p+1)2% .
et Cr )P+ (@) THT+1)% instead of the

function v(x, y, z) and the M-Laplace transformation
formulas and the definition of the M-Laplace
transform are taken into account,

p : 0
| ecl"(y+1)%+d1"(a+1)%+ fl“(u+1)y7}

pF(0'+1)

=[Sy To+ e <r< +1)

e SF(Y+1) o I—'(l.l + 1) I'F(IJ.+1) ] l—v(y + 1)_

Xz y9

ecF(y+1) 2 var(o+1)% +fr(“+1) dpzdrxdgy

4
—pl"(a+1)x?

=f0°° rc+1e
x¢ dl"(a+1)x—(
. F(O’ + 1)76 ¢

o
zP cI‘(y+1)%

<ML9 {F(u + 1) fr(‘“l) g }) dyz]|dyx

[oe]

¢ dI"(0'+1)x—<>
e ¢
0

xS
r(c+1)=
= f)zf re+1e ™77

4
¢ dr(c+1)~ 1
. <F(a + 1)%e ? (>((s—c)2) dex

1

pF(0+1)x—;
(T (=12 (s- C)2

f roc+1e

¢ x
x X
.<F(a +1) ?edr(aﬂ) ¢ ) dex

29



Bas and Ozkucuk (2026).

J Inno Sci Eng 10(1):18-36

1 M < dF(0+1)
TN G- c)2< Lll (o +1) }>

_ 1
 (5—0)2(p-d)2(r—f)?

7P
vii) MLoMiMLe {sinh <F(y +1) ?>

x$ y?
.sinh (I'(e + 1) ?)sinh T(u+1) 7)}

_ 1
(s*-D(P*-1)(r?-1)

Proof.

(9) If the triple M-Laplace transform given by the
definition is written sinh (F(y +1) %))

.sinh (1“(0 +1) x?{) sinh (T'(n+ 1) %e)

instead of the function v(x,y, z) and the M-Laplace
transformation formulas and the definition of the M-
Laplace transform are taken into account;

MpPMpiM Lo {sinh <r( +1) i)
z ~x *y Y P )
Xz y9
.sinh <F(U +1) ?> sin h(T'(n+ 1) ?)}
MpPMpSMpo {sinh <r( +1) i>)
z *x ~y Y P

7 6
.sinh <F(a +1) %) sin h(T'(n + 1) %)}

—pr(oc+ 1)

=0T+ De Tr(y +1)

ZP
o sF(y+1)p ru+ 1)e—rr(u+1) g sinh <F(Y +1) —))

. sinh (F(a +1) x?z) sinh (F(u +1) 3;79) d,zd;xdgy

:foml“(a+1) “prlo+t )f Slnh(F(0+ 1) )

JF(y+1) ~sTly+ )PSth<F(y+1)—>

0

8 0
. <F(u + 1)e_rr(”+1)y7sinh (F(u +1) %) d9y>
.dyzdgx

—plr(oc+ 1)

= fOOOF(J +1)e ¢ sinh (F(a +1) )

[oe]

f I'(y+ 1e ~STly+ )P sinh (F(y +1) _P)
0

. ((rz 1))d zdgx

—-pr(oc+1)

f F'oc+1e fsmh(l"(a+1) )

(T2 -1)-0

7P
: <ML§ {sinh <F(y +1) 7)}) dex

_ 1
(2= (P21 (r2-1)

ZP
viit) MLEMLEM LS {cosh (F(y +1) ?>

x$ y°
.cosh (I'(c + 1) ?)cosh T(n+1) 7)}

_ psr
(s*-D(P*-1)(r?-1)

Proof.

In the theorem's (vii) form, the proof will be finished
if the

cosh (F(y +1) %) cosh (F(u +1) y;)

£\, . .
.cosh (F(a +1) ?)1s written in place of

zP x$
sinh <F(y +1) —) sinh <F(cr +1) —)
p ¢
y° -
.sinh (F u+1) 7) and the required operations are

carried out.

b

7P\ ¢ xS
xi) MLoMLSM Lo {(F(y +1) —) (F(a +1) ?>

O\S) r(1+a) r(1+b) r(i+c)
(r(u+ 12 e c

) slta  pltb  pl+c
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Re (a) > 0,Re (b) >0,Re(c) >0,s>0,r>0
andp > 0.

Proof.

(9) If the triple M-Laplace transform given by the
e . zP\% y? ¢
definition is ertten(F(y +1) ?) (F(u +1) 7)

b
. (F(a +1) x?) instead of the function v(x, y, z) and

the M-Laplace transformation formulas and the
definition of the M-Laplace transform are taken into
account,

zP\* xS b
ML;’MLgMLg {(F(y + 1)?> (F(o + 1)—>

¢
2] Cc
y

AT+ 1=
( (n+ )3>}

w o e+ riy+1)2s
= f f f Fo+1)e ™ "7y + 1)e %

0 0

0

e a z b
TG+ DT (1 + 1) i) (r(a +1) x—)
p ¢

y%\°
T+ DY) dyzdexdgy

x5 b

© —-pr(c+1)~= xS

= ¢ aa
fo rlc+1)e (F(a+1)()

- 0O

—sl"(y+1)£ zP\*
J]l F'y+1De p F(y+1)?
Lo

[o¢]

9 ye ¢
j F(p+1)e TW g <r(u +1) 7) dgy
0

. dpz]d(x

—pF(a+1)§ ( b

:fowl“(a+ De I'(o+ 1)%5)

p
—sT(y+ 1)%

.[fo°° ry+1e (ro¢+D %)a

(5] o2 Do

b

¢
0 - x> 4
_I'(1+o) fo F(U 1)e p[‘(0+1)( (F(J 1)x<)

ritc

p
0 —sT(y+1)% zP\ ¢
) [fo 'v+1e P (F(y+1)?) dpz] dex

Fe b
_ r+9r(i+a) u? {(F(a ‘1) x?) }

ritc sita

_ I(1+a) I'(1+b) I'(1+c)
T oslta plib  plic

Definition 3.2. The triple convolution of f(x,y,z)
and g(x,y, z) as continuous functions in the sense of
M-derivative

(frxg)(x,y,2) = Ty+ D Io+Dr+1)
S fe—vy—1.2—9) g(v.T, )
(dppdzvdgT)
is determined by this integral.

Theorem 3.6. (Convolution Theorem) The
functions u(x,y,z) and v(x,y,z) with U(p,7,s) =
MLPM[;MLQ{U(X d 14 —

VA X y ,y,Z)} an (p:rws) -
Mp# ML,(C M8{v(x,y,z)} allow the triple M-Laplace
transform to exist for p > 0, s > 0 and r > 0. Here,

the triple convolutions of the functions u(x, y, z) ***
v(x,y,z) must be expressed in order to

MLPMLEMEO tu(x, y, 2) #+x v(x, y, 2)}

= U(p' r, S) V(p' r, S)
Which is expressed in this form.

Proof.

MLEMEEM L (u(x, y, 2) + v(x, Y, 2)}

4 6 P
=MLOM LM LS [u <(r(§i1)) '(F(ZL)) (r(ﬁin) )

6

. P
***U<(F(cr{j- 1)) ’(r(ugi 1)) <F(VP-ZF 1)> >]

It can be written. Since the convolution property is
known to be provided by the triple Laplace transform
on the right side of the preceding equation
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MprPMprSM 0 ¢x ‘ 5y 9 & p
Lz L Ly{u ((F(J+1)) ’(F(ﬂ+1)> (F(V+1)> >

: o g
***U<(F(Zi1)) ’(F(ftzl)) (F(:Zl)) >}

6

— MpPMpSMpO ¢ { 24 - p
="LNLy Ly{u((r(g+1)) '(F(ﬂ"‘l)) (F(y+1)) >}

¢ o ’
B ((r(cfi 1)) ’(F(ugi 1)) (F (VP‘ZF 1)) )

= U(p,1,s)V(p,r1,5)

it can be written. This is where the proof ends.

Applications 3.1.
D (u(x,y,2)) + Dy ° (ulx,y,2))

+MDZp(u(xJ Z Z))

2P 2 x( 2 ya 2
- (r(y +1) 7) (F(o +1) 7) (F(u +1) 7)
+4T (0 + 1)"; F(u+1) %M(y + 1)% (o + 1)"{—(
AT (y + 1)% M+ 1)%9 +2M(y+ 1) (o + 1)

T+ [, f) [SU®T,8)deddgTd,8  (32)
u(x,y,0) =u(x,0,2) = u(0,y,z) =0 (33)

Let us solve the differential equation given by the
initial conditions:

Solution.
The triple M-Laplace transform on both sides of the

integral differential equation given by (32) and
Theorem 6., if we apply,

MLOMLEMLO (D v(x, y, 7))

=pU(p,1,s) —U(O,1,5)

=pU(p,1,5) (34)
MMM L8luD, v(x,y, 2))

=rU(p,r,s) — U(p,0,s) =rU(p,r,s) (35)

MLEM LML (D, u(x, y, 2)}

=sU(p,r,s) — U(p,r,0)=sU(p,1,5) (36)

2

2 ¢
MpP ML,iML;){(r(y +1) %p> <F(0 +1) %)

2
(ru+ DY) =222 =22 (37)

p3 53 T3 p3s3r3
xf y9
ML;)MLfCMLg {1 I'(c+ 1)? I'(p+ 1)7}

1

=i (38)
MppMpiMLo {1 T(y + 1)% T'(c+1) X;}
— (39)
MLQMLgMgg {1 I'(y+ 1)% I(p+ 1)%9}

: (40)

pris?

is obtained.
X ry rZz

ML;’ML,iML;?{f f f LU (9,7, 6)de9dgTd, 5}
0 J0 Y0

Let us use the convolution integral to find the M-
Laplace transform. Then

MLEMLEMLOT(y +1) [0+ 1)l (1+ 1)

X ry rZ
_[ f j 1U®W,1,6)ds9dgtd, 6}

0o J0 YO
V®@—-at—bds—c)=1 and
U(¥,,8) given that,
MLPMLEMLOM(y + 1) I'(o + 1 (i + 1)
L U@, 8)deddgd,s)
:MﬁgMLEcM[g{l}.MLgMLiMLg{ U@, 7,6)}

=X U@p,7,5)

prs
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X ry rZ
MppMpiMLo U f f 1U®,7, 6)d§z9dgrdp6}
0 J0 YO

1
prs

U(p,r,5s) (41)

If equations (34), (35), (36), (37), (38), (39), (40), and
(41) are taken into consideration in the differential
equation (32), then the following result is obtained;

pU(p,r,s)+ rU(p,r,s) +sU(p,1,s)

-8 4 4 4
- p3s3r3

+2 U (p,7,s)

sp2r2 rp2s? pris? prs

2
Ulp,1,5) [p+r+s——

prs
_ -8 4 4 4
T p3s313 | sp2r2 rp2s2 pr2s2
4
- pZSZTZ (42)

If the inverse M-Laplace transform is applied to both
sides of the equation

x¢

u(x,y,z) = 4T(y + 1)% I'(o + 1)?

T+ DY 43)

the solution of the problem is obtained.

4. Visual Results and Scientific Discussion

Figure 1 shows the change in the solution of equation
(43) according to the values of p=(=6=0.5,y= c=p=0.
From the figure, it appears that the shape resembles a
quarter sphere. When the graphs in Figure 1, Figure
2, Figure 3, where the p={=0=0.5 values are the same
but the y,o,u values are different, are compared, it is
observed that there is no significant change, although
the blue color intensity of the blue part shown
between the outer part of the quadrant-like shape and
the cube-like outer shape has increased.

When we compare Figure 5 of equation (43) with
Figure 1, Figure 2 and Figure 3, it is observed that the
part shown in yellow on the surface of the quadrant-
like shape turns blue. The source of this change is the
change in p, {, 0 values.

The difference between the M-derivative triple
Laplace transform and the conformable triple Laplace

transform lies in the gamma function depending on
the parameters y,o,u. Figure 1,

Figure 2 and Figure 3 show the comparison of this
difference on the figure, where . p= (=6=0.5 and

Y,0,lL vary.

The density varies based on the provided values, and
the drawings exhibit geometric similarity to an
ellipse. Despite their positional differences, they
exhibit geometric similarity to a modified ellipsoid.
Upon meticulous examination of Figures 1, 2, and 3,
it is evident that variations in the parameters vy, o, and
p influence the density of the outer region.
Conversely, Figures 4, 5, 6, and 7 demonstrate that
modifications in the parameters p, {, and 0 impact the
density of the inner part of the ellipsoidal form.

Figure 1: The image of the solution of equation (43) for
different x,y and z values with values
p==0=05y=0c=p=0

Figure 2: The image of the solution of equation (43) for
different x,y and z values with values
p==0=05y=0=p=0.5
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Figure 3: The image of the solution of equation (43) for
different x,y and z values with values
p==0=05,y=c=p=0.8

A~

Figure 4: The image of the solution of equation (43) for
different x, y and z values with values
p==0=08,y=0=p=0

Figure 5: The image of the solution of equation (43) for
different x, y and z values with values
p==6=0.8,y= 0=p=0.5

Figure 6: The image of the solution of equation (43) for
different x,y and z values with values
p==0=08,y=c=p=0.8

Figure 7: The image of the solution of equation (43) for
different x,y and =z values with values
p=C=0=1,y=0=p=0.38

5. Conclusions

In this paper, we present the M-derivative triple
Laplace transform in conjunction with the partial
derivatives M-derivative triple Laplace transform.
Using the specified M-derivative triple Laplace
transform, we apply this to the inhomogeneous
differential equation and obtain the solution. The
graph displays the variations in this equation's
solution, as determined by the same approach, for
various values. This transformation is therefore
predicted to be a useful method for solving M-
derivative fractional partial differential equations,
which may be related to solving problems in a variety
of fields, particularly with regard to physical final
engineering models. In this article, we introduce the
triple Laplace transform of M-derivative by applying
the local derivatives containing the Mittag-Leffler
function to the fractional M-derivative to the triple
Laplace transform of partial derivatives of M-
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derivative and then applying the classical sense to the
triple Laplace transform of local derivatives
containing the Mittag-Leffler function. This defined
M-derivative is applied to inhomogeneous using the
triple Laplace transform and we give its solution by
applying it to differential equations containing the
initial conditions. The changes in the solution of this
equation obtained by the same method at different
values are shown on the graph, and interpretations of
these figures are provide. It has been shown that with
this method, a more practical and easier solution of
partial fractional differential equations containing M-
derivatives can be obtained. It inspire the use of a
multilevel Laplace transform for solving generalized
n-unknown fractional partial derivative-containing
differential equations containing an M-derivative.
Using this multilevel Laplace transform, fractional-
order differential equations with partial derivatives
that seem complex can be solved more conveniently.
This transformation is therefore predicted to be a
useful method for solving M-derivative fractional
partial differential equations, which may be related to
solving poblem in a variety of fields, particularly in
engineering application involving physical models
(for instance, in application involing ordered models
pertaining to viscoelastic materials, anomalous
diffusion, or electrical circuits, among others).
Consequently, it is believed that systems of
differential equations may be resolved more
accurately and effortlessly using mathematical
models with three variables, facilitated by the triple
M-Laplace transform.
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