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A Two-by-Two matrix representation of a
generalized Fibonacci sequence
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Abstract

The Fibonacci sequence is a well-known example of second order re-
currence sequence, which belongs to a particular class of recursive se-
quences. In this article, other generalized Fibonacci sequence is in-
troduced and defined by Hy n+1 = 2Hkn + kHin—1, n > 1, Hipo =
2, Hy1 = 1 and k is the positive real number. Also n'" power of
the generating matrix for this generalized Fibonacci sequence is estab-
lished and some basic properties of this sequence are obtained by matrix
methods.
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1. Introduction

The well-known Fibonacci sequence is a sequence of positive integers that has been
studied over several years. Many authors are dedicated to study this sequence. The most
and vast research field of Fibonacci numbers are dedicated to study the generalizations
of Fibonacci numbers [6, II]. The main aim of the present paper is to study other
generalized Fibonacci sequence by matrix methods.

Horadam [3] introduced and studied the generalized Fibonacci sequence
W, = Wy (a,b;p, q) defined by

Wa :an—l - an727 n > 13 WO =a, Wi=1b
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where a,b,p and ¢ are arbitrary complex numbers with ¢ # 0. These numbers were
first studied by Horadam and they are called Horadam numbers. In [7] Silvester shows
that a number of the properties of the Fibonacci sequence can be derived from a matrix
representation. In doing so, he showed that if

0 1
A= then A™
1 1

where {F,} represents the n'” Fibonacci number. In [5] Koken and Bozkurt obtained
some important properties of Jacobsthal numbers by matrix methods, using diagonaliza-
tion of a 2 X 2 matrix to obtain a Binet’s formula for the Jacobsthal numbers and in that
paper, 2 X 2 matrix and its n'" power are defined respectively as

1 2
F= and F" =
1 0

where J, is the n'® Jacobsthal number. In [4] Demirturk obtained summation formulae
for the Fibonacci and Lucas sequences by matrix methods. For doing this, he considered

2 X 2 matrix such as
Ln 5Fy
_ n o __ 2 2
S = [ and S" = [Fn Ln:|

2 2
where {F,} and {L,} are n'" Fibonacci and Lucas numbers respectively. In [I0] the
authors presented some important relationship between k-Jacobsthal matrix sequence
and k-Jacobsthal-Lucas matrix sequence and k is the positive real number. In [2] Godase
and Dhakne described some properties of k-Fibonacci and k-Lucas numbers by matrix
terminology. To obtain such properties, the authors weighed 2 x 2 matrix as

Fy

Fn+1

Jn+1 2Jn
Jn 2Jn71

N[= N
D= oot

kK244 Lyn (K24+4)Fy ,
2 2
S = and 8" = | 2 2
l E Fk,,n Lk,n
2 2 2 2

where k is the fixed positive real number. In [9] Catarino and Vasco introduced a 2 x 2
matrix for the k-Pell sequence with its n'* power and in [8] Catarino presented Binet’s
formula for the k-Pell sequence by the diagonalization of 2 x 2 matrix. In both [8] and
[9] the authors defined 2 x 2 matrix as

kPk n—1 Pk,n

b

kPk,n Pk,n+1

T =

1
and T" =
2

where {Py ,} is the n'" k-Pell number. Again in [§] Catarino obtained Binet’s formulae
for the k-Pell-Lucas sequences by the matrix diagonalization and also obtained some
properties of k-Pell-Lucas sequence with the help of a 2 x 2 matrices defined as

k (Qk,n*Qk,n—l) Qk,nt1—Qk,n
2(k+1) 2(k+1)
= and Q" =
k 2 k (Qk,n+1_Qk,n) Qrnt2—Qk,nt1
2(k11) 2(k 1)

where {Qg ..} is the n" k-Pell-Lucas number. In [I] the authors have used the same
concept as in [§] and studied k-Fibonacci and k-Lucas sequences by matrix methods.
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2. Preliminaries

In [9] for the positive positive real number £ the k-Pell sequence { P, } is defined by
the recurrence relation:

(21)  Piny1 =2Pin+kPin1, n>1, Poo=0, Po1=1

Again in [§] for the positive real number k the k-Pell-Lucas sequence {Qg,»} is defined
recurrently by

(2.2) Qi1 =2Qkn + kQikn—1, n2>1, Qro =2, Qr1 =2

The sequences (2.1) and (2.2) have the same characteristic equation x> — 22 — k = 0 and
let @ and b are roots of the characteristic equation. The well known general forms of both
sequences known as Binet formulae are given and write by

a” —b"
Py =
o a—2>b

wherea=14++vV1+k andb=1—-+v1+k.

The main aim of this paper is to study other generalized Fibonacci sequence by matrix
methods, which is defined below:

and Qrn =a" + 0"

2.1. Definition. For the positive real number k the generalized Fibonacci sequence, say
{Hi,n} defined by

(2.3)  Hpnt1 =2Hpn +kHppno1, n>1, Hyo=2, Hyp =1

Clearly 2 — 2z — k = 0 is also the characteristic equation of the sequence (2.3). It

produces two roots as, a =1+ 1+ k andb=1—V1+Ek
Some noticeable points about a and b are

(24) a+b=2 a—-1=1-b, a®>=2a+k b =2b+k
Also the 2 x 2 matrix called generating matrix for the sequence (2.3)) is defined as

2 k
e o[

3. Main Results

3.1. Theorem. (Binet Formulae for the Generalized Fibonacci Sequence)

(3.1) Hyn=a"+b"— “aiz = Qin — Pom, n>0
1
(32)  Hppn= — [2(a™* = b"*Y) = 3(a”™ — b™)] = 2Pk 41 — 3Pin, n >0

Proof. The general form of the generalized Fibonacci sequence may be expressed in the
form:

(3.3) Hpn=Aad" + Bb"
where A and B are constants that can be determined by the initial conditions. So put
the values n = 0 and n = 1 in equation , we get
A+ B=2 and Aa+Bb=1
After solving the above system of equations for A and B, we get

1-2b 2a -1
A=y P
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Therefore,

1
Hy., =
k. a—2>b

and by (2.4)), we have
(34)  Hin =~ L am = 2ba™ — b7 + 2067

[a"(1 — 2b) — b™(1 — 2a)]

_ 1 [a" — ba™ — ba™ — b™ + ab™ + ab"]
a—b

- aib[“n(l_b)—b"(l—a)—ba"+ab"]

N aib[an(a_1)_bn(b—1)—ba"+ab”]

= A=) =¥ (b= a) —a" 1]

L (@ - b - (@ )

B

This proves the first part of the theorem (3.1)).
Now if we consider equations (2.4) and (3.4]), we get
1
T a—b
1
= [a" —2(2 —a)a™ +2(2 —b)b" —b"]
a—b
- [—3a™ + 30" + 2(a™t — bt h)]
a—>b
1 n+1 n4-1 n n
:a_b[2(a —b") = 3(a" —b")]

This proves the second part of the theorem ((3.1))

[a™ — 2ba™ — b"™ + 2ab™]

3.2. Theorem. Forn € N, we have
(3.5)  2kHpn —kHin-1+2Hgni2 — Hent1 = (3+4k)Qrn

Proof. To prove this we will use equations , , and

3Quk,n + 4kQr,n = 3(Hy,n + Pion) + 4k(Prn + Hi,n)
=3Py, + 4kPy, + 3Hy, , + AkHy,
= (2Pensr — Hin) + 4k Py + 3Hpon + 4kHp
= 2Py i1 + AkPy  + 2Hy o + AkHy
=4kPyn + 2Pk nt1 + 2Hg n + 4kHp
= 4(Prn+2 — 2P nt1) + 2Pint1 + 2Hpn + 4kHi
=4P ny2 — 6Py nt1 + 2Hy  + 4kHy
= 2(2Punss — 3Pons1) + 2Hyn + 4k Hy
=2Hpny1 + 2Hkn +4kHy n
=3Hgn+1 — Hent1 +2Hg n + 4kHi p
=3Hgn+1 — kHpn—1 +4kHy p
=4Hy n+1 — Hyne1 — kHin—1 + 2kHy p + 2k Hy
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- 2ka:,n - ka,nfl + 2(2Hk,n+1 + ka,n) - Hk,n+1
= Zka,n - ka,nfl + 2Hk,n+2 - Hk,n+1
as required. O
3.3. Theorem. (The n'"* Power of the Generating Matrix.) For n € N, we have
2Hg ny2 — Heny1 k(2Hg 41 — Hion)
(36) H"=(3+4k)""
2Hk,n+1 - Hk:,n k(QHk,n - Hk:,n—l)

Proof. Here we shall use induction on n. Indeed (3.6) is true for n = 1. Now we suppose
that the (3.6)) is true for n. Let us show that the result is true for n + 1, then

H™ = (3+4k)7" [2Hin42 = Hiyn1 K(2Hynt1 — Hin)| [2 k]
| 2Hkn41 — Hin  k(2Hgn — Hien—1)| |10
[2(2H 12 — Hent1)  k(2Hgni2 — Hing1)
_ @y ap | T~ Hin)
2(2Hy n+1 — Hin) k(2Hk nt1 — Hi )
| +k(2Hyn — Hino1)
[4Hy nt2 — 2Hgn1 k(2Hg 2 — Heynt1)
T
4Hp ny1 — 2Hp p k(2Hk nt1 — Hin)
|42k Hip — kHin s
[2(2Hp nt2 + kHi 1)  k(2Hgni2 — Hing1)
T B
22Hy st + kHin)  k(2Hinir — Hin)
| —(2Hp,n +EkHgn—1)
_ 34k [2Hy nys — Hinyo  K(2Hknio — Hk,,m)]
2Hymis — Hongr  k(2Hensr — Hip)
as required. O

3.4. Theorem. (Cassini’s Identity.) For n € N
(3.7)  Hyns1Hpno1 — Hi oy = (k)" (3 + 4k)
Proof. From equation (2:5), det(H™) = (—k)" and now from equation (3.6), we get
2Hpnt2 — Heng1 E(2Hignt1 — Hin)
2Hg ny1 — Hion k(2Hk,n — Hin—1)
det(H™) = k(3 + 4k) " [(2Hi,n — Hiyn-1) 2Hrni2 — Hing1)
—(2Hin+1 — Hin)?)
= k(3 +4k) " ? [AHy nHynv2 — 2Hp o Hi 1 — 2He 1 Hig o
+Hin—1Hint1 — 4H1§,n+1 - ng,n + 4Hk,n+1Hk,n}
Put Hint+2 =2Hknt1 +kHi,n and Higpy1 = 2Hgn + kHi,n—1 and then

det(H™) = k(3 + 4k) ™% [8Hy,nHini1 + 4kHi ,, — 2Hyo n Hyo i1
_4Hk:,n71Hk,n+1 - Qka,nlek,n + Hk,nlek,'rH»l — 16

H" = (3+4k)" ] then
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HR, —4K°H} .y — 16kHy nHin1 — Hip , + 4Hpny 1 Hi ]

= k(3 +4k) " [4kH},, — 1TH} ,, — 3Hn—1Him41 + 10H 5
Hini1 — 18HpnHione1 — 4K° Hi, 1]

= k(3 +4k)"? [4kH} ,, — 1TH} ,, — 3Hi 1 Hins1
+10H 0 (2Hp i + kHn—1) — 18Hyn Hyone1 — 4> H, 1]

= k(3 +4k) " [4kH}, — 1TH} ,, — 3Hyn-1Hin1 + 20Hz ,
~8kHyonHin—1 — 4k Hj, 1]

= k(3 +4k)? [4kH} ,, + 3H} ,, — 3Hpn—1Hins1 — AkHi 1
(2Hyp + kHy 1))

= k(3 +4k)"? [4kH} ,, + 3Hi . — 3Hin—1 Hing1—

4kHyr 1 Hg ni1]

=k(3+4k) > [(3+4k)Hi . — (3 + 4k)Hyn—1 Hio i1 |

k(3 +4k)"" (HE , — Hin—1Hpni1)

= —k(344k)" (Hyne1 Hyni1 — HE )

Therefore,
Hyn1Hinr — Hip oy = — (k) "det(H™)(3 + 4k)
Hyn1Hin1 — Hip oy = (—k) " "det(H™)(3 + 4k)
Since from equation (2.5)), det(H™) = (—k)" then
Hyn1Hinor — Hi oy = (k)" 71 (3 4 4k)

Hence the result.
From the proof of the above theorem we also conclude that

(3.8)  (2Hk,n — Hin—1)2Hg 2 — He 1) — (2Hp i1 — Hion)?
= (3+4k) (HZ ,, — Hiyn-1Hi,ni1)

3.5. Theorem. Forn € N, we get

2 k][ Hin
|1 0] |Hypos

Proof. To prove the ongoing result we shall use induction on n. Indeed the result is true
for n = 1. Suppose that the result is true for n then

{Hk,nﬂ [2H i1 + ichn]

Hiy nt1

(3.9) { 0

Hk,n+1 Hk:,n+1

2 k] [Hinir
1 0 Hy n

’

Since the result is true for n then

Hyoni2 2 k| [2 k][ Hin
Hinta 7_1 0] [1 Of [Hrkn-1
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2 k| |2Hkn + kHy -1
Lo [
2 k| |Hkn+1
Ll
as desired. 0
3.6. Theorem. Forn > 0, we get
e
Hy o

Proof. To prove the ongoing result we shall use induction on n. Indeed the result is true
for n = 0. Suppose that the result is true for n then

Hk,n+1

(3.10) {

k,n

2 K" [He,] (2 K] [2 k" [Hia
11 0] _Hk’o_ - 11 0] [1 0:| |:Hk,0:|
Since the result is true for n then
PR [Hy. 1] (2 k] [Himnts
11 O_ _Hk,o_ - _1 O_ L Hy :|
 [2Hkmr + kHyn
- I Hiy g1 }
_ [ Hpomo
B _Hk,n+1:|
as desired. O

4. Binet’s Formula by Matrix Diagonalization of Generating Ma-
trix

In this section we will use the diagonalization of the generating matrix (2.5)) to obtain
Binet’s formula for the generalized Fibonacci sequence (2.3)). For this purpose we should
prove the following theorem:

4.1. Theorem. Forn >0

41)  Hin— ﬁ [2(a™! — b™) — 3(a™ — b")]

Proof. The generating matrix is given by H = |:1 Now here our motive is to

diagonalize the generating matrix H. Since H is a square matrix and so let x be the
eigen value of H and then by the Cayley Hamilton theorem on matrices, we get

|H—=zI| =0
2—x k
=0
1 -

22 -2 —k=0

This is the characteristic equation of the generating matrix. Let a and b be the roots of
the characteristic equation and also a and b be the two eigen values of the square matrix



644

H. Now we will try to find the eigen vectors corresponding to the eigen values a and b.
To find the eigen vectors we simply solve the system of linear equations given by

(H—2I)V =0

where V' is the column vector of order 2 x 1. First of all we calculate the eigen vector
corresponding to the eigen value a and then

(H—al)V=0
2—a k 1%
|: 1 —a| |Va
2Vi —aVi + Vek
Vi—als
consider the system
2—a)Vi+kV2=0
(4.2) Vi—aVa =0
and if we take Vo = ¢t in equation we get V1 = at. Hence the eigen vectors corre-

at
sponding to a are of type . In particular ¢ = 1, the eigen vector corresponding to
t
. a . . . . . b .
ais 1 Similarly the eigen vector corresponding to b is i Let A be the matrix of
a
eigen vectors, so A = ) and then

. . Now we keep the diagonal matrix D in which eigen values
— a

a 0
of H are on the main diagonal, D = {0 b] and then by the diagonalization of matrices,

we get
H=ADA™"
H" = (ADA™")"
= AD"A™!

B bil_aba”() 1 b
=(a=b) 1 1][0 b"] [1 a]

( b)_1 _an+1 bn+1 1 —b
= (a —
| a” b" -1 a
( b)71 'an+1 _ bn+1 _banJrl + abn+l
= (a —
| a"=b" —ba™ + ab™

By using equation (3.10]),we have
Hk,n+1 ( b)71 an+1 _ bn+1 7ban+1 +Cbbn+1 1
= (a —
Hy . a” —b" —ba™ + ab™ 2
+1 bn+l _ 2ban+l + 2abn+1:|

aTL
=(a—b)""
a™ —b" — 2ba™ + 2ab™
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Let C =a"™ — "' — 2ba™! + 2ab™ " and using a + b = 2, we achieve

Hk,n+1 1 [ C
=(a-1)
Hy.n la" — b —4a™ + 20"t 4 4p™ — 20"

[ C

=(a—b)" 1 1
| —3a™ +3b" + 24" — 2p"F
[ c

=(a—b)" 1 1
[2(a™ "t = ") = 3(a™ — b")

Therefore, by equating corresponding terms on both sides we get,
Hk,n — L [z(an+1 _ bn+1) _ 3(an _ bn)]
a—b
Hence the proof. O

4.2. Theorem. The characteristic roots of H"™ are

43 ootV Qi — AR
. a =

2
Qk,n - i,n _4(_k-)n
2

where Qk.n 1s the k-Pell-Lucas sequence

(4.4) b=

Proof. If we write the characteristic polynomial of H", we achieve

(2Hkn+2 — Hen1) k(2Hk,n+1 — Hi )
3+ 4k Y 3+ 4k

H" —yl| =
} | (2Hk,n+1 - Hk,n) k(sz,n - Hk,n—l) _
3+ 4k 3+ 4k Y
(2Hkn+2 — Hent1)  k(2Hg g1 — Hin)
—(3+4k)y
= (3+4k)7? ( :

2Hk n+1 — Hin k(2Hk,n — Hen—1)

—(3 + 4k)y

= (34 4k) "> {[(2Hx,n+2 — Hysnt1) — (3 + 4k)y]
(k(2Hk,n — Hin1) — (3 + 4k)y] — k(2Hyn1 — Hi,n)?}
= (34 4k) ?[(2Hk nt2 — Hint1)k(2Hgn — Hyn—1)
—(2Hk,nt2 — Hiens1)y(3 + 4k) — ky(3 + 4k)
(2Hpn — Hino1) +y° (3 + 4k)* — k(2Hp n41 — Hin)’]
= (3+4k) 7 {y*(3 + 4k)® — y(3 + 4k) 2Hk,n+2 — Hini
+2kHyn, — kHp 1) — k[(2Hgn — Hyn1)
(2Hkmt2 — Hin1) — k(2Hi g1 — Hin)?] }
= (3+4k) 7 {y*(3 + 4k)? — y(3 + 4k)(2kHy,n — kHyo 1
+2Hy 2 — Hiny1) — K [(2Hk,n — Hepn—1)
(2Hpkmt2 — Hin1) — k(2Hi g1 — Hin)?] }
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After using equations , and , we conclude that
|H™ —yI| = (3 +4k) "2 [y*(3 + 4k)® — y(3 + 4k) (3 + 4k)Qr,n + k(3 + 4k)
(len - Hk,nlek,'rrkl)]
= (3+4k) 72 [y* (3 + 4k)? — (34 4k)*Qr,n y + (—k)(3 + 4K)
(Hiyn—1Hinsr — Hi )]
=(3+4k) 2 [V B+4k)% — B3+ 4k)*Qrm y + (k) (k)"
(3 + 4k)?]
= (3+4k) 72 [y’ (3+4k)> — 3+ 4K)’Quyn y + (—K)" (3 + 4k)?]
=y = Qrn y+ (—k)"
Hence the characteristic equation of H™ is given by
45) ¥ = Quny+(-k)"=0
and the characteristic roots are obtained from

Qk,n + V Qi,n - 4(716)77‘

2

Clearly the equation (4.5) has two roots given a™ and b" and consequently we get the
desired result as

= 5 and b" = 5
Hence the result O

y:

a

4.3. Theorem. The characteristic equation of H is

(46) a*—2a—k=0

Proof. Here we employ the method of matrices as well as determinants to obtain the
characteristic equation for H.
Since

[2Hknt2 = Hin1 kK(2Hpne1 — Hi,n)
L 2Hk:,n+l - Hk,n k(sz,n - Hk,nfl)
-2Hk,n+2 - Hk,n+1 k(QHk,n+1 - Hk,n)

H" = (3+4k)~"

H" _ Hiyn— Hy o
_ (3 +4k) 1 k, 1 k, 1

Hin 2Hk,n+1 — Hi,n E(2Hyk,n — Hin—1)
L Hk,n—l Hk,n—l

Since the ratio of two consecutive generalized Fibonacci numbers is equal to a then

. 2Hgpy2 — Hinya . Hinpye . Hignyt
lim et mtl — 9 lim M2 Rt
n—oo Hk,n—l n— o0 kn—1 n— o0 k,n—1
. Hipyo . Hgpn4r . Hy,
=2 lim 12 Jim 2t im i
n—r o0 Hk,n+l n—oo Hk,n n—r oo Hk,n—l
. Hgpyr . Hy

— lim —=kntl oy T

n— oo Hk,n n—oo Hk,n—l

3 2
=2a" —a
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and
. 2Hgny1 — Higp . Hikni . Hy n
lim : — =2 lim : — lim :
n—oo Hk,nfl n—00 [l n—1 n—00 Hk,nfl
_ . Hkm-kl . Hk,n . Hk,n
T2 He 0 Honey 0% Hins
=24 —a
Again
lim 20kn = Henor g gy Hin
n—o0 Hk,nfl n—00 g n—1
=2a—1
Therefore,
n 2a¢ — 1a? ka(2a —1
lim 1 = (3+4k)" ( ) ( )
n—oo Hppn_1 (2a —1)a  k(2a—1)

If we consider equation (2.4), we have
(2a —1)a*  ka(2a — 1)}

(84 4k)” |: (2a—1Da  k(2a—1)

= (3 +4k)"" |:(2a —1)(2a+k) ka(2a— 1):|

(2a — 1)a k(2a —1)

If we will compute the determinants of both sides, we get the characteristic equation of
the matrix H as follows

0= (3+4k)*[(2a — 1)*(2ak + k*) — (2a — 1)°ka’]
0 = 2ak + k* — ka®

a?—2a—k=0

as required |
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