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Distributions, maximum Model selection plays an important role, especially in critical
likelihood method, areas such as reliability analysis. Non-homogeneous Poisson
log-linear model, non- process (NHPP) is a statistical approach widely used to model
homogeneous, poisson the frequency of time-dependent events. In such processes,
process, power law correct model selection is vital to effectively evaluate the
model performance and reliability of the system. In this study, two

basic models frequently used in NHPPE the power law model
and the log-linear model, are compared. The research focuses
on the reliability of ATM machines of a bank. The reliability
performance and expected failure numbers of both models are
calculated using the data between the failure times of ATMs.
In the study, the predictive power and accuracy of the models
are compared; their suitability to real data is evaluated with
statistical methods. The obtained results are compared and it
is decided which model is a better choice.
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BiR MAKINENIN GUVENILIRLiGi iCIN HOMOJEN OLMAYAN
POiSSON SURECINDE MODEL SECIiMi

Anahtar Kelimeler

0z

Dagilimlar, Maksimum
olabilirlik metodu, log-
lineer model, homojen
olmayan poisson stireci,
kuvvet yasast modeli.

Model secimi, ozellikle giivenilirlik analizi gibi kritik alanlarda
énemli bir rol oynar. Homojen olmayan Poisson stireci (NHPP),
zamana bagl olaylarin sikligint modellemek igin yaygin olarak
kullanilan istatistiksel bir yaklasimdir. Bu tiir stireglerde
dogru model secimi, sistemin performansini ve giivenilirligini
etkili bir sekilde degerlendirmek igin hayati énem tagsir. Bu
calismada, NHPP'de sik¢a kullanilan iki temel model, kuvvet
yasast modeli ve log-lineer model, karsilastirilmigstir. Arastirma
kapsaminda bir bankanin ATM makinelerinin giivenilirligi
tizerine odaklanilmistir. ATM’lerin ariza stireleri arasindaki
veriler kullanilarak her iki modelin gtivenilirlik performansi ve
beklenen ariza sayilart hesaplanmistir. Calismada, modellerin
tahmin giicii ve dogrulugu kiyaslanmis; gercek verilere
uygunluklari istatistiksel yéntemlerle degerlendirilmistir. Elde
edilen sonuclar karsilastirilarak hangi modelin daha iyi bir
secim olduguna karar verilmistir.
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1. Introduction

The usefulness of the system depends on its performance and functionality. The
main feature of the systems is that they are reliable. The reliability of the systems
is an important issue in many areas of engineering, health and social.

In reliability sources, systems are generally examined in two groups as non-
repairable systems and repairable systems. When non-repairable systems are
broken, they cannot be reused. These systems break down only once and become
unusable. The distribution in failure times of such systems can be modeled as the
life model of the Weibull distribution. Repairable systems are systems that can
be reused after a process or an intervention after they break down. Modeling of
these systems is handled with their failure times. Generally, the models used for
the failure time of the systems that can be repaired are the non-homogeneous po-
isson process (NHPP) and the renewal process. While the renewal process is pre-
ferred if the deterioration frequency is constant, the Poisson process is preferred
for unstable failures. Failure rates are an important issue in the Poisson process.

Until the late 1970s and early 1980s, there were limited studies on the reliability
of repairable systems. Today, it is possible to come across many different studies
on this subject in the literature. The concept of a repairable system is a quite
acceptable model in cases where the system may fail due to the deterioration
of some of its components, but can be restored to working order after replacing
these faulty components. Generally, repairable systems are modeled with either
iteration processes or NHPP. An iteration process is based on the assumption
that the system will be “as good as new” after repair, while NHPP is based on the
assumption that the system will be “as good as old” after repair. There is a great
deal of work on fitting life distributions (e.g. exponential, Weibull, lognormal or
Gamma distributions) to the data obtained from an iteration process. According
to Elsayed (1996), reliability is the probability of the product or service wor-
king without deterioration in a certain period of time, under working conditions
considered suitable for the product. In other words, reliability can be used as a
measure of the success of a properly functioning system.

The reliability criteria of the system are, “How long will the product work wit-
hout deterioration?”, “At what rate will the products deteriorate before the war-
ranty expires?”, “How long a warranty period should be given for a new product?”
is to answer questions like.

It can be said that a product created can have an average working time of 100
hours, 200 hours, or 2000 hours. So, life time varies from product to product.
When examining these changes, probabilities, distributions, mean and variability
measures should be taken into account.
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The NHPP process is used more frequently because it is mathematically tractable
(Giil, 2023). Barlow and Davis (1977) developed a graphical method using NHPP
to analyze times between failures to determine optimum replacement intervals.
The power law process is often used to model repairable systems. Engelhardt
and Bain (1978), described approaches to predict the timing of future failures.
Srivastava and Mondal (2016) analyzed the failure pattern of each component
with NHPP models due to the non-identical distribution of the time between fa-
ilures and the reliability degradation in production systems and calculated the
average system availability. They compared the obtained results with the thres-
hold system availability used to decide on the overall maintenance of the system.
Grabski (2019) presented new theoretical findings on compound Poisson pro-
cesses and applied the theories related to NHPP to model road traffic accidents,
injuries and deaths in Poland. In the study, he estimated the number of accidents
and their consequences in a certain time interval; he presented various appli-
cations in this field by calculating the probability distribution of the number of
deaths and injuries in a single accident. Sumiati, Rahmani, Supian and Subiyanto
(2019) considered the NHPP model to predict the number of earthquakes in In-
donesia. Halim, Quddus and Pasman (2021) attempted to predict future events
by analyzing past offshore fire events in the Gulf of Mexico. The data were nor-
malized to account for interannual changes, and it was shown how the NHPP
assumption of considering the failure rate as a function of time increases the
prediction accuracy. Dinger, Demir and Yalgin (2022) conducted a study to model
and predict COVID-19 cases occurring in the world. The main contribution of
the study is the modeling of each country’s data separately using density functi-
ons with different functional structures such as geometric, exponential, Weibull,
and gamma. In this context, the cumulative number of cases was analyzed with
HOPS in eight different ways. Zahedi (2018), Crowder, Kimber, Smith and Swe-
eting(1991), Saldanha and Luiz (1995), Ascher and Hansen (1998) are some of
the people who have worked on systems that can be repaired. In this study, our
aim is to model repairable systems using NHPP.

Developments in science and technology in recent years have made it inevitable
for systems to be established in an even more reliable structure. The concept of
reliability is extremely important in processes covering stages such as design,
construction, distribution and operation in technology. Failure or damage that
may occur in a system can cause important social consequences.

In this study, firstly information about reliability was given, and then maximum
likelihood functions were calculated for the power law model and log linear mo-
del. Parameter values for these models were estimated, reliability values and
expected number of failures were calculated. Finally, a model comparison was
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made based on the obtained values. Research and publication ethics were comp-
lied with in this study.

2. Non-Homogenous Poisson Process and Modeling

2. 1Reliability Function

Let the lifetime of a system be a continuous N non-negative random variables.
Accordingly, the probability of system failure before t time is

t
Ft)=P(N<t)= ff(t)dt (1
Accordingly,
R(t)=1—F(t)=P(N >t),t>0 (2)

is the probability that a system will work after time t if it is known that a system
works until time t (Lawless, 2003; London, 1988). R(?) function is called “Life
Function”. When the distribution function F(¢) is an increasing function, R(?) is
a decreasing function of the reliability function. The sudden failure or deteriora-
tion rate of a system known not to fail after time t is as follows.

h(t):hmp(l‘<NSl‘+AlN>t= f( (3)
N0 Al - F(t)

This function is called the hazard function. The reliability function expresses the
probability of success while the hazard function expresses to failure.

In the reliability analysis of the system, after the system design is made, the relia-
bility should be evaluated and compared with the acceptable level of reliability. If
the desired is not met, the design should be reviewed and a new design should be
made and reliability should be recalculated. This design process continues until
it meets the desired performance and reliability level (Elsayed, 1996).

In reliability analysis, it is important to observe whether the reliability of the
systems is meaningful and whether the system contains trends. Increasing re-
liability of the system is observed if there is a significant and appropriately inc-
reasing trend between Time Between Failures (TBF). Here it is observed that if
there is a decreasing trend between consecutive TBF the system has a decreasing
reliability.
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In such cases, the NHPP model is used to create the data model for TBF. However,
if there is no trend observed in TBF data and does not provide the assumption of
independence, the consecutive Poisson Process model is selected and applied.

Generally, the following five-step path is followed when choosing models for reli-
ability analysis (Bugatekin, 2017; Jones, 1995; Kumar and Klefsjo, 1992; Saman-
ta et. al, 2001; Wang and Coit, 2005).

e First, TBF that follow each other is determined.

¢ In the second stage, the appropriate probability model for the data is selec-
ted, similar distribution and independence assumptions are checked.

e Ifthe assumptions are met, the failure data are modeled with an appropriate
model (Normal, Weibull, Exponential, Lognormal, etc.).

¢  Where model assumptions are not valid, failure data is used with an unstable
model.

e Asaresult, testing is done for the preferred model.

2.2 Homogeneous Poisson Process

Poisson processes are a significant component of stochastic processes and find
applications in various fields such as biology, medicine, geology, seismology, me-
teorology, industry, finance, and insurance. Based on their characteristics, these
processes are classified as homogeneous Poisson processes, non-homogeneous
Poisson processes, and compound Poisson processes.

In homogeneous Poisson processes, it is assumed that events occur at a constant
rate over time. For instance, the occurrence of earthquakes over time is often
modeled using homogeneous Poisson processes in probabilistic seismic hazard
analysis. In this process, events occur independently under certain axioms, and
the expected number of events per unit time remains constant over time.

Let N(t) represent the number of events occurring in the time interval (0, £]. The
Poisson process {N(t), t=0} satisfies the following axioms:

Axiom 1. For any time interval of length t, every change in N(t) occurs in incre-
ments of one unit.

Axiom 2. For ¢, s 2 0, N(t+s)-N(t), is independent of N (t).

Axiom 3. For ¢, s 20, the distribution N (t+s) - N(t) of is independent of t and
depends only on s.

Axiom 4. N (0) = 0 (Babayigit, 2019)
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2.3 Non-Homogenous Poisson Process

In a Poisson process, if the stationarity property is disregarded, the resulting
process is referred to as a Non-Homogeneous Poisson Process (NHPP). NHPP is
used to model arrival processes that vary over time.

The most important step in reliability is determining the appropriate model to
be used to model failure data. Therefore, the first step that needs to be done is
to examine whether the data are distributed independently and similarly. If the
data is distributed independently and identically, the failure process is generally
modeled by renewal processes such as Weibull and normal. However, if the data
is not distributed identically and there is a trend in the data, the NHPP which
accepts that the TBF changes depending on time should be used and the failure
process should be modeled with the NHPP. The reliability function of the Poisson
distribution is as follows.

k x =t
R(k) = z% @
x=0 X:

There are two main applications of reliability in the Poisson process. The first
is to define the number of failure in a time interval. The second is to use it as
an approximation for the binomial distribution when the binomial parameter is
small.

The Non-Homogeneous Poisson Process is the most preferred model for relia-
bility. NHPP models offer an analytical solution to describe the behavior of fai-
lure conditions that occur during testing. Its main feature is that it estimates the
mean value function of the cumulative sum of failures that are likely to be obser-
ved until a certain time. NHPP is used for non-time dependent failures.

For example, NHPP is used as a frequently used process in modelling gas turbines
(Perera, Machado, Valand, and Manguinho, 2015) hard drives (Ye, Xie and Tang,
2013) machine tool breakdown (Wang and Yu, 2012) and for modelling software
reliability (Chattarje and Singh, 2014). In the NHPP model, the rate of occurrence
of failures is usually expressed by the intensity function w(¢) (Rausand and Hoy-
land, 2004). W(?) is also expressed as a function of the mean value.

N (2) is an NHPP with the intensity function w(¢)if the following axioms are
met to give the number of failures that occur in the ¢ > () time interval.
Axiom 1. N (0)=0 ¢

Axiom 2. N (%) has a Poisson distribution with f w(t)dt parameters for
t>0. 0
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Axiom 3. N(t)), N(¢,)-N(t,),...,N(¢,)— N(t,_,) are independent random
variables foreach 0 <¢, <, <...<¢ .

t

If N (¢) has a poisson distribution with fw(t)dt parameters, the following
equations can be written. )

t t
EIN()] = [ w(t)dt =W (1) Var[N(6)] = [ w(t)dt =W (2) (5)
0 0
tz
The number of faults in any interval (#,,Z,] in NHPP has a f w()dt mean
poisson distribution. Therefore, the probability of k failures intlthis interval is

defined as follows (Uzgoren and Elevli, 2010).
o L ot (6)
PIN(t) = N() = k] = (] w(e)d)* exp(=] w(e))de

2.4 Maximum Likelihood Estimation

We have data from m independent systems managed by NHPP with the same
density function. Here, the j th system was observed in the time interval (S, T}]
(Sj ,TJ] among the events observed in &y, t,;,...,t,; times. The maximum likelihood
function for these data is expressed by Meeker and Escobar (1998) as follows.

L= ﬁ {H w(t;)}exp[=(W (T,) =W (S))] -

In this article will be based on the power law model and log-linear model com-
monly used in the NHPP. The main reason for their widespread use is that the
rate of occurrence of failures which failures occur is in the same form as the ha-
zard ratio of the Weibull distribution.

2.5 Log-linear Model and Parameters

Log-linear model was discussed by Cox and Lewis in 1966, and given by
w,(t) =exp(a, + a,t) (8)

Maximum likelihood function of w, (¢) is given by

L= H wy (1) exp[ N(0,1,)] ()

i=l1
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When the value of w, (%) is substituted in Eq. 9, log-likelihood function

| = nay a3, - SR exp(@ty ) (10)
i=1 0(1

and the maximum likelihood estimator of ¢, can be obtined by solving the equ-
ation:

nt,
L=)>t L L ——) 11
Z a, l-exp(-a,t) (11)

After obtaining &,, one has

do —In nAoz1 (12)
exp(at,)—1

2.6 Power Law Model and Parameters

Power law model is based on the Weibull distribution and is referred to as the
power law model (Crow, 1974). It is given by

wy(t) = ABtF L, L, >0and t >0 (13)

The log-likelihood function for the w, (¢) power law model is given by
n
L = Z In2 +Ing + (8 — 1lnt;] — At} (14)

The obtained maximum likelihood estimators are,

A= n/tg (15)
and

A n

B = p (16)

nint, — Zln t
i=1

247



Miithendis ve Makina / Engineer and Machinery 66, 719, 239-252, 2025

3. Application

In this study, in order to test the reliability of a bank’s ATM machine, TBF was ob-
tained for 70 data of 2019. The study was conducted in accordance with research
and publication ethics. Analyzes were made with Minitab 14 package program.

he first step is to establish a suitable probabilistic model for the given TBF data.
In order to make a model selection, it is necessary to investigate whether there
is a trend for the cumulative failure numbers (CFN) and the cumulative time bet-
ween failures (CTBF) according to the data obtained. It is clear from Figure 1 that
the occurrence of faults is not linear and time dependent. Since no linearity is
observed for TBF data, models such as NHPP are used.

CFN vs CTBF

701 f ]

i ,l/

30 'j

204 o @

CMN

e
o4 ¢

0 1000 2000 3000 4000 5000 6000 7000 8000 9000
CTBF

Figure 1. Trend Graphic

Solving equations (11) and (12) for w, (z) @, =—6.017 and «, = 0.000234 are
obtained. Thus the log-linear model is obtained as

w, (£) = exp(—6.017 +0.0002347)

Solving equations (14) and (15) for w,(¥) 4 =0.0042 and
L =1.0710 are obtained. Thus the power law model is obtained as

w,(t) = (0.0042)(1.0710)t 0071,

Accordingly, the expected failure numbers at certain time intervals are given in
Table 1.
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Table 1. Expected Failure Numbers

Time (h) Power-Law Log-linear
Model Model
10 0.05 0.024
50 0.29 0.122
500 3.49 1.29
1000 7.34 2.7455
2000 15.43 6.2150

In addition, the probability of k faults occurring in the (¢,,Z,] interval can also be
calculated. For example, the probability of occurrence of 3 failures in (100,500]
time interval is calculated using the power law density function, which is a model
of the NHPP process.

500
m(500) — m(100) = f w(t)dt = 2.87
100

and from eq. (6),
P[N(500)-N(100)=3]=0.1472.

The estimated value of the next failure time is calculated by the following formu-
la [8].

B 1
the1 = (tn + E)

Accordingly, the next failure occurs at

Y

t,+1=8842.07time.

Similar values can be found for the log-linear model. NHPP assumes that the
number of failure in any (#,,¢,] interval has a Poisson distribution with a mean
of Iw(t)dt, In this case, the reliability function is

4

2}
— [ w(t)dt

R(t,,t,)=P[N(t,)-N(t)=0]=e " = "™

Accordingly, the reliabilities calculated for various time intervals are given in
Table 1.
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Table 2. Reliability Values For Specific Time Intervals

Time (h) Power-Law Model Log-linear Model
R (ty t,) R (t, t,)

0-10 0.9512 0.975

20-50 0.8352 0.928

100-250 0.3534 0.6833

500-1000 0.0212 0.233

As seen in Table 2, reliability levels decrease over time. It is seen here that a dec-
reasing trend of TBF data occurs and this system deteriorates over time.

4. Conclusion

In this study, a bank’s ATM machine was chosen as the application subject. As a
result of the analysis, it was observed that the TBF data contained a decreasing
trend, thus the reliability of the ATM machine decreased. According to ATM data,
the values obtained for both models were compared. Looking at Table 1, the ex-
pected failure numbers calculated for the log-linear model are lower than the
values calculated for the power law model. Looking at Table 2, the reliability is
higher in the log-linear model for certain time intervals. Accordingly, it has been
determined that the log-linear model is a better choice than the power law mo-
del. It should not be ignored that some of the failure records of the said ATM are
caused by external factors (such as user error, dust, abrasion). It is also impor-
tant that the periodic maintenance of the machine in question is done on time.
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