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Abstract

This paper studies an optimal reinsurance-investment problem for a
mean-variance insurer with defaultable security and jumps. Specially,
we assume that the risky asset’s price process is described by a geo-
metric Lévy process. By using a game theoretic approach, we estab-
lish the extended Hamilton-Jacobi-Bellman system for the post-default
case and the pre-default case, respectively. Furthermore, we derive the
closed-from expressions for the time-consistent reinsurance-investment
strategy and the corresponding value function. Finally, we provide nu-
merical examples to illustrate the impacts of model parameters on the
time-consistent strategy.
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1. Introduction

In recent years, optimal reinsurance-investment problem for insurance company has
gained much attention in the actuarial and finance literature. Many scholars adopt
the stochastic control theory and related methodologies to study the optimization prob-
lem, see, for example, [1], [2], [7], [12], [16], and references therein. To derive the op-
timal reinsurance-investment strategies for an insurer, mean-variance criterion is widely
adopted by many researchers [1], [2], [3], [10], [17], [18], [19] . However, due to the mean-
variance criterion lacks the iterated expectation property, traditional mean-variance prob-
lem in a multi-period or continuous time framework are time inconsistent in the sense
that Bellman optimality principle does not hold. In fact, time-consistency is important
for a rational decision maker, some researcher began to find time-consistent strategy for
the mean-variance problem. The main approach is to formulate the problem in a game
theoretic framework. For the detailed introduction, we can see [5], [6], [13], [14] and [20].

Moreover, in today’s financial markets, the default of one company usually has strong
influence on other companies. During the credit crisis, some recent default events have
clearly demonstrated this phenomenon. As a result, optimal reinsurance-investment
problems with credit or default risk have become an important area of research, such as
[4], [8], [9], [15] and references therein. Recently, Zhu et al. [23] investigated the optimal
reinsurance-investment strategy for an insurer with CARA utility in a defaultable mar-
ket. Zhao et al. [22] are the first to present the time-consistent reinsurance-investment
strategy for insurer with defaulatable securities under the mean-variance criterion, where
the risky asset’s price process was described by geometric Brownian motion. In fact, the
risky asset’s price process is often discontinuous and has jumps. Zeng et al. [21] assumed
that the price process of risky asset was modeled by a geometric Lévy process and derived
the time-consistent reinsurance and investment strategy for mean-variance insurer with
a general jump-diffusion model. However, they did not discuss default security.

In this paper, we consider the same problem as [22] but the surplus of the insurer
is modeled by the classical risk model and the price process of risky asset is described
by a jump-diffusion process. Similar to [5], we formulate our problem in game theo-
retic framework to derive the time-consistent strategy. We aim at extending the time-
consistent reinsurance-investment strategy to account for not only a defaultable security
for insurers, but also discontinuous price process of risky asset.

The rest of the paper is organized as follows. In Section 2, model and assumptions are
introduced. Section 3 formulates a time-consistent mean-variance reinsurance-investment
problem and provides a verification theorem. In Section 4, the corresponding reinsurance-
investment strategy and the optimal value function are derived for the post-default case
and the pre-default case, an then, some special cases of our model are presented. In
Section 5, we provide some numerical examples to demonstrate the impacts of some
model parameters on the optimal time-consistent reinsurance-investment strategy. The
final section concludes the paper.

2. Model and assumptions

We consider a complete probability space (2, G, Q) that is endowed with a filtration
G = (Gt)t>0. We denote by @ the risk neutral measure ( or a martingale probability
measure ), which is assumed to be equivalent to the real world measure P. Let T be
a nonnegative random variable on this space which presents the default time of the
company issuing the bond. Define a default process by H; = 1{;<}. It is a nondecreasing
right continuous process which makes discrete jumps at a random time 7. The enlarged
filtration G is assumed to be generated by two Poisson process {N1(t)}, {N2(t)} and a
standard Brownian motions {W(t)}. For the sake of convenience, we assume that {H;}
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is a Poisson process with a constant intensity h?, then the martingale default process is
given by

MO(t) = H(1) — /Ot(l — H(u=))h%du.

Moreover, we assume that a defaultable asset (corporate bond) with a maturity date
Ti. The default recovery rate is denoted by 1 — ¢, where ¢ is called loss rate, which is a
constant and takes value between zero and one. As in [4] and [11], we denote the default
risk premium by % = Z—i > 1. Then the dynamics of the defaultable bond price under
real world probability measure P follows

dp(t,Th) = p(t—, T)[rdt + (1 — H(£))8(1 — A)dt — (1 — H(t—))edMF (¢)],

where § = h% is the risk neutral credit spread and M (t) = H(t)—h? fot A(1—H(u))du
is a G-martingale under P.
The price process of the risk-free asset is modeled by

dR(t) = rR(t)dt,

where 7 > 0 is the constant risk-free interest rate. And a risky asset (e.g. a stock) whose
price process is described by

Ny (t)
dS(t) = S(t)[pdt + odW " (t) +d > Vi,

where p is the appreciation rate, o > 0 represents the volatility, {W(¢)} is a standard
Brownian motion and Ni(t) is a homogeneous Poisson process with intensity Ai, which
denotes the number of the jumps of the risky asset’s price occurring during time interval
[0,t]. Random variables Y;, i = 1,2,--- are independent and identically distributed,
where Y; stands the ith jump amplitude of the risky asset’s price and the first and
second moments of Y; are denoted by py = E(Y;) and o3 = E(Y;?). We assume that
u > r for convention. Moreover, to ensure the price of the risky asset remains positive,
we assume that P(Y; > —1) =1 for all ¢ > 1.

We now describe the surplus process for the insurer. It is modelled by a classical
compound Poisson risk process. Then, the reserve denoted by U(t) of an insurer at time
t can be given as follows

Na(t)

Ult)=u+ct— Z Xi,
i=1

where ¢ > 0 is the premium rate, u is the initial capital, X; is the ith claim and N2 (%)
is a Poisson process with intensity A2 > 0. All the claims X; are assumed to be inde-
pendent and identically distributed positive random variables with common distribution
F having a finite first and second moments px and o%. In addition, we assume that

Na(t) Ni(t)
WP}, { Z:l Xit, { Z:l Y;} are independent. Throughout this paper, suppose that

the insurance premium is calculated according to the expected value principle, then the
premium rate is ¢ = (1 4+ 0)A2pux, in which 6 is the safety loading of the insurer. The
insurer is allowed to purchase proportional reinsurance or acquire new business to control
his insurance risk. We denote by 1— ¢(t) the proportional reinsurance, where ¢(t) € [0, 1]
is the value of the risk exposure at time ¢. With the proportional reinsurance being
incorporated, the evolution of the reserve process of the insurer becomes

Na(s)

Utt.q) = ut [ (O0=n)+ 0+ nae)hanxds = [ )i 3 X
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The insurer also has investment opportunities in a risk-free asset, a risky asset and a
defaultable bond over the investment horizon [0, 7]. We assume throughout that 7' < T,
where T is the maturity time of the defaultable bond. Let 7 = (g(t), m1(¢), m2(t))tcqo, 1]
be the trading strategy, where 71 (¢) and m2(t) are denoted by the amounts of wealth
invested in the stock market and defaultable bond at time ¢, respectively. The amounts
of wealth invested in risk-free asset at time ¢ is X (¢) — m1(¢) — m2(¢), where X (t) is the
wealth of the insurer at time ¢. Then the surplus process {X(t), ¢ € [0,T]} of the insurer
is described by

ds(t) dp(t,Th)
MOy e
= {rX@®)+ 0 —n+ 1 +n)q®)repx +m(t)(p—r)

(0 = m(0) = mal0) T + U0

dx(t)

o ()(1 — H())(1 — A}t + om ()dWE (t) — q(t)d( Xi)

Ny (t)
+7r1(t)d( 3 Yi) — mo(t)edMT (1), X(0) = 2o

=1

with (1 — H(t—))dM"(t) = dMF(t), where n > 6 presents the safety loading of the
reinsure.

2.1. Definition. For any fixed ¢t € [0, 7], a reinsurance-investment strategy

m = (q(s), m1(s), m2(5))sepe, 7 is said to be admissible if it satisfies the following conditions
(1) (m1(s),m2(s), q(s) is G— predictable;

(2) ¢(s) > 0 for each s € [t,T] and E[ftT(q(s)2 + m1(s)? + m2(s)?)ds] < oo;

(3) (m,X™) is a unique strong solution to the stochastic differential equation.

In addition, for any initial condition (¢,z,z) € [0,7] x R x {0,1}, the set of all
admissible strategies is denoted by I1(¢, z, 2).

3. Problem formulation and verification theorem

In this section, we consider a mean-variance problem for an insurer choosing the
optimal strategy. Suppose that the insurer is allowed to purchase reinsurance ( or acquire
new business ) and invest the stock, the risky-free asset and the defaultable bond. For
any fixed (¢, z, z) € [0,T]x Rx{0, 1}, the insurer aims to obtain an admissible investment
reinsurance policy so as to solve the problem as follows

(3.1) sup  f(t,z,z,m) = sup A{Ei..[X"(T)]— %Vart,zyz[X”(T)]},

well(t,z,z) well(t,x,z)

where v is a risk aversion coefficient of the insurer, E; . .[-] = E[| X7 (t) = z, H(t) = 2]
and Var; . .[] = Var[-|X™(¢) = z,H(t) = z]. Due to that problem (3.1) has a non-
linear function of expectation of terminal wealth in the variance term, in the sense that
the Bellman optimality principle does not allay directly. We find that the problem
is time-inconsistent. However, under many situation, time-consistent policy is a basic
requirement of rational decision-marking. Similar to [5], we attempt to solve problem
(3.1) in a game theoretic framework. That is, we think about our problem as a non-
cooperative game, with one player for each time ¢, where player ¢ is the future incarnation
of the insurer at time ¢.

Based on this, we now give the formal definition of an equilibrium strategy and the
equilibrium function for problem (3.1).
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3.1. Definition. For any fixed chosen initial state (¢,z,z) € [0,T] x R x {0, 1}, consider
an admissible strategy 7* (¢, z, z). Choose four fixed real numbers § > 0, 71 € R, 72 € R
and 7 > 0 and define the following strategy:

T s s (71,72, 4), t<s<t+r, T€R, 2€{0,1},
32)  7(s2,2) { T*(s,%,3), t+r<s<T,i€R,:e{0,1}.
If

L inf flt,z,z, %) — f(t,x,z,7")
T—0 T
for all (m1,72,4) € R X R X Ry and (t,z,2) € [0,T] X R x {0,1}, then we call 7* is
an equilibrium strategy and the corresponding equilibrium value function V (¢,z, z) is
defined by

(33)  V(t,a,2) = f(t,x,2,7") =Er o [X™ (T)] — %Vart,z,z[xﬂ*(:r)].

Note that the equilibrium strategy is time-consistent. Hereafter, we call the equilib-
rium value function V(¢,z,2) and the equilibrium strategy 7" the optimal value func-
tion and optimal time-consistent strategy for problem (3.1) in this paper. Before giv-
ing the verification theorem, we define the infinitesimal generator. For any f(t,z,z2) €
C*2([0,T] x R x {0,1}), let

Aﬂ—f(tvxv Z) = ft(tvxv Z) + fz(tvxv Z)[T'l' + (9 - n)AQ/LX + (1 + 77)(1(75)
Aaprx + 71 () (1 — ) + m2(8)5(1 — 2)] 4+ 0.50°m1 (t)?
(3.4) Jaea(t,z, 2) + ME[f(t,x — ¢X1,2) — f(t, 2, 2)]
+ME[f(t,z +mi(t)Y1,2) — f(t,x, 2)]
+[f(t’ T — 7T2(t)§7 z+ 1) - f(ta z, Z)]hp(l - Z)a

>0

where
C2([0,T] x Rx {0,1}) = {f(t,x,2)|f(t,, 2) is continuously differential in ¢
and twice continuously differential in x}.

Specifically, for the post-default case, i.e., z = 1, the extended HJB system is given by
(35)  sup{A™W(t,2,1) — A" L glt,2,1)? +7g(t, 2, 1) A7g(t, 2, 1)} = 0,
mell
(3.6) W({T,z,1) ==z,
(37) AT g(te,1) =0,
(3'8) g(T7 :Z/” 1) = :1?7
where
7" = arg sup{ATW (t,2,1) = A" D g(t,2,1)° + yg(t, 2, 1) A7g(t, 2, 1)
well
When z = 1, there is not trading for the defaultable bond. In this case, we can use
the verification theorem in [21] directly. It is easy to see that if there are two functions
W(t,xz,1), g(t,z,1) € C**([0,T] x R) satisfying the above extended HJB system, then
V(t,x,1) = W(t,x,1), Ero1[X™ (T)] = g(t,z,1), and 7* is the optimal time-consistent
reinsurance-investment strategy. For the pre-default case, the verification theorem for
the extended HJB system is stated as follows.

3.2. Theorem. Let W(t,z,1) and g(t,z,1) be solutions (3.5)-(3.8). If there are two
functions W (t,z,0), g(t,x,0) € C? satisfying the following extended HJB system

(3.9)  sup{A™W(t,2,0) = A" g(t,2,0)* +1g(t, 2,0)A"g(t,,0)} =0,

mell
(3.10) W(T,z,0) =z,
(3.11) A" g(t,z,0) =0,
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(3.12) ¢(T,z,0) =z.
where
7" = argsup{A"W(t,z,0) — A”%g(t, ,0) +vg(t, z,0)A"g(t,2,0)},
mell
then V(t,2,0) = W(t,z,0), Ei.olX™ (T)] = g(t,x,0) and ©* is the optimal time-
consistent reinsurance-investment strategy.

The proof of this theorem is similar to the proof of Theorem 4.1 in [5], Theorem 2.1
in [6], so we omit it here.

4. Solution to the problem

In this section, we will solve the problem (3.1) in the post-default case and pre-default
case, respectively. In fact, in the post-default case, i.e., 7 < t, the defaultable bond is
not traded. We have p(t,T1) =0, 7 < ¢t < T. So m2(t) = 0 for 7 < ¢. For the detailed
introduction, see [15].

4.1. Post-default case. Suppose that there exist two functions V (¢, z,1) and g(¢, z, 1)
are solutions of (3.5)-(3.8) such that A"V (¢,z,1) — A" 2g(t,z,1)*> + vg(t, z,
1)A™g(t,z,1) is concave with respect to q(t) and m1(¢) for any admissible strategy .
Then from (3.4) and (3.5), we have

sup {Vt(t 2, 1) + Va(t,z, )[re + (0 — n)dapx + (1 +n)q(t) apx

mell

OGS SO (1 (1,21) — gt ,177)
4.1
+XME[V(tz—qt)X1,1) — %g(t7 z—q(t)X1,1)(g(t,z — q(t) X1,1)

—2g(t,2,1))] + ME[V (¢, z + m (£)Y31,1) — %g(t, z+m )Y, 1)

(9t,z+m(H)Y1,1) — 29(t,z,1))] — (A1 + X)) [V (¢, 2, 1)

+%g(t,m, 1)2]} —0.

Given the structure of the (3.7) and (4.1), as well as the boundary conditions of V (¢, x,1)
and g(t,z,1) given by (3.6) and (3.8), it is natural to assume that

42) V(o 1) = A+ @, A(T) =1, B(T) =0
b(t)

(4.3)  g(t,z,1) =alt)z+ 0 a(T)=1, b(T)=0.

We have the partial derivatives

B'(1)

Vi(t,z, 1) = A'(t)(z) + , Va(t,z,1) = A(t), Vae(t,z,1) =0,

ge(t,,1) = a'(t)(z) +

/
bs), gao(t, 2, 1) = alt), goa(t,z, 1) = 0.

Plugging (4.2), (4.3) and the above partial derivatives into (4.1) yields
B'(1)

sup 4 A'(t)z +
(44) well

(w=—r+Mpy)] — 0.5’ya(t)2[q(t)2)\20§( + (15)2(02 + )\103/)]} =0.

+ A [rz + (0 — n)A2pux + nA2uxq(t) + mi(t)
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Then, the first-order maximization conditions for the optimal strategy (¢*(t), 71 (%),
m5(t)) are

nhapx A(t) — yreoka(t)’q"(t) =0,
(1 =) A(®) + Mpy A1) — ya(t)* w1 (8)(0° + Aio¥) = 0.
Therefore, we have

vy npx A®) . p—r+dpy Al)
(45) )= Yo% a(t)® () = T T o) alt)E

Inserting (4.5) into (4.4) and (3.4), we obtain

’ Bl(t) =
(46)  A(B)z+ == +rAt)e+ (0 —nauxAl) + 55 453 =0,

and

@1 @ o+ T a0 - rapxalt) + 5 AW°

2 2 B 2
where 5 = AQUQMX + (s 2T+)\II;Y)
0% 0?2+ Moy
By matching coefficients, we decompose (4.6) and (4.7) into

(4.8)  A'(t)+rA@l) =0, AT) =1,

B'(t) A(t)? _
@9 EU 40— mrancat) + o, BT =0,
(4.10) a'(t) +7ra(t) =0, a(T) =1,
and

b'(t) A(t)® _
(4.11) - + (0 —n)Aapxa(t) + 'B’ya(t)Q’ b(T) =0.

Solving the equations (4.8) and (4.11), respectively, we have
(4.12)  A@t) =TV,

and

(4.13) a(t)=e"T7Y,

By plugging (4.12) and (4.13), then

(4.15)  b(t) = w(g@*t) — 1)+ B(T —1).

Under the above discuss, we have the following Proposition without proof.

4.1. Proposition. For the time-consistent mean-variance reinsurance investment policy
selection problem in the post-default case, the optimal time-consistent strategy is

Wiy X n(T—t) gy BT MBY (o) e,y
4.16 ) = — , )= ————5~ , t) =0.
(116) ") = 3 w0 = H e w3 (t)
The optimal value function is given by
- 0 —n)A (T — T—t
@17) V(1) = @0y 4 O=mAapx "2 2 (rr-v _qy BT =8) > ).
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The expectation and variance of the terminal surplus of the insurer are

* r(T— 97 A r(T— *
Biaa[X7 (1)) = ™0 4 OIS (000 4y, X80T D),

and
BT 1)

7
4.2. Period before default. In this subsection, we will address the pre-default case,
i.e., z = 0. Suppose that there are two functions V (¢, z,0) and g(¢, x, 0) satisfying the con-
ditions given in Theorem 3.1 such that A"V (t,2,0)—A" 3g(t, x ,0)24+7g(t, ,0)A™g(t, z,0)
is concave w.r.t. ¢(t), m1(¢) and m2(t) for any admissible strategy. From (3.4) and The-
orem 3.1, then (3.9) can be rewritten as

Vary .1 [X™ (T)] =

sup § Vi(¢,,0) + Vi (¢, 2,0)[rz + (0 — n)Aapx + (L +n)q(t) Aapx

a5+ m(0)n )+ T (Ve (1,,0) — g2 6,2, 00)
(L18) BV (t2 — q()X,0) = To(t,z — g(®)X, 0)(g(t,2 — q(1)X,0)
—2g(t,z,0))] + ME[V(¢t,z + m ()Y, 0) — 5g(t z 4+ m(t)Y,0)
(9(t,z +m (4)Y,0) — 29(t,z,0))] — (A1 + A2)[V (¢, 2,0)
+39(t,, 0%+ [V(t,w — <ma(t), 1) = V(t,,0) "
— 2ot w = yma(t),1) - gt 2, 0)*h" } = 0.
Similar to the post-default case, we assume that
B()

(4.19)  V(t,z,0) = A(t)x +
with the boundary conditions

(4.20) A(T)=1, B(T) =0,

and

@) glt2,0) =ao+ "2,

with the boundary conditions

(4.22) a(T) =1, b(T) = 0.

Substituting (4.19) and (4. 21) into (4.18), we have after simplification

sup { A’ ()z +

mell

) 14 (O]re + (0 =1+ na()depix +m2(1)3
0.5

+7r1(t)(,ufr+/\1,uy ] a(t)? [ ()2 A0 + (1) (0
(4.23) B
+h0d)] + [A@) (@ — sma(t)) + B _ Aty - %];ﬁ

—0.5v [a(t)(m —ema(t)) + @ —a(t)r — %] 2hp} —o

Differentiating (4.23) with respect to g(t), m1(t) and m2(t) gives

ey _ mex A(t) Sy = BT Mgy A(t)
W e 0= awe M7 50 o) a2



and
()= - Lemra-n y O =6 =1ad(l) —rer-n
4.25 RPN e
( ) A(t)0 _op(r—y)
~ZhP

Notice that

A (nAapxq”(t) + 71 (8) (1 — 7+ Mpy)) — 0.5va(t)*(¢" (1) Aeok + 71 (1)°
.(0'2 + )\10?/%) -
:A(t)()\Qn px A

) | (p—r+py)® A(t) )
Yo% 2

a(t) v(o? +\oy) a(t)?/)
ez (Mex AR)\Z, o p=r+dpy A@#)\2, 2 p
0.5711(75) (<’YU§( d(t)z) A20x + (’y(02 T hoZ) &(t)Q) (o + /\1ay))
_A@? (/\277215( (p—r+ Aluy)Q) _ BA@®)?

T 2va(h)2\ o% o2 + Mo T 2ya(t)?’

and
a(t)(nhapxq™ () + 71 () (=7 + Xpy))
(e A(Y) | (p—r 4 dpy)? A(t)
B a(f)( vo% a(t)? T o) &(Q?)
_A®) (szﬁ& (n—r+ Aluy)Q) BA(t)
va(t) \  o% o2 + \ioZ '

By putting (4.24),(4.25) into (4.23) and (3.4), we get

Atz + @ + A(t)(rz + (0 — n)Aapx) + A(t) (5?“9 _ %efr(T—t)
M —r(T—t) _ OT .\ (T M —on(T—1) BA(t)?
s ¢ S alt)e * vs2hP c ) * 2vya(t)?

+4

_|_(€T(T—t) (le—r(T—t) _ ME—T(T—t) _ A(t)ge—Qr(T—t)
Y 0 ysh

+.%‘C~L(t)€_T(T_t)) + w _ A(t)it’) hP _ %,Y(eT(T—t) (%e—'r(T—t)

() - b(t))e—r(T—t) _ Me—Zr(T—t) I xa(t)e—r(T—t)) + b(t) — b(t)
8

i 500 0 s\ —r(T—

S AW+ (0 = apx) + AW T = A@e T
(b(t) - b(t)) ~ —r(T—t) ox ~ ~ —r(T—t) AN(t)Q(SQ —2r(T—t)
s~ =2 A(t)e 0 _ ~AMa(te 94 TR t

b)), p AWM -ty | P F P
h' — e +za(t)h” — A(t)h" =
2ya(t)? 5 )v g e s “ “
Bt),p 1 /1 A@)0 -0\ P
+————>h 5 (fy 7’y§hpe ) h

- [A’(t) + (7" +o- 9alt) —rer—u) _ hP)A(t) + h”a(t)]a: +

S
1 (5A(t)e**<T*t)
5y 26h?

B'(t) | BA()?
o 2va(t)?
5A(t)e—r(T—t)
S

—140b(t) — B(t))

771
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and
iy V) . . .
a(t)z + - t a(t)(rz + (0 — mA2px + ¢ (H)Aepx + ¢ (t)A2pxn

4 (0 =) +a(0) (22 = Lemrrn 4 LU ZHO) oo

_C%Ia(t) —r(T=t) jg%e_%@_t)) + )\QE(&(t)(x — ¢ () X1) + @ —a(t)z
@ a(t)(z + 71 B(—t) —a(t)z — @ a(t)(z — 75
&)*ME(22+1@“”7 (e =27 ) + (alt)w — 73 (0)9)

—a(t)yr — =2 )h"

+o e - = )h

:aun+9$2+awwx+w—nuum>+iﬁ?+am(%l-%ﬁ4@%>

45 (b(t);gé(t))e—r(T—t) _ %&(t} —r(T=1) | 7((22515 o 2r(T- t)) n (er(T—t)

AL ra- _ (b(t) — E(t))e—r(T—t) _ M672T(T D 4 pa(t)e T
(7 5 v yshP +aat) )

1+ 08) — 5(t) - o) _ a(t)z)h"

— [&/(t)~+ (rj(t g )— %@e‘”‘”)a(t)]x + blit) + ﬂAg) (0 — n)Aapixalt)
1 /0A(t)e Tt =\ da(t) (Tt SA t) (Tt
;( o — 14 b(8) — b(1)) 2 e - (T—t)
hP

+7—=0
v

By separating the variables with z and without z, respectively, we have the following
ordinary differential equations:

(4.26) @' (t) + (r + o_ 6&—(“@‘“T‘t>)a(t) =0, a(T) =1,

S S
(4.27) A'(t)+ (r+ g - MT“)W(T*” —hYA@) + hFat) =0, A(T) =1,
B'(t) 7 SA(t)e "D :
4.2 5 " n)AwZA(? hp( R Ol b(t))
(4.28) #e—““) id((?)? += (B(t) — B(t) + b(t) — b(t) + %)
=0, b(T) =0, B(T) =0,
and
O SA(t)e " -
w3 w7mWwo+ﬁ—7ﬁf——Huww@)
5a‘(t)67r(T7t) BA() n ht weﬂ(T%) —0, 5(T) = 0.
< vat) v s '

Note that (4.26) is a Bernoulli differential equation, we can easily derive the explicit
solution

(4.30) a(t) =" 7Y,
Putting (4.32) into (4.29), we have
(4.31) A@t)=e "IV,
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From (4.14), (4.15), (4.30) and (4.31), we have
(4.32)  B(t) =" 'N(t), b(t) = e M(1),

where
0 — MXepx [ p(r—t)-8¢ s B k" 6
4.33 M = ’)@(777 ( t) ct — < - - - — 2
( ) ®) 0+rs (e ¢ )+(6+ 1) +<hP )
s,  _égp 5 [T s,
-(e —e ) + El b(s)e” <°ds,
and
Ny = 2Oz mAapx (erTfth)t B e*hPT)
T
1 /26 5 P\ ( —nPT  _nP:
(4.34) +ﬁ(?_@?_ﬁ_h )(e _e )

16 ) -4 i)

Based on the above derivation, we can derive the following theorem.

4.2. Theorem. For the mean-variance problem (3.1) in the pre-default case, the optimal
time-consistent strategy is given by

T (t) = nux ef'r(Tft)7 - (t) = m—r+ Ay o~ (T=0)

V0% (0 + Mioy) ’
and
(4.35) w(t) = i(i +b(t) — b(t) — 1)e "TY,
7S “shP
The equilibrium value function is given by

(4.36) V(t,2,0) =z TV + ehPtM,
Y

where b(t), b(t) and N(t) are given by (4.15), (4.82) and (4.34), respectively.

4.3. Proposition. According to the definition of the optimal value function given by
(3.3) and Theorem 4.2, we obtain

Vare ool X™ (T)] = @ N Kw(;)’
and
Baol X7 (1)) = aer @0 4 Q1A (rirmn_y)
f(t)( —J(t) + T2 T AK () Vare e o X (T)})
" 2K (1) ,
where

J(t) = 2H(t)— M(ew—w Py _ 200 = mdapx ooy

r(r 4+ hP)
2(0 — ) Aapx

__—hP(T-v) 1
¢ ) rhf (

+ o e—hP(T—t))

K(t) = 2I(t)+i(2?5_ci_ﬂ_hP)(l_e—hP(T—t))

hPt P hP _nPs
—2e (A7 = 2)U(s) = BT = 8)) + - B(T —s)le™" “ds,
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H(t) = (0 —m)Aapx (er(T—t) B 1)’

T

ht k) ,é _ 5 s, (T _ds
1= (55 + 55+ g —2) (1= H ) 4 2t [ pr e tas
t

Proof. According to the definition of the optimal value function V (¢, z, z) and Theorem
3.2, we obtain
eStM (t)

(4.37)  Erao[X™ (1)) =" "z + —

and
™ 2
(4.38)  Varq ol X" (T)] = ﬁ( M(t) — "IN (2)),
where M(t) and N(t) are given by (4.33) and (4.34).
Notice that

2 &y
—es M(1)
_ %O =mdapx erery _ by _ 2 (B sh” 6 dr-n
_ 7(5+7'§)T(e e ) 72(5 + 5+ 2)(
,1)+2756§t/ (m(eTT*(T+§)S,e—§S)+B(T7;S) **S)ds
S + ar
2¢(0 — ) Aapux , r(T—t) —9(T—t) B 6 —S(T-t)
= 7 — S —_— — - 2
v(8 +75) (e ‘ )= 72(5 " 5 T ohP )(
26(0 —m)A2px , r(r—t) —8(T—1) 2(9*77))‘2:“')( 2(T—-t)
_1) 4 2 T A2RX —e s ST WA2EX - —1
)+ (8 + 7<) (e ‘ )+ yr (e )

/ﬁ —5) o254

w r(T—t) 2 /B 2h" 6 87—t
- (e -1+ 2(5 5t 2)(1 ¢

R

S t Y

21 21(1)
= Tz

0 ol

and

2

7€hPtN(t)

_ 2(0 = n)Aepx (=0 _ e—hP(T—t>) " 1 (25 5 . hP)(l

AT V2hP ? - C2hP -

—nP(T—t) 2"t (T p 0 —nPs
—e )+ —— / (h" = =)U(s) = B(T' = s))e™ " “ds+ —;
0 t S Y

,
2" ! /T P O =AW s gy =" g
¢ Y t
= 20 = mAapx vy _ onProny L (ﬁ > ~8-1")(
o r¥ T K P
t

ey 2 [ = D)~ BT - s) + BT - 5))e M s

p_nft T g Y * ?
+2h e (9 - 772>\2,U/X (CT(T75> _ 1)67hPSd8

P r —nPs
. B(T — s)e ds +
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_ 200 —m)Aepix , r(T—t)  —nP(T-t) L (2% & . p
= H0m i e ) s (o e A7)0

nft  pr P
ety L2 [T = D) - 1 - )+ b - 9))e v as
t
2(0 — n)Aapx (7T _ e—hP(T—t)) n 2(0 —n)Aapx (e—hP(T—t) ~1).

~yr(r + hP) ~yrhf
Then we have
n* J(t) , K()
Vary.olX" (T)] = — + ,
waol X (D] = = 2
which leads that
1 )+ V()2 + 4K () Vars,e o[ X™ (T)]

v 2K (1)

Then putting the expression for = into (4.37) yields

Erwo[X™ (7)) = 2e" T~ t>+m( r(T—1) _1)
I(t) ( (t) +/J ()2 + 4K ( )Van,z,o[xw*(T)})
2K (1) :

+

d
4.4. Remark. If the surplus of the insurer follows the classical risk model perturbed by
a diffusion: U(t) = u+ct+ooW¢ (t) —Ni(:t) X, where oy is a positive constant and W (¢)
is an standard Brownian motion depen?d:elnt of W¥(t). Here coW{ (t) can be regarded as
the uncertainty associated with the insurer’s surplus at time ¢. Denote the correlation

coefficient between W¢ (t) and W' (t) by p, i.e., E(W{ (£)WT(t)) = pt, then the wealth
process X (t) of the insurer takes the form

dX(t)= {rXt)+O—-—n+A+n)q®)Aepx +m(t)(p—r1)
+m2(t) (1 — H(t))(1 — A)SYdt + om (£)dW T (t) + q(t)oodWy (1)
Na(t) N1 (t)

d( Z Xi) +m)d( Y Vi) — ma(t)sdM T (2).

=1

Denote o = 1 A3uk (02 +A10D)H(u—r+A1py) (o3 +ha0k ) —2pogoniapx (u—r+A1puy)
0= (02+)\10§,)(08+)\20§()—p2080'2
the derivation of the original model, we have the optimal time-consistent strategy

. Similar to

q*(t) _ [77)\2MX(02 + AlO’%/) — pO’oU( —-r—+ )\1/.Ly)] V0 —r(T t)
y((o% + Alay)(ao + AQUX) p202072)

() = (6 — 7+ Mpy) (05 + A20%) — nhapix pooo] VO (T t)
' (02 + Moy ) (05 + A20%) — p2o50?)

750 = [ (om + 0o(®) = Bo() = e 1,

and the equilibrium value function

Vit,z,1) =" T g (0= mAzpx (e"TY 1)+ 7'80(2 —t)
r Y
V(t,z,0) = TV 4 et No(t) ,
v

where

bo(t) _ ~v(0 — Z))\Q,MX (67.(T7t) _ 1) + 50(T _ t)7 I;o(t) _ egtMo(tL
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0 — A n(T—t)—8¢ 38 w6
Mo(t) = W(e” DoEt e fT)+(ﬁ+g—+——2)

T
~(efgt - eng) + é/ bo(s)efgsds,
S Jt

and
0 —n)A T (P P 1 /26 52
Not) = MO (oot D ) (%0 e -5 n)
T
—hPT —hPt / p_0 7 —hPs
(e —e — h" — =) (bo(s) —bo(s))e ds
() [ D))
_hP/ ((0 — 77)>‘2MX (er(Tfs) ) ﬂo( )) 7hp.5d8'
t T 2y
Compare with the original model, if we let p = 0, we can readily get the result of

Proposition 4.1 and Theorem 4.2.

4.5. Remark. From Proposition 4.1 and Theorem 4.2, we know that the optimal time-
consistent reinsurance strategy and optimal amount invested in the risky asset are not
dependent on the default event. Moreover, as described in [22], the parameters of the
risky asset and the risk model have influences on the optimal amount of the insurer’s
money that is invested in the defaultable bond. In the following remark, we present some
special cases of our model.

4.6. Remark. Consider some special cases of the mean-variance problem (3.1) in the
pre-default case. We have the optimal reinsurance investment strategy, respectively. Our
model’s results in the previous section will be reduced to the following special cases.

Case (1) : investment-only model. Suppose that the insurer can not purchase rein-
surance or acquire new business, i. e., ¢(t) = 1, V¢ € [0,7]. Then the dynamics of the
wealth process X (t) corresponding to an admissible strategy 7 follows

dX(t)= [rX@)+ @+ Diepx +m(t)(n—7r)+m(t)(1— H(t))(1 — A)d]dt

Na(t) Ny (t)
+om (£)dWP(t Z Xi) +m(t)d( Y Vi) — ma(t)EdMP(t),
=1

Similar to the derivation of the original model, the optimal time-consistent strategy is
given by

« — T+ MNpy eron s 1,6 7 —r(T—t)
AT T Ay - —1 .
71 (t) = 7(02 n )qay)e , o (t) = yg(ghp +b1(t) — b1(t) )e
where )
YOX2px , r(r—1) (b =1+ Apy)
= YAoEx —1 T — W TTAMY)
bl(t) r (e ) + /81( t)7 /61 o2 ¥ Alo'%/ )
and
Ty asOXepx ( rr—ty  —E(r—1) B shm 6
)= (e ¢ )+ (55 5 . ohP 2)

T
'(1 - 67%(T7t>) + gegt/ bi(s)e” $2ds.
t

Case (2): No insurance case. We consider that there is no insurance business. In this
case, the wealth process (2.5) can be described by
dX(t) = [rX@)+m@)(p—7)+m2(t)(1 = HE))(1 — A)d]dt + omi (£)dW 7 (t)
Ni(t)

+mi(t)d( Y Vi) — ma(t)sdM P (t).

i=1
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By some calculations, we have that the optimal dollar amounts allocated to the risky asset
is given by the expression in (4.24) and the optimal amounts allocated to the defaultable
bond is

i (t) = %(ghip +ba(t) — Ba(t) — 1)e T,
where
ba(t) = B1(T — t),
and

_ (B 0 ch” o 2Tt Y
Case 3: If the price process of the risky asset has no jumps (i.e., A1 = 0 ), then the wealth
process X (t) reduces to
AX(t) = [PX(0) + 10— n+ (1+n)a®epx + )1~ HE)(1 - A)s
Na(t)
+m1(8) (e — r)]dt + omi (£)dW T (t) — q(t)d( Z X;) — mo(t)sdMT (t).
i=1
We find that the optimal time-consistent investment strategy becomes
B—T _(T—p) 1,98 = —r(T—1)
Wl(t)iWe s Wz(t)f g(ghp+b3()—b3(t)—1)€ .
Due to the optimal time-consistent reinsurance strategy ¢*(¢) is independent of the pa-
rameters of the risky asset, so it is the same as the first expression in (4.24). where

bg(t) _ ’7(0 - n))‘QHX (er(T—t) _ 1) + ()\QTIQH%( 4 (FL - 7‘)2 )(T _ t),

T o% a2
and
7 Y0 — MA2px , r(T—t) 3 (T—p) Aosn®uk s(pw—1)? )
b t = —_——— — < -
(1) TS+ 4 (e c )+ ( do2 T T GhP

T g
+# —2)(1—@73@4))—1-?6%’5/ bs(s)efgsds.
t

5. Sensitivity analysis

In this section, we investigate some sensitivity analysis of the optimal reinsurance-
investment strategy for the time-consistent mean-variance problem in the case of pre-
default. Throughout the numerical analysis, unless otherwise stated, the basic parameters
are given by § = 0.1, n=0.3, r=0.05, v=0.8, ux = 0.5, ox =0.8, uy =04, oy =
0.5, pu=202 06=03, A\ =05, A2 =06, § =0.01, ¢ = 0.6, h¥ =0.003, T =6 and
t=0.

(1) The impact of model parameters on the optimal reinsurance strategy ¢*(¢).

According to (4.16), we can obtain that aqan(t) > 0, agﬂi:) > 0, aq (t) >0 % ~£t> <

0, 8;;%:) < 0 and % < 0, which indicate that ¢*(¢) decreases w1th respect to risk

aversion coefficient of insurer -y, the claims’ second-order moment ¢% and the risk-free
interest rate r, but increases with the safety loading of the reinsure 7, time ¢ and the
expectation of claims px. That is, as v, o% or r increases, the insurer will purchase
more reinsurance or acquire less new business to reduce the risk exposure. Furthermore,
we can find that the insurer should increase the exposure to insurance risk by purchasing
less reinsurance or acquiring more new business while 1, ux and t increases.

(2) The impact of model parameters on the optimal investment strategy =7 ().

From the expression of 7 (¢) in (4.16), we know that it is only dependent with the
parameters of risk-free asset and risky asset. Differentiating =] () with respect to r, we
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have omi(t) _ _ (u— T+>\1MY)(T )+l —r(T—t)

< 0, which implies that the cost of borrowing

or o2 10
and lending will be ﬁithr 1as zhe interest rate increases. Thus, the insurer should invest
less money in the risky asset. According to 77 (t), we obtain that aﬁlu(t > 0 and % <
0, which shows that the optimal investment strategy =i (¢) increases with p and py. In
other words, the insurer will invest more money in the risky asset with the increase of p
and py, which can be demonstrated in Fig. 1 and Fig. 2. We also note that awl M <0

and % < 0, which shows that 7] (¢) decrease with the volatility of the rlsky asset’s
'

price o, and the second-order moment of each jump amplitude of the risky asset’s price

0%. The insurer should reduce investment in the risky asset when o2 or o2 becomes

larger to hedge the risk. This is showed in Fig. 3 and Fig. 4. In addition, we derive
that 87r1 ) <0 and 87r1 <t) > 0. They implies that the optimal investment strategy =7 ()
1ncreases with time ¢, whlle decreases with v. As we show that the more risk aversion
the insurer is, the smaller the amount of the money is invested in the risky asset.

(3) The impact of model parameters on the optimal investment strategy 5 ().

Figs. 5-10 show the impact of some model parameters on the optimal investment in
the defaultable bond 75(¢). From Fig. 5, we know that the optimal money invested in
the defaultable bond increases with respect to the credit spread ¢ and decreases with
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Figure 5. The im- Figure 6. The im-
pact of parameter pact of parameter ¢, ¢
5, h” on 75 (t) on 75 (t)

Figure 7. The im- Figure 8. The im-
pact of parameters pact of parameter
o on 73 (t) 5, ron m5(t)

Figure 9. The im- Figure 10. The
pact of parameters impact of parameter
n, 0 on 73 (t) A1, 0% on 73 (t)

respect to the default intensity h*. That is to say, the insurer should invest more money
in the defaultable bond with higher credit spread ¢ and smaller default intensity h”. Fig.
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6 shows that 75(t) decreases with loss rate ¢. Indeed, a higher loss rate induces a less
recovery amount. Thus the insurer will reduce the investment in the defaultable bond
as the loss rate ¢ increases. Moreover, 75 (t) increases with the current time ¢, which
implies that the insurer should seek more investment opportunities from undertaking
default risk. As described in Zhao et al. (2016), the insurer can easily ensure the optimal
strategy’ time-consistency too.

Fig. 7 illustrates the impact of the parameter of the risky asset’s price p and o, which
shows that 75 (t) increases with o and decreases with p. The insurer should enhance
investment in defaultable bond when o increases or u decreases. Fig. 8 also depicts the
relationship between the optimal investment strategy of the defaultable bond and the
risk-free interest rate r. The larger r is, the less money is invested in defaultable bond.
In Fig. 8, we find that 735 (¢) decreases with respect to the risk aversion coefficient v, i.e.,
an insurer with a lower risk aversion coefficient will invest more in the defaultable bond.

Figs. 9 indicates that the optimal investment strategy 75 (¢) decreases with respect to
the reinsurer’s safety loading 1 but increases with respect to the insurer’s safety loading
0. This implies that the insurer should invest more in defautable bond with a larger flow
of the net premium. From Fig. 10, we also see that 75 (¢) decreases with A; and increase
with ¢%. This reveals that the insurer will purchase more defaultable bonds when the
intensity of the jumps of the risky asset’s price A1 becomes smaller and the second-order
moment of each jump amplitude of the risky asset’s price 02 becomes larger.

6. Conclusion

In this paper, we study a time-consistent mean-variance reinsurance-investment strat-
egy selection problem involving a defaultable security and jumps. In our model, the in-
surer can purchase proportional reinsurance or acquire new business and invest a financial
market consisting of a risk-free asset, a risky asset and a defaultable bond. Compared
with [22], we introduce jump by assuming that the risky asset’s price process evolves
according to a geometric Léry process. By using a game theoretic framework, we estab-
lish the extended Hamilton-Jacobi-Bellman systems of equations for pre-default case and
post-default case. We provide the corresponding verification theorem without proof and
derive the closed-from expression of the optimal reinsurance-investment strategies and
the corresponding value functions for both the problem before default and the problem
after default. Moreover, some special cases of our model are discussed and the time-
consistent strategies are obtained. Finally, numerical examples are presented to show
how the time-consistent strategy we have derived changes when some model parameters
vary. However, there are some limits in our paper: (1) we do not consider the correlation
between the risky asset’s price model and the risk model; (2) the time horizon T is pre-
given; (3) we only consider a single defaultable security. We need to adopt much more
sophisticated methods to solve these complicate optimal problem.
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