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Approximation By Three-Dimensional gq-Bernstein-Chlodowsky Polynomials

Nazmiye Goniil Bilgin', Merve CETINKAYA

ABSTRACT

In the present paper we introduce positive linear three-dimensional Bernstein-Chlodowsky polynomials on
anon-tetrahedron domain and we get their g-analogue. We obtain aproximation properties for these positive
linear operators and their generalizations in this work. The rate of convergence of these operators is

calculated by means of the modulus of continuity.

Keywords: Bernstein-Chlodowsky Polynomials, g- Bernstein-Chlodowsky Polynomials, linear positive

operators, modulus of continuity.

1. INTRODUCTION

In recent years, many generalizations of well-
known linear positive operators, based on
q —calculus were introduced and studied by
several authors. In 1996, Philips by using the g-
binomial coefficients and the g-binomial theorem
introduced a generalization of the Bernstein
operators called q-Bernstein Operators [1]. g-
Bernstein-Chlodowsky polynomials defined by
Karsli Gupta in the one-dimensional case [2].
Buyukyazici introduced the two-dimensional g-
analogue of Bernstein-Chlodowsky polynomial in
[3]. He give these polynomials on a domain D, =
[0,a] X [0,b]. In this paper we define three-
dimensional Bernstein-Chlodowsky and g-
Bernstein-Chlodowsky polynomials. Then we
compute the rate of convergence of these operators
by means of the modulus of continuity. The aim of
this paper is to prove Korovkin type theorems and
to give some examples of numerical solutions for
the three-dimensional q- Bernstein-Chlodowsky
polynomials.

Firstly, we give some notions about g-integers. Let
q > 0. For each non-negative integer n, we define
the g-integer [n], as

1-4q" ifq+1
, 0

[nlg=11-4q 1

n, ifg=1
and the g-factorial [n],! as

[n]gln —1]g - [1]g, n=12,..

| = q q q

[n]q. {1 B n=0

For integers n and k, with 0 < k < n, gq-binomial
coefficients are then defined as follow

] |
[A mqnimq

g-based Bernstein-Chlodowsky type polynomials
for a function f of two variables as follows in [1].

Let (a,)and (B,) be increasing sequences of
positive real numbers;

=0 and

lim a, = lim f,, =, lim

n—oo m—oo n—-oo [n]qn
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 Bm
L .

= 0.

For any a,, > 0, B, > 0 where
(x,y) EDg g, ={(x,¥):0<x<a,0=<y<=<fpn}

The two-dimensional q-Bernstein-Chlodowsky
operators;

Binim(f;x,y)

n

>

k=0 j=0

ot ) U, [, G )

n-k-1 m—j-1 y

X 511_:[) (1 —qrslla—n) | (1 —qf,fa)

Bi(f;x,y) = ;)f ng an.y> [n . (ain)k
n-k—-1

X LL (1 —qt a—n>

Bﬁl:ln(f ;%) i

=2 (x, [[T’j]q:n ﬁ’m> [T]n]q (é)] 1_[ (1-a7)
j=0 m 52=0

Buyukyazici gave approximation properties these
operators in [3].

Theoreml.1. Let e;: Dyp, = Dgp,
e;j(x,y) = x'y’,i,j = 0,1,2 and for any (x,y) € Dgp;

.B‘g'%Qm (ego;x,y) =1

—

—_

Bg‘%qm (e10;x,y) = x

— o

i -Br?,rrlr'zqm(em;x’ y)=y

iV BInim (eg0; x,y) = x? + 120
’ [n]CIn
R Adn.dm y(Bm—y)
V.Bg‘mq (epz; X, y) = y? + ——2—=
[m]qm

Theorem1.2. Let f € C(Dg,,), for any sufficiently
large fixed positive real a and b, (a < a,, b < Bp)
then

BInim(f; x,y) linear positive operators sequence
satisfy next equalities.

im By (o0, 7) = 1l =0 M
Jim||B (er0s %, y) = % =0 (2)
Jim||B (eor 2, ) = Yl o, =0 3)
Jim B (e + 122,) = 62+ y )| =0 (4)

Using Korovkin type theorem we get

Sakarya University Journal of Science, 22 (6), 1774-1786, 2018.

im [|Ba™ () = FeeN g,y =0 (5)
2. CONSTRUCTION OF OPERATORS
Definition 2.1.

Let {b,}, {cm}, {d,} be incresing sequences of real
numbers and let them satisfy the next properties.
Let

lim b, = lim ¢,, = limd, = ,
n—-oo m-—-oo T—>00

b c d
lim (—n) = lim (—m) = lim (—r) =0
n-o \n m—-oo \Mm r—>oo \ 1
and for b, cp,, d, > 0;

D3 = Dbn,Cm.dr = {(x;%z) 0 S X< bn’o S y
S Cm' 0 S 4 S dT}
is defined.

We can introduce the Bernstein-Chlodowsky type
polynomials for a function f of three variables
same as [4], [5];

Bn,m,r(f; XY, Z)

SN Erdenta) ()

k=03j=01=0

(-5 ()
(-DT0@ 0D @

Lemma 2.1. Let By, ,,, - (f; x, v, z) defined in (6) and

Bnmr(f; %,y,2), C5, = Cp,where

— yliyl2,is  jo4 i o4
€ iyis = X1Y223, hti+iz <2

for iy,iy i3 €{0,1,2}. We have the following
equalities:

i. Bymr(€000: %, ,2) = 1
ii. By (€100 %,7,2) = x
iii. Bymr(€010;%,2) =y
iv. By (€001 %7,2) = 2

v. for g(x,y,2) =ey00(x,y,2) +egp0(x,y,2) +
€0,0,2 (xy,2)

x(b, — x) y(cm — )
Bn,m,r(g; x'y,Z) =x%+ nT + yz + mT
+Z2 +Z(d7'_z).
r
Proof.
n T X
n X
I)B e X, V,Z :ZZ (_)
n,m,r( 0,0,0 ) ' (k) bn

k=0 j=0 1=0
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(-2) (G (-2

S 06 6-27
=1
1) By m,r (€1,0,05 %, ¥, 2) =Zzngn (Z) (%)k

)Y (-2
SO (-
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Y Ee D6 (-2 ()
(=27 YO -5

iV)Bymr (€001 %, ¥, 2) = ii T %dr (D (;c_n)k
(-9 -5

l r—l1
0 (-5)

=
=]
~.
=]
~
Il
o

Yt () (-5)
SO (-

v) for
g(x,y,z) = ezoo(x y,z) + eo,z,o(x'y,z) + eo,o,z(x'y' z)

x(bn x)+y2+3/(cn:n_y)

nmr(g X,¥,zZ) = x? +
Z(d —Z)
r

+ z2
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nmr(eZOO'x Y'Z) ZZZ 2 b}

k=0 j=0 1=0

(-2) (E) (-2

W@ -3
20 05

(WG

k=0
SOEe-2"
k2 my x\k x \"k
=206 (-5)
= B, (e, x) = x? x(bn = %)
nmr(eo,z,ofx V ) Z)]Z: l;r]n'_zzcrzn (Z) (lf_n)k
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) () e

5 +y(cm -y)
m

n m lz
nmr(eOOZIx v,z )= 22

x \k
2
:0]:0 =0 r bn

J m—j
o) 0 —l)
Cm Cm

k=0j=0
() %)J (1-= " Bo(er)
= <zz + Z(drr— Z)) ]Z;) (Z) (;_n)k (1 ~ ;C_n)n—k

k=0
— ZZ Z(dr - Z)
r
We get
x(b, — x
Bn,m,r(g; X,y,z)= x2 +%+ 5

+Y(Cr:1_Y)+ 2+Z(dr_z).

Theorem 2.1 Letf € C(D;) , then for any
sufficiently large fixed positive real numbers b,c
and (b < b,, c < ¢, d <d,)then we get

lim  max_|B, . (f;x,y,2) — f(x,y,2)| = 0.
n,m,r-e (x,y,z)eDz

Proof. Using Lemma 2.1

”Bn,m,r(eo,o,oi XY, Z) - eo,o,o(x' Y Z)”c(f);) =
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”Bn,m,r(el,O,O;x: Y, Z) - 91,0,0(35’ 4 Z)||C(5§) =0
”Bn,m,r(eo,l,o;x: Y Z) - 90,1,0(95’ 34 Z)||C(5§) =0

”Bn,m,r(eO,O,l;x: 4 Z) - 90,0,1(95’ 34 Z)”c(DE) =0

”Bn,m,r ((92,0,0; Xy, Z) + (eo,z,oi x, Y, Z)
+ (eo,o,zix; Y Z))

—(x2+y%+ ZZ)”C(D;)

b c d
<bhbl+c+d=L
n m T

The proof is completed using

c d
lim = = lim —= = lim — = 0.
n-oco N m—-oco Mm r—oco 1
We can show the uniform approximation of the
three dimensional Bernstein-Chlodowsky

polynomials in next example.

Example2.1.The convergence of

Bn,m,r(f; x,5,2) to f(x,y,z) = x6 + y6 + 26 —
1/8

(l) ’ bn=\/ﬁ’cm=\/ﬁ, dr=\/? is

6
illustrated in Figure 2.1.

n=m =r = 50 (yellow), n=m=r =230
(red,n=m=r =15(gray) , n=m=1r =10
(magenta).

Figure 2.1. Approximation of f(x,y,z) = x° +
1/8
yo + 2% — (%) (blue) by By i+ (f5 X, ¥, 2).

Definition 2.2.
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Let {a,}, {Bm}, {¥+} be increasing sequences of
positive real numbers and let them satisfy the
following properties:

lim @, = lim §,, = lim y,. = ©
n—-oo m—oo T—00

that the sequences

where ¢ > 0, {q,,} is a sequences of real numbers
such that 0 < q,, < 1 for all n and lim ¢q,, = 1.
n—-oo

For any a,, > 0, 8, > 0,%, > 0 we denote by Ds3:
Dz:=1D ={(x,y,2):0<x < a,,

0<y<PBm 0=<z=<vy}
We can define the - Bernstein- Chlodowsky type

polynomials for a function f of three variables as
follows:

Bintmr (f; x,y,7)
n m T

_ kg, Ulay , g, )
- Z ZO f <[n]Qn e [m]Qm ﬁm’ [r]QT r

An.BmVr

qm 9

K y iz ln—k—l o x
() @) G) 1 (e )
Un Bm Yr _ an

$1=0

m—j-1 r—1-1
VA
[ Oag) [ (-ay)
st Pm/ 1 _ Vr

2= 53—0

Remark2.1. We use following notations next
section.

n

BI"(fix,y,2) = z kan]fq"“n'y'Z) [Z]
P dn

-
@) ] ()
B (fix,y,2) = iof (x'[brgﬁﬁm' Z) [ o
)T -2
a5 r{ertien) ),
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— o

1v.

7 -1 r—l-1
z z
<) [ a-a) <[]0
y?" S3=0 y‘f" S3=0 r
—k-1
IS e, 1 (T (g X
- aTl [k] 1 qu
Lemma2.2.Let ei,i,i: D3 > D3, i [nlg, an O/ L4 ay
€i 0,0, (%, 2) = x1y'2z, i i,,i5 € {0,1,2} for N et
any x,y,z € D3 then we get « Z[m] (L)J (1_quY)
- Bdndmdr i=0 J g \Bm $2=0 " B
I'Bnmr (eO'0,0;x,y, Z) = 1 J 2
r r-I-1
LB (es00%,,7) = x X[ G [T (-0
D An.9m.dr 1=0 Har \1r 53=0 Yr
Bnmr (eO,l,O;x' Y Z) =y
ey = B (e;,x)B™(eo, y)B (eg,2) = x
Bgmqr 4 (60,0,1:96,)/,2) — 5 (€1, x) (e0,¥)B,"(eg, 2)

VfOI‘ g(x; y; Z) = ez,o,o(xj y: Z) + 30’2’0 (X; y; Z) + lll)B.g_;lnq;n qr(eo 1, 0’ X, y, Z) Z Z Z qm Bm

002X, y,2) =0,j=0 I=
k j l
B9n.9dm.9r . _ X(an - .X') m r i l i
By (gix,y,2) = x +W+3’2 X[j]qm[l]qr(an) <ﬁm) (Vr>
Z —Z
y(ﬂm y)+Z N Z )_ |
[m ]qm [T]qr n-k-1 N m—j-1 y
N —gS2 2
Proof: We calculate wusing definition of x 4 (1 In an) 1_:[) (1 T ,Bm)
Bt (f;x,y,2); o ’
DB (€0,00i%,7,2) < (1 g 3)

DI qun[m] 1, GG 6 ot

51=0 Sp= s1=0 |
T JS B 1) () TT (i)
LIy, LTl "L, 8o L mp
B n n i o Mokl ) sli . lr—l )
.6 -] 2l G I
m _m—j-1
{Z[’}" &) 1 (1—q;:%)} = Bi"(e0, By (e1, V)B;" (e0,2) = y
= " == iV)Bﬁ’ianl qr(eoopx Y Z)

x{r [z]qr&)ﬂﬁl(l—q?f—)} Z‘),ZZ = k] [m] ( >(ﬁi)}<y€)l

n-k-1 m—j-1

= ~7(1]n(90'x)§qm(eOJ y)éqr(eOJz) = 1 X | | (1 _ q51 i) | | (1 — qsz l)
n m
k] E an _ Bm
ll)Bg%q;n Ar (el 0, o X, y, Z) z z Z {Tl C{n Ts_ll__ol S,=0

0 e L1t

53:0
1L
J m r ﬁm n kn—k—l
n-k-1 m—j-1 _ n X S1 X
1— g% 1-g22 B K, \a, I=a';
* ( ~ n) 1_[ ( m ﬁm) k=0 I T 550 "
$1=0 Sp=
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m jm—j—l n o okt
m y s y n X B X
2000 ) [ (i) =120 @) [ (e d)
{j_o J g, \Pm 52=0 B k=0 *lgn \an §1=0 *n
r r—Ii-1 moo om—j-1
[l] - T Z l VA [I]qm 5 [M L J S y
X 1 Vr[ ] (—) (I—Qfs —) X Z[m]g m j] (Bm) [] (e ,Bm)
[T]qr L Vr Vr Jj=0 m am =
=0 dr S3=0
_ r . 2 lr—l—l
- 20 G 1] (e )
r R’ Vr 5520 Yr
n m T 2 - - -
VB (ey001%,,2) = 9 {"}gn az[!] = B (e0, x)BIm (e2,y) B (0, 2)
=020 1= MHan an B — V)
L, YBm—y
WG] T,
x| . — ) (=] |— m
J am l‘lr an ,Bm Vr n m r [l]z
B (enozini2) = Y. ) ) TN
n—k—-1 m—j-1 k=0 j=01=0 - Ir
Teedeewd  ppneoe
51=0 " 5=0 " k an L] am l qr \On Bm Vr
r—1-1 .
T TN
T sp M s, Y
A7 ] (e [ (-aig)
n 2 n-k-1 170 %270
[k]qn 2 [N x\k s, X r-l-1
-2 prald @) 1] (-ag) (1-q22)
{; ] n [k] an on 511_=[0 “n g 0 L Vr
S3=
m .m—j-1
a2l @) [ (-ag)
. m _ _
=0 ] dm lg‘m 5,=0 ﬁm n n x kn k-1 5 x
{506 TT 0w
T r—1-1 qn an an
) @ Tl0wn] S
X Vr - —4qr — —i1
= [r]qr ! ar Yr 5,20 Yr m m y jm J .Y
pdn DAadm RAr X Z [ ] (,8_> 1_[ (1 ~ qm ﬁ )
= by (92:x)Bm (GO;Y)Br (eOJZ) j=0 J q m $2=0 m
X\a, — X =
:xz_}_L r [l]é r erll . Z
S, @) T] (a2
n m — [r]Qr ! dr Vr _ Vr
[]]2 n =0 s3=0
EQn:erQr e 1X,Y,Z) = Am_ 2 ~ _ ~
i (o) ,Z e Pl 2 B ey B 0 3B 002
I TGN EEPEED)
] dm lqr an m Vr [r]qT
n—k—1 m—j-1 and so
x y
X (1—q51—) (1—qs2 —) & Q@ x(a, — x)
511_=L T/ g " B B (g;x,y,2) = x* +[nnT
r—1—-1
z Y(Bm —y) z(yr — 2)
1-— 53—) tyl 7P —
* sl_—L ( o Yr Y [m]Qm [r]CIr
5=
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Theorem 2.2. Let f € C(D3), then for any
sufficiently large fixed positive real numbers a,b,c
and (a < a,, b < B, ¢ <7,) then we get

nr}livrﬂrloo (xl;/nz%épjgg%?;n’qr(f; %Y Z) - f(x' Y Z)| = 0.
m, L 3

Proof.
Using Lemma 2.2. for e, €100, €0,1,05

1B " (€iyiiss X, ¥, 2) = iy i1 (%, 7 Z)||C(D§) =0

| B (e2,00 + €020 + €002 %, ¥,2) = x* + y* + ZZHC(Dg)
a
<q gy Pm oW
[Tl] dn [m] dm [7'] ar

FromVolkov Theorem and {a,},{Bm}, {1y} this
equations

lim  max |BIvimdr(f;x,y,2) - f(x,y,2)| = 0.

nm,;r
nmr-o (x,y,z)eDx e

That is completed the proof.

Example 2.2, The convergence of
B (f;x,y,2) to

f,y,2) = (Zx)3(3)/)1/8z +1la,= \/H, Bm =

Ym,y, =Vr+14q =% is illustrated in

Figure2.2. n=m=r =2 (yellow), n=m=r =
5(magenta).

' o8 0B pg 0z

¥

Figure 2.2 Approximation of

f(x,y,2) = (2x)° + 3y)/8z+ 1
BIntmAr(f:x,y,2).

nm,r

(blue) by

3. RATES OF CONVERGENCE

In this section we want to find the rate of
convergence of the sequence of operators {B,, ;;; - }

and {B/i 3.

Let f € C(D3) be a continuous function and &8,,,8,,
and &6, a positive number sequence.

Sakarya University Journal of Science, 22 (6), 1774-1786, 2018.

Wl(f' an);Wz(f; 5m); W3 (f; 5r) are
continuity modulus of the function f(x,y, z).

It 1S also known
61im0 Wy (f' 8p) = SIimO W (f' Om) = gimo w3 (f' 8,)=0

Lemma 3.1.Letx,y,z € [0, 4],
sufficiently large n and then we same as [5] get

|Bomyr (s 2,9, 2) — f(x,,2)| < 24wy (f, 8,) +
wy(f, ) + ws(f, 8,)).

Proof.

|Bn,m,r(f; x,y,Z) - f(X,y, Z)|

DOG) (-5
@) -2 @00

’f (x,%cm,z> —f(x,y,2)

1781
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+ >
(o)
M3 3=
~
/-
[N
[
3=
N———
3
J
) ~—
&|x
VN
/-
[N
[
e
N———
h

=
I
=)
~.
1l
=)
—~
1]
o

i
/—~
4b
o~

—_

I
=%
~—
i

e
3 <
N———

y j y m—j , 7\l Z\T"-1
() (-2 (@) (-7)
= lpl(x,y,z) + lpz(x'}’;z) + lpB(x'yJZ)
is found. If calculated all of them respectively;

=Sulrfa - OE) (-2

Sakarya University Journal of Science, 22 (6), 1774-1786, 2018.

At this condition x € [0,A]and A > 1 if take t =
Eb when

I£(®) = F@)] < wi(f,8,) (1 +157) obtain by

using Cauchy-Schwarz inequality;
ll)l (x, Y Z) <

e SorrT)

< 5,041 ! Ab"
< wy(f, 6,) +5_n Y

is found. By choosing §,, = \/b;";

P1(x, )’;Z)<W1< \/7>{1+‘/_}
< bn
= 2AW1 f, 7 .

Similarly

Wl(f'6n){1+_

Yo (x,y,2)

I
NEE

=
I
=)

e
NgE
N
N
\\
|
(@)
3
|
<
N——

-
Il
o

-

~
1]
o
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At this condition y € [0, Aland A > 1 if take t = 1 [& AN
L, then for any sufficiently large n and when w3(f,8r) 1+ z (_ dr — Z) ( ) (_) (1
7 Cm 5, | \r AVE
F(O) = FOI < walf, 8,) (1 +52) obtain by 21
using Cauchy-Schwarz inequality; B d_r)
Po(x,y,2) <
1| j y \™ v < ( ) ) 1+ ! A dr

Wz(f,am){uazo( ) (M) (1-2) ] } <wi(f, 801+ 5 |47

1 Cm . dr
<w,(f,6)31+— |[A— founded. By choosing 6, = [=;

Om m r

: _ [em. d
founded. By choosing 6,,, = — Ws(x,y,2) <ws| f, j; {1 n \/Z}

Yo (x,y,2) < ( >1+x/_
—_— 3 y |
SZAW2<f,\/%> r

is found. Finally

is obtained.

|Bn,m,r(f; x,y,z) _f(x':VrZ)l

m
[
3y, 7) = Z Z ws (f: [~ 2|) < 2A((;v16(1;,) 80 + Wy (f, 6,n)
= +w
0j=01=0 3 r
ny (my (ry [ x \¥ x\"k Then proof is completed.
() OGE) (-5) A
k/\j/\l/\b, b,
Example 3.1. The error bound of the
J m=j 1z \! z\" i _ xiyiez?
« (l) (1 _ l) (_) (1 B _) function f (x,y,z) = e ()
Cm Cm d, d, ;
n =\/ﬁrcm=m;dr=ﬁ+1.
n X k x n-k
= Z (k) (b_) <1 — _) Table 3.1. The error bound of
k=0 n n _ X% +y?+22
m m y ] y m—j f(xr y: Z) 2+exp(7)
XZ( )<_) (1 __) Error bound for full modulus of
. ] Cm Cm . . .
j=0 continuity of function f(x,y, z)
T
™ (Z\ z\"! 10 0.0218237378
VAN (f; |'dr —Z )(l)<d_r) (1 _d_r) 0.0073671615
1=0 0.0027753196
r 4 I
l l r—l 10 0.0011048136
= ) ws (f; | d—2z ) (r) (i) (1 - i) 105 0.0004521637
= r 1/ A\d, d; 106 0.0001876932
107 0.0000784867
108 0.0000329479
At this conditions z,t € [0,A] ve A > 1 if take 0.0000138598
l
t==- d, when Using the g-modulus of continuity we get the rate
(O | (5.5 (1 |t_z|) b b of convergence following.
t)— f(2)| < ws(f, 4+ ——) obtain
f_ /(@) o o .o Y Lemma 3.2. For anyf € Dy, the following
using Cauchy-Schwarz inequality; inequality hold.
Y3(x,y,2) <
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wil i, . o (g,
. bpm . C¥r <f [n] ) ’ kzo }ZO ; [ ([n qn n [ q Bm [i]‘;r yr)
" (f' “”Lm) ¥ (f' [r14r>] —f <[ lgn Y Z>]

[ ]Qn

by BII(Fx,y,2) — fx,y,2)] < 3 (f; Gy |
B S R 1 I W[ B )

bﬁm ’ Cyr > dn dm ar
Mar n-k—-1 m—j-1

a) | B (f;x,y,2) — f(x,,2)| <3

Proof. Using next equality X 1_[ (1 —q! ai) 1_[ (1 — g Bl)
51=0 n5,=0 m
[k ]qn ) ( dm m) r—i-1
kZO < Zf g xsl_:L(l—q;%;—T)
() 555 (Hseere)-reno
) =0 j=0 l=0 '
Y e S Y A N H AN )
Bl (f;x,y,2) — f(x,y,2) = k-1 mej1
| T 69 T (-a22)
I e I
k ' l 1— :3 £
€, 01,10, 6 G 6) i)
n—k-1 m—j-1 , o
TMe-edTewd  555uppen-y
rele1 k=0 j=01=0 qm
s3 2 k l
A1) L0, @)
RN ] n—k— m—j—-1
=2 2 (e e g T 6-a D) T] (-a)
—f Ggq" A Y) Z) +f Ggq" A Y Z) Ts_ll=_01 . "
dn dn
~ G2 X%H)(l“’ﬁgy%)
k j l n m r
0008 @ ]
n—k-1 m—j-1 =0J=01=
X SIEL (1 —qn' _n> Sl;[ (1 U %) X [Z]qn [r]r_l]qm [;]qr (%)k (é)l (yir)l
Tt . n-k—1 m-j-1
1) [L 0w 1 6-si)
then r—ll—l z 2
|BimimAr (£ x,y,2) — f(x,y,2)| < X 11 (1 -q? Z)
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sgglz()wg(f: % r—z>
L0 0L G G 6
0= 2) T -0
6

= lpVZ(xiy'Z) +¢v1(x’3’»z) +¢v3(x’y»z)

By using Lemma 2.2.(i) and properties continuity,
we get

Py (x,y,2) = iii% (f: |[[£]q;" B —yD

k=0 7=0 1=0
k ' !
<[, 0, G G G)
n—k—1 mL
L0 [10-7)
<[] (1-a )77')
Sl )
m-j-1
. 5211 (1—qfrf %)
Swy(f;8m)4 1 +$ 2([[£f;ﬁm
ST @) [10
1/2
—qif%)]

Expending the squared term and making use of
Lemma 2.2 (i), (iii) and (v) we have

lpz(x v,z )<W2(f 6m) 1+a Y([Fi:ln]qm)/)
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< W (fi8) |14 5 [
5 [Tl

bBm
[m]Qm

§ bB,,
Bo(6,y,2) < 3w, | £ /% .
dm

In the some way we have

By choosing 6, = we get

V1 (x,y,2) < 3wy <f; %)and

]CIn

r ) We define

lp3(x! y' Z) S 3W3 <f’ [:]
dr

A = max{a, b, c} then we get

|Bn,m,r(f; X,Yy, z) — fx,y, Z)l <
3A(wy(f, 8,) + wa(f, 8) + ws(f, 6,)).

Example3.2. The error bound of the function

f(xy,z)-LlOZ, n:\/ﬁ, ﬁsza Vr =

10
Vr+1landq=1.

Table3.2. The error bound of f(x,y,z) = %100_2.

Error bound for g-modulus of continuity
of function f (x,y, z)

0.7244296242

BT 0.2210754467
FTE 00792069915
0.0308396231
0.0125035752
0.0051698321
- 0.0021582801

4. CONCLUSION

We give Bernstein-Chlodowsky and q generalized
this operators so researchers can compare their
approximation we have beter approach result for
g-Bernstein-Chlodowsky operators means of
modulus of continuity.

REFERENCES

[1] G.M.Philips, “On Generalized Bernstein
Polynomials”, in Numerical Analysis: D.F.
Griffits, G.A. Watson Eds, World Scientific
Singapore, pp. 263-269, 1996.

[2] H. Karsli and V. Gupta, “Some Approximation
Properties of g-Chlodowsky Operators”,

1785



"Nazmiye Goniil Bilgin, Merve Cetinkaya
Approximation by three-dimensional g-bernstein-chlodowsky polynomials..."

Applied Mathematics and Computation, vol.
195, pp. 220229, 2008.

[3] I Buyukyazici, “One the Approximation
Properties of  Two-Dimensional g-
Bernstein-Chlodowsky Polynomials”,
Mathematical Communications vol. 14, no.
2, pp. 255-269, 2009.

[4] 1. Buyukyazici and E. Ibikli, “The
Approximation Properties of Generalized
Bernstein-Chlodowsky Polynomials of Two

Sakarya University Journal of Science, 22 (6), 1774-1786, 2018.

Variables”, Applied Mathematics and
Computation vol. 156, pp. 367-380, 2004.

[5] A.K. Gazanfer, “Weighted Approximation Of

Continuous Functions Of Three Variables in
a Tetrahedron With Variable Boundary By
Bernstein-Chlodowsky Polynomials”, Ph.
D. Thesis, Graduate School of Natural and
Applied Sciences, Bulent Ecevit Univ.,
Zonguldak Turkey, 2015.

1786



