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Ricci almost solitons on Concircular Ricci
pseudosymmetric β-Kenmotsu manifolds
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Abstract

The object of the present paper is to study concircular Ricci pseu-
dosymmetric β-Kenmotsu manifolds whose metric is Ricci almost soli-
ton. We found the conditions when Ricci almost soliton on concircular
Ricci pseudosymmetric β-Kenmotsu manifold to be shrinking, steady
and expanding respectively. We also construct an example of concircu-
lar Ricci pseudosymmetric β-Kenmotsu manifold whose metric is Ricci
almost soliton.

Keywords: Ricci almost soliton, β-Kenmotsu manifold, Ricci pseudosymmetric

manifold, concircular curvature tensor.

2000 AMS Classi�cation: 53C15, 53C25

Received : 19.03.2017 Accepted : 20.04.2017 Doi : 10.15672/HJMS.2017.471

1. Introduction

In 1982, Hamilton [13] introduced the notion of Ricci �ow to �nd a canonical metric
on a smooth manifold. Then Ricci �ow has become a powerful tool for the study of
Riemannian manifolds, especially for those manifolds with positive curvature. Perelman
([24], [25]) used Ricci �ow and its surgery to prove the Poincare conjecture. The Ricci
�ow is an evolution equation for metrics on a Riemannian manifold de�ned as follows:

∂

∂t
gij(t) = −2Rij .

A Ricci soliton emerges as the limit of the solutions of the Ricci �ow. A solution
to the Ricci �ow is called Ricci soliton if it moves only by a one parameter group of
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di�eomorphisms and scaling. To be precise a Ricci soliton on a Riemannian manifold
(M, g) is a triple (g, V, λ) satisfying [14]

(1.1) £V g + 2S + 2λg = 0,

where S is the Ricci tensor, £V is the Lie derivative along the vector �eld V on M and
λ ∈ R. The Ricci soliton is said to be shrinking, steady and expanding according as λ is
negative, zero and positive respectively.

During the last two decades, the geometry of Ricci solitons has been the focus of
attention of many mathematicians. In particular, it has become more important after
Perelman applied Ricci solitons to solve the long standing Poincare conjecture posed in
1904. In [30] Sharma studied the Ricci solitons in contact geometry. Thereafter Ricci soli-
tons in contact metric manifolds have been studied by various authors such as Bagewadi
et. al ([1], [2], [3], [19]), Bejan and Crasmareanu [4], Blaga [5], Calin and Crasmareanu
[7], Chandra et. al [8], Chen and Deshmukh [9], Deshmukh et. al [10], Hui et. al ([15],
[18]), Nagaraja and Premalatha [22], Tripathi [31] and many others.

In 1972, Kenmotsu [21] introduced a new class of almost contact Riemannian mani-
folds which are nowadays called Kenmotsu manifolds. It is well known that odd dimen-
sional spheres admit Sasakian structures whereas odd dimensional hyperbolic spaces can
not admit Sasakian structure, but have so-called Kenmotsu structure. Kenmotsu man-
ifolds are normal (non-contact) almost contact Riemannian manifolds. Kenmotsu [21]
investigated fundamental properties on local structure of such manifolds. Kenmotsu
manifolds are locally isometric to warped product spaces with one dimensional base and
Kähler �ber. As a generalization of both Sasakian and Kenmotsu manifolds, Oubiña
[23] introduced the notion of trans-Sasakian manifolds, which are closely related to the
locally conformal Kähler manifolds. A trans-Sasakian manifold of type (0,0), (α, 0) and
(0, β) are respectively called the cosympletic, α-Sasakian and β-Kenmotsu manifold, α, β
being scalar functions. In particular, if α = 0, β = 1; and α = 1, β = 0 then a trans-
Sasakian manifold will be a Kenmotsu and Sasakian manifold respectively. As β is a
scalar function, β-Kenmotsu manifolds provide a large varieties of Kenmotsu manifolds.
β-Kenmotsu manifolds have been studied by several authors. In this connection it may
be mentioned that Shaikh and Hui studied locally φ-symmetric β-kenmotsu manifolds
[28] and extended generalized φ-recurrent β-Kenmotsu Manifolds [29], respectively. Also
Calin and Crasmareanu [7] studied f -Kenmotsu manifolds.

The notion of Ricci pseudosymmetric manifold was introduced by Deszcz ([11],[12]).
A geometrical interpretation of Ricci pseudosymmetric manifolds in the Riemannian case
is given in [20]. A Riemannian manifold (Mn, g) is called Ricci pseudosymmetric ([11],
[12]) if the tensor R · S and the Tachibana tensor Q(g, S) are linearly dependent, where

(1.2) (R(X,Y ) · S)(Z,U) = −S(R(X,Y )Z,U)− S(Z,R(X,Y )U),

(1.3) Q(g, S)(Z,U ;X,Y ) = −S((X ∧g Y )Z,U)− S(Z, (X ∧g Y )U),

and

(1.4) (X ∧g Y )Z = g(Y,Z)X − g(X,Z)Y
for all vector �elds X,Y, Z, U of M , R denotes the curvature tensor of M .
Then (Mn, g) is Ricci pseudosymmetric if and only if

(1.5) (R(X,Y ) · S)(Z,U) = LSQ(g, S)(Z,U ;X,Y )

holds on US = {x ∈M : S− r
n
g 6= 0 at x}, for some function LS on US . If R ·S = 0, then

Mn is called Ricci semisymmetric. Every Ricci semisymmetric manifold is Ricci pseu-
dosymmetric but the converse is not true [12]. In this connection it is mentioned that Hui
et. al ([17], [27]) studied Ricci pseudosymmetric generalized quasi-Einstein manifolds.

Recently Pigola et. al [26] introduced the notion of Ricci almost soliton and it can
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be de�ned on β-Kenmotsu manifold, if the relation (1.1) holds for smooth function λ.
Thereafter Hui and Chakraborty [16] also studied Ricci almost solitons on generalized
Sasakian-space-forms.

Motivated by the above studies the object of the present paper is to study concircular
Ricci pseudosymmetric β-Kenmotsu manifold whose metric is a Ricci almost soliton. The
paper is organized as follows. Section 2 is concerned with preliminaries. In section 3,
we investigate, Ricci almost solitons on concircular Ricci pseudosymmetric β-Kenmotsu
manifolds and we found the value of LS . Finally we construct an example of concircu-
lar Ricci pseudosymmetric β-Kenmotsu manifold whose metric is Ricci almost soliton
through which the result of the paper is illustrated.

2. Preliminaries

A (2n + 1)-dimensional smooth manifold M is said to be an almost contact metric
manifold [6] if it admits an (1,1) tensor �eld φ, a vector �eld ξ, an 1-form η and a
Riemannian metric g, which satisfy

(a) φξ = 0, (b) η(φX) = 0, (c) φ2X = −X + η(X)ξ,(2.1)

(a) g(φX, Y ) = −g(X,φY ), (b) η(X) = g(X, ξ), (c) η(ξ) = 1,(2.2)

g(φX, φY ) = g(X,Y )− η(X)η(Y )(2.3)

for all X, Y ∈ χ(M). An almost contact metric manifold M2n+1(φ, ξ, η, g) is said to be
a β-Kenmotsu manifold if the following conditions hold [21]:

(2.4) ∇Xξ = β[X − η(X)ξ],

(2.5) (∇Xφ)(Y ) = β[g(φX, Y )ξ − η(Y )φX].

If β = 1, then a β-Kenmotsu manifold is called a Kenmotsu manifold; and if β is constant,
then it is called a homothetic Kenmotsu manifold. In a β-Kenmotsu manifold, the
following relations hold ([21], [23]):

(2.6) (∇Xη)(Y ) = β[g(X,Y )− η(X)η(Y )],

R(X,Y )ξ = −β2[η(Y )X − η(X)Y ](2.7)

+ (Xβ){Y − η(Y )ξ} − (Y β){X − η(X)ξ},

(2.8) R(ξ,X)Y = [β2 + (ξβ)][η(Y )X − g(X,Y )ξ],

η(R(X,Y )Z) = β2[η(Y )g(X,Z)− η(X)g(Y,Z)](2.9)

− (Xβ){g(Y,Z)− η(Y )η(Z)}
+ (Y β){g(X,Z)− η(Z)η(X)},

(2.10) S(X, ξ) = −{2nβ2 + (ξβ)}η(X)− (2n− 1)(Xβ)

for all X, Y , Z ∈ χ(M).
Let (g, ξ, λ) be a Ricci almost soliton on a β-Kenmotsu manifold M2n+1(φ, ξ, η, g).

Then from (2.4), we get

(£ξg)(X,Y ) = g(∇Xξ, Y ) + g(X,∇Y ξ)
= β[g(X − η(X)ξ, Y ) + g(X,Y − η(Y )ξ)]

= 2β[g(X,Y )− η(X)η(Y )],

i.e.

(2.11)
1

2
(£ξg)(X,Y ) = β{g(X,Y )− η(X)η(Y )}.
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From (1.1) and (2.11) we have

(2.12) S(X,Y ) = −(β + λ)g(X,Y ) + βη(X)η(Y ),

which yields

(2.13) QX = −(β + λ)X + βη(X)ξ,

(2.14) S(X, ξ) = −λη(X),

(2.15) r = −(2n+ 1)λ− 2nβ,

where Q is the Ricci operator, i.e., g(QX,Y ) = S(X,Y ) for all X, Y and r is the scalar
curvature of M2n+1(φ, ξ, η, g).

3. Concircular Ricci pseudosymmetric β-Kenmotsu manifolds and

Ricci almost solitons

This section deals with the study of Ricci almost solitons on concircular Ricci pseu-
dosymmetric β-Kenmotsu manifolds. A concircular curvature tensor is an interesting
invariant of a concircular transformation. A transformation of a β-Kenmotsu manifold
M2n+1(φ, ξ, η, g), which transforms every geodesic circle of M into a geodesic circle, is
called a concircular transformation [32]. A concircular transformation is always a con-
formal transformation. Here geodesic circle means a curve in M whose �rst curvature is
constant and whose second curvature is identically zero. Thus the geometry of concircular
transformations, that is, the concircular geometry, is a generalization of inversive geom-
etry in the sense that the change of metric is more general than that induced by a circle
preserving di�eomorphism. The interesting invariant of a concircular transformation is
the concircular curvature tensor C̃, which is de�ned by [32]

(3.1) C̃(X,Y )Z = R(X,Y )Z − r

2n(2n+ 1)

[
g(Y,Z)X − g(X,Z)Y

]
,

where R is the curvature tensor and r is the scalar curvature of the β-Kenmotsu manifold
M2n+1(φ, ξ, η, g).
Using (2.2), (2.7) and (2.9), we get

C̃(X,Y )ξ = −[β2 +
r

2n(2n+ 1)
][η(Y )X − η(X)Y ](3.2)

+ (Xβ){Y − η(Y )ξ} − (Y β){X − η(X)ξ},

η(C̃(X,Y )U) = [β2 +
r

2n(2n+ 1)
][η(Y )g(X,U)− η(X)g(Y,U)]

− (Xβ){g(Y,U)− η(Y )η(U)}(3.3)

+ (Y β){g(X,U)− η(X)η(U)}.

A β-Kenmotsu manifold M2n+1(φ, ξ, η, g), n > 1 is said to be concircular Ricci pseu-

dosymmetric if its concircular curvature tensor C̃ satis�es

(3.4) (C̃(X,Y ) · S)(Z,U) = LSQ(g, S)(Z,U ;X,Y )

on US = {x ∈M : S 6= r
2n+1

g at x}, where LS is some function on US .

Let us take a concircular Ricci pseudosymmetric β-Kenmotsu manifoldM2n+1 (φ, ξ, η, g)
whose metric is Ricci almost soliton. Then by virtue of (3.4) that

S(C̃(X,Y )Z,U) + S(Z, C̃(X,Y )U) = LS [g(Y,Z)S(X,U)(3.5)

−g(X,Z)S(Y,U) + g(Y,U)S(X,Z)− g(X,U)S(Y,Z)].
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By virtue of (2.12) it follows from (3.5) that

η(C̃(X,Y )Z)η(U) + η(Z)η(C̃(X,Y )U)(3.6)

= LS [g(Y,Z)η(X)η(U)− g(X,Z)η(Y )η(U)

+ g(Y,U)η(X)η(Z)− g(X,U)η(Y )η(Z)].

Setting Z = ξ in (3.6) and using (3.2) and (3.3), we get

[LS + β2 +
r

2n(2n+ 1)
][η(Y )g(X,U)− η(X)g(Y,U)](3.7)

− (Xβ){g(Y,U)− η(Y )η(U)}+ (Y β){g(X,U)− η(X)η(U)} = 0.

Putting Y = ξ in (3.7) and using (2.2) and (2.15), we get

(3.8) [LS + β2 + (ξβ)− λ

2n
− β

2n+ 1
}][g(X,U) + η(X)η(U)] = 0

for all vector �elds X and U , from which it follows that

(3.9) LS = −β2 − (ξβ) +
λ

2n
+

β

2n+ 1
.

This leads to the following :

3.1. Theorem. If (g, ξ, λ) is a Ricci almost soliton on a concircular Ricci pseudosym-

metric β-Kenmotsu manifold M2n+1(φ, ξ, η, g), then LS = −β2 − (ξβ) + λ
2n

+ β
2n+1

.

3.2. Corollary. In a concircular Ricci pseudosymmetric Kenmotsu manifold

M2n+1(φ, ξ, η, g), the Ricci almost soliton (g, ξ, λ) is shrinking, steady and expanding

according as LS + 2n
2n+1

< 0, LS + 2n
2n+1

= 0 and LS + 2n
2n+1

> 0, respectively.

3.1. Example. We consider a 3-dimensional manifold M = {(x, y, z) ∈ R3 : z 6= 0},
where (x, y, z) are the standard coordinates in R3. Let {E1, E2, E3} be a linearly inde-
pendent global frame on M given by

E1 = z2
∂

∂x
,E2 = z2

∂

∂y
,E3 =

∂

∂z
.

Let g be the Riemannian metric de�ned by g(E1, E2) = g(E1, E3) = g(E2, E3) = 0,
g(E1, E1) = g(E2, E2) = g(E3, E3) = 1. Let η be the 1-form de�ned by η(U) = g(U,E3)
for any U ∈ χ(M). Let φ be the (1, 1) tensor �eld de�ned by φE1 = −E2, φE2 = E1 and
φE3 = 0. Then using the linearity of φ and g we have

η(E3) = 1, φ2U = −U + η(U)E3

and
g(φU, φW ) = g(U,W )− η(U)η(W )

for any U , W ∈ χ(M). Thus for E3 = ξ, (φ, ξ, η, g) de�nes an almost contact metric
structure on M .

Let ∇ be the Levi-Civita connection of g. Then we have

[E1, E2] = 0, [E1, E3] = −
2

z
E1, [E2, E3] = −

2

z
E2.

Using Koszul formula for the Riemannian metric g, we can easily calculate

∇E1E1 =
2

z
E3,∇E1E2 = 0,∇E1E3 = −2

z
E1,

∇E2E1 = 0,∇E2E2 =
2

z
E3,∇E2E3 = −2

z
E2,

∇E3E1 = 0,∇E3E2 = 0,∇E3E3 = 0.

From the above it can be easily seen that for E3 = ξ, (φ, ξ, η, g) is a β-Kenmotsu structure
on M . Consequently M3(φ, ξ, η, g) is a β-Kenmotsu manifold with β = − 2

z
[29].
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Using the above relations, we can easily calculate the non-vanishing components of the
curvature tensor as follows:

R(E1, E2)E1 =
4

z2
E2, R(E1, E2)E2 = − 4

z2
E1,

R(E1, E3)E1 =
6

z2
E3, R(E1, E3)E3 = − 6

z2
E1,

R(E2, E3)E2 =
6

z2
E3, R(E2, E3)E3 = − 6

z2
E2

and the components which can be obtained from these by the symmetry properties from
which, we can easily calculate the non-vanishing components of the Ricci tensor as follows:

S(E1, E1) = S(E2, E2) = −
10

z2
, S(E3, E3) = −

12

z2
.

Also the scalar curvature r is given by:

r = −32

z2
.

Since {E1, E2, E3} forms a basis of the 3-dimensional β-Kenmotsu manifold, any vector
�eld X,Y, Z, U ∈ χ(M) can be written as

X = a1E1 + b1E2 + c1E3,

Y = a2E1 + b2E2 + c2E3,

Z = a3E1 + b3E2 + c3E3,

U = a4E1 + b4E2 + c4E3,

where ai, bi, ci ∈ R+ for all i = 1, 2, 3 such that ai, bi, ci are not proportional. Then

R(X,Y )Z = − 2

z2
{
2b3(a1b2 − a2b1) + 3c3(a1c2 − a2c1)

}
E1(3.10)

+
2

z2
{
2a3(a1b2 − a2b1)− 3c3(b1c2 − b2c1)

}
E2

+
6

z2
{
b3(b1c2 − b2c1) + a3(a1c2 − a2c1)

}
E3,

R(X,Y )U = − 2

z2
{
2b4(a1b2 − a2b1) + 3c4(a1c2 − a2c1)

}
E1(3.11)

+
2

z2
{
2a4(a1b2 − a2b1)− 3c4(b1c2 − b2c1)

}
E2

+
6

z2
{
b4(b1c2 − b2c1) + a4(a1c2 − a2c1)

}
E3.

In view of (3.10) we have from (3.1) that

C̃(X,Y )Z = R(X,Y )Z − r

6
[g(Y,Z)X − g(X,Z)Y ]

= − 2

z2
[2b3(a1b2 − a2b1) + 3c3(a1c2 − a2c1)

− 8

3
{a1(b2b3 + c2c3)− a2(b1b3 + c3c1)}]E1

+
2

z2
[2a3(a1b2 − a2b1)− 3c3(b1c2 − b2c1)

+
8

3
{b1(a2a3 + c2c3)− b2(a1a3 + c3c1)}]E2

+
2

z2
[3{b3(b1c2 − b2c1) + a3(a1c2 − a2c1)}

+
8

3
{c1(a2a3 + b2b3)− c2(a1a3 + b1b3)}]E3.
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Hence

S(C̃(X,Y )Z,U)(3.12)

=
20a4
z4

[2b3(a1b2 − a2b1) + 3c3(a1c2 − a2c1)

− 8

3
{a1(b2b3 + c2c3)− a2(b1b3 + c3c1)}]

− 20b4
z4

[2a3(a1b2 − a2b1)− 3c3(b1c2 − b2c1)

+
8

3
{b1(a2a3 + c2c3)− b2(a1a3 + c3c1)}]

− 24c4
z4

[3{b3(b1c2 − b2c1) + a3(a1c2 − a2c1)}

+
8

3
{c1(a2a3 + b2b3)− c2(a1a3 + b1b3)}].

Similarly we obtain

S(Z, C̃(X,Y )U)(3.13)

=
20a3
z4

[2b4(a1b2 − a2b1) + 3c4(a1c2 − a2c1)

− 8

3
{a1(b2b4 + c2c4)− a2(b1b4 − c1c4)}]

− 20b3
z4

[2a4(a1b2 − a2b1)− 3c4(b1c2 − b2c1)

+
8

3
{b1(a2a4 + c2c4)− b2(a1a4 + c1c4)}]

− 24c3
z4

[3{b4(b1c2 − b2c1) + a4(a1c2 − a2c1)}

+
8

3
{c1(a2a4 + b2b4)− c2(a1a4 + b1b4)}].

Now we have 
g(Y,Z) = a2a3 + b2b3 + c2c3,

g(X,Z) = a1a3 + b1b3 + c1c3,

g(Y,U) = a2a4 + b2b4 + c2c4,

g(X,U) = a1a4 + b1b4 + c1c4.

(3.14)

Also we have 
S(Y,Z) = − 2

z2
(5a2a3 + 5b2b3 + 6c2c3),

S(X,Z) = − 2
z2
(5a1a3 + 5b1b3 + 6c1c3),

S(Y,U) = − 2
z2
(5a2a4 + 5b2b4 + 6c2c4),

S(X,U) = − 2
z2
(5a1a4 + 5b1b4 + 6c1c4).

(3.15)

Therefore from (3.14) and (3.15) we have

g(Y,Z)S(X,U)− g(X,Z)S(Y,U)(3.16)

+ g(Y,U)S(X,Z)− g(X,U)S(Y,Z)

=
2

z2
[(a1c2 − a2c1)(a3c4 + a4c3) + (b1c2 − b2c1)(b3c4 + b4c3)]

6= 0,

since ai, bi, ci are not proportional and assume that (a1c2 − a2c1)(a3c4 + a4c3) + (b1c2 −
b2c1)(b3c4 + b4c3) 6= 0.
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Also from (3.12) and (3.13) we get

S(C̃(X,Y )Z,U) + S(Z, C̃(X,Y )U)(3.17)

=
44

3z4
[(a1c2 − a2c1)(a3c4 + a4c3) + (b1c2 − b2c1)(b3c4 + b4c3)]

6= 0.

Let us consider the function

(3.18) LS =
22

3z2
.

By virtue of (3.18) we have from (3.16) and (3.17) that

S(C̃(X,Y )Z,U) + S(Z, C̃(X,Y )U) = LS [g(Y,Z)S(X,U)

− g(X,Z)S(Y,U) + g(Y,U)S(X,Z)− g(X,U)S(Y,Z)].

Hence the β-Kenmotsu manifold M3(φ, ξ, η, g) is concircular Ricci pseudosymmetric. If
(g, ξ, λ) is a Ricci almost soliton on this β-Kenmotsu manifold M3(φ, ξ, η, g), then from
(2.15) we get

r = −3λ− 2β,

i.e.,

−32

z2
= −3λ+

4

z
,

i.e.,

λ =
4

3

(1
z
+

8

z2
)

and hence from (3.9) we get

LS = −β2 − (ξβ) +
λ

2
+
β

3

=
22

3z2
, as β = −2

z
, ξ = E3 =

∂

∂z
,

which satis�es (3.18). Thus Theorem (3.1) is veri�ed.
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