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transformations from the newly defined space to some classical double sequence spaces and
vice versa. These contributions are expected to enrich the theory of sequence spaces and
matrix transformations by introducing new insights based on special integer sequences.

1. Introduction

Let N={0,1,2,...} and E be a non-empty set. A function 7 : N x N — & described by (m,n) — t(m,n) = sy, is called a double-indexed
sequence, or simply a double sequence. The set of all real-valued double sequences is expressed with Q. Equipped with coordinate-wise
addition and scalar multiplication, Q forms a linear space. Any subspace of Q is referred to as a double sequence space.

The set of all bounded double sequences is given by

My = 5= (Smn) €Q:||slle = SUP [Spun| < o0 p,
m,neN
which becomes a Banach space under the norm ||s||.
Various types of convergence have been defined for double sequences. One of the most prominent is Pringsheim convergence. A double
sequence s = (sy;;,) is said to be Pringsheim convergent to a complex number A if, for every € > 0, there exists a natural number /¢ such that

|smn —A| < € whenever m,n > I¢.

In this case, we write p-1imy, ;. Smn = A. The set of all Pringsheim convergent double sequences is denoted by %), and its elements are
called p-convergent double sequences. Unlike the case of single-indexed sequences, a p-convergent double sequence need not be bounded.
For instance, consider the double sequence defined by

12 22 32 ... g2

22 .0 0 - 0

32 0 0 - 0
Smn —

m* 0 0 0
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We observe that p-lims,, = 0, but ||s||c = co.

The set of all double sequences that are both p-convergent and bounded is denoted by %j,,, which is formally defined as the intersection
6hp = €p N .My. Furthermore, double sequences for which both row-wise and column-wise convergence occurs are called regularly
convergent double sequences, and the set of such sequences is denoted by %;. Moricz [1] proved that both %}, and ¢ are Banach spaces
under the norm || - |-

Now, let s be a given double sequence, and define a sequence T = (1 ;) by

k

ik = Z Y tn.  (jkEN).

m=0n=0

The pair ((uji), (¢jx)) is called a double series, and the sequence T = (¢ ) is called the sequence of partial sums. For a given convergence
method 9, if

- lim Z Zumn—L

Js ki}wm On=

then the series is called ¥-convergent, and the value L is referred to as the ¥-sum of the series.
Consider that ¥ and A in Q and let B = (b j,) be a 4D infinite matrix. The B-transform of a double sequence u is defined by

Bu = {(Bu) ji} j ken := 0= Y b jfannttmn- (1.1
m,n

If for every u € W, the transform Bu exists and belongs to A, then B is said to define a ¥-type matrix transformation from ¥ into A, expressed
by B: W — A. The collection of all such matrices is denoted by (¥ : A).

A necessary and sufficient conditions for a matrix B to belong to (¥ : A) are that the series on the right-hand side of equation (1.1) is
©®-convergent for each j,k € N (i.e., Bjx = (b jkyn)mneN € WB(®)) and that Bu € A for all u € .

Given a 4D matrix B = (b j, ), the ¥-domain of B in the space A is defined as

mn jkeN

If for all j,k,m,n € N, we have b ji,,,, = 0 whenever m > j or n > k (or both), then the matrix B = (b jxmy,) is called a triangular matrix. If in
addition b j jx # O for all j,k € N, then B is referred to as a triangle matrix. Cooke [2] proved that every triangular matrix is invertible and
that its inverse is also a triangle matrix.

Zeltser [3], in his doctoral dissertation, investigated both the topological structure and summability theory of double sequences. Later, Altay
and Bagar [4] introduced the double series spaces B.%, B.7(t), €7y, and BY , where ¥ € {p,bp,r}, by considering the partial sums in
the classical double sequence spaces .4y, .#,(t), €y, and .%,, respectively. They studied some algebraic and topological properties of these
spaces and computed the «-duals of the spaces .7, 6.7}, and BV, as well as the 3(¥)-duals of the spaces €., €4, and €. ..
Moreover, they characterized certain classes of matrix transformations from these series spaces into classical sequence spaces.

Bagar and Sever [5] constructed and analyzed in detail the Banach space .7, of absolutely g-summable double sequences for 1 < g < oo,
They studied several topological features of this space and calculated its a-, (©)-, and y-duals. It is important to note that the space .%,
introduced by Zeltser [6] is a special case of the space .£; when g = 1.

The study of domains of double sequences in the context of summability theory is a relatively recent area of exploration. In 2014, Mursaleen
and Basar [7] defined new double sequence spaces whose first-order Cesaro means lie in the classical spaces .4y, 6}, €0, €p» 67, and £,
and investigated various properties of these spaces. This study is particularly significant as it represents the first known application of the
domain of a 4D infinite matrix within the theory of double sequences.

For more comprehensive information on double sequences and summability methods, readers are referred to the works and references
in [1,8-15].

Among the many remarkable integer sequences in mathematics, the Catalan number sequence holds a prominent place due to its frequent
occurrence in a wide variety of mathematical problems. The sequence begins as follows:

1,1,2,5, 14, 42, 132, 429, ....

It was first encountered by Leonhard Euler in 1751 in connection with the problem of counting the number of distinct triangulations of
a convex polygon using non-intersecting diagonals. Although Euler initiated the study, the sequence later became known as the Catalan
numbers, named after the Belgian mathematician Eugéne Charles Catalan, who investigated the number of ways a sequence of £+ 1 factors
can be fully parenthesized. His work revealed yet another context in which this sequence naturally appears (see [16, Example 20.3]).
Since Catalan’s contributions, an extensive array of studies and combinatorial problems involving these numbers has emerged. The Catalan
numbers are now regarded as one of the most pervasive and versatile sequences in mathematics, due to their occurrence in a multitude of
areas, including but not limited to enumerative combinatorics, algebraic structures, number theory, probability, real and complex analysis,
geometry, and topology.

Catalan numbers are known to solve numerous combinatorial enumeration problems, such as the number of binary tree structures, Dyck
paths, non-crossing partitions, valid sequences of nested parentheses, and stack-sortable permutations. Their widespread utility is a testament
to their combinatorial richness and algebraic depth.

Formally, the jth Catalan number C; is given by the closed-form expression involving binomial coefficients:

L [2j 2! )
; —— >0.
i~ 1+1() T
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An essential property of the Catalan numbers is that they satisfy a simple recursive formula, which is frequently used in both theoretical and
computational contexts:

j
Cis1= Y, CnCjm, WwithCo=1.

m=0

This recurrence relation reflects their recursive nature and is foundational in their combinatorial interpretations. In addition, an alternative
nonlinear recurrence relation also holds:
2(2j+1)
Ciy1=———Cj, withCy=1
Jj+1 ] ) Jo 0 ;
which can be particularly useful for deriving successive terms efficiently.
Moreover, Catalan numbers have notable connections to special functions in analysis. In particular, they can be expressed in terms of the
gamma function I'(z), a generalization of the factorial function to complex numbers. The gamma function, introduced by Adrien-Marie
Legendre, is defined as

[(z) = / e ldr.
0
Using this definition, the jth Catalan number can also be represented as

AT (j+3)

TVET(+2)

which provides an analytical extension of Catalan numbers beyond the realm of integer arguments.

For more in-depth discussions concerning the theoretical aspects and diverse applications of Catalan numbers, the reader is referred to the
comprehensive texts [16,17].

The 2D Catalan matrix was defined by flkhan [18], and together with this study, Kara and Kara [19] described new sequence spaces as the
domains of this matrix on classical single sequence spaces and studied these spaces under the titles of completeness, inclusion relations,
duals, matrix mappings, and compact operators.

Erdem and Demiriz [20,21] and Erdem [22] utilized the Catalan numbers to define an infinite 4D Catalan matrix and introduced new Catalan
double sequence spaces as the domains of this matrix in the classical double sequence spaces €, €, and },. As a continuation of the
aforementioned studies, the present work defines a novel double sequence space as the domain of the 4D Catalan matrix in the space .Z,
consisting of absolutely convergent double series. Additionally, the study investigates various algebraic and topological properties of this
newly introduced space, computes its &-, 3(bp)-, and y-duals, and characterizes certain classes of matrix transformations from this space
into classical double sequence spaces.

2. The Double Sequence Space ¢(.%,,)

The 4D Catalan matrix € = ¢ jy,,,, was introduced by Erdem and Demiriz [20] as

Canijkafn 0<m< j
- Cj1Ck+1 o 0<n<k”
Jjkmn =
0 , otherwise

for all j,k,m,n € N. Based on this definition, the €-transform of a double sequence u = (upy,) € Q results in a new sequence vV = (Vi)
computed as

1 &
Vigi=(Cu) ), = —+— CinConCi— i Cr—nhmn - 2.1
i = () Cit1Cry1 o, "
Furthermore, the inverse matrix (¢) ! = (cJ_klnn) is given by
—vitk—(mtn) Cni1Cagt o 0<m<
o ( 1) CjCk ijmkan ) 0<n<k )
Cfmn - = 2.2)
0 , otherwise,
where Hy = 1 and H; defined by
C Co 0 0 0 ... 0
G G Co 0 0o ... 0
H-G G G G 0 ... 0

Cj Cj—l Cj—2 Cj_3 Cj_4 N O
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Consequently, the original sequence u = (u ;) can be recovered from v = (Cu) via the inverse operation:

Jok

ok Cn1G
wje= Y, (~)IHm ) S Ty He Vi 2.3)
m,n=0 J&k
We now define the set €(.Z},) as follows:
1 ik

(L) = {u = (umn) €Q:Y CnCnCj—mCie—nttmn

Jok

<w},

Theorem 2.1. &(.%,) forms a linear space under the coordinatewise addition and scalar multiplication of double sequences.

Cj+1 Ck‘H m,n=0

Theorem 2.2. The space €(.%,) equipped with the norm

| ik
—_— CnCinCj—nCr_nu
Cj+1Ck+1 mJ,Z:Q menj—m nWmn

lulle(z) =Y,

ik

is a Banach space.

Theorem 2.3. &(.%,) is linearly norm isomorphic to Z,.

Proof. To establish the isomorphism, we define a linear transformation
T (L) = Ly u— Tu={(Cu)j}.

For any u,ii € €(.Z,) and scalars A, 1 € C, we have:
T (Au+pi) = C(Au+pi) = ACu+uCi = A7 (u) + n.7 (ii),

which shows that .7 is a linear operator.
Additionally, if .7 u = 0, then each entry of the transformed sequence satisfies:
1 Jok
—_— CinCnCj—mCr—pttmn =0 for all j, k.
Cit1Cit1 o

By the structure of the Catalan transformation, this implies that all u,,, = 0, hence u is the zero sequence, and so .7 is injective.
Now, for any v = (Vj;) € .2, define u = (uj;) by the inverse transformation:

Jk

ke Cunt1C
ujp = Z (-1 )j+k (m+n) mél‘CnJrl HinHi—nVinn-
m,n=0 Ik
Then, we find:
1

J.k
lullez) = I17ullz =) | m—=— Y CnCaCj-mCrnu
( u) ]Zk Cj+lck+l mJ,Z:() m-n% j—m n“mn

:Z|ij’ =vllg, <ee
Tk

This confirms that u € €(.%},) and that .7 is surjective and norm-preserving. Therefore, .7 establishes a linear norm isomorphism between
¢(Z,) and Z,. O

3. a-, B(bp)-, and y-duals of the Double Sequence Space ¢(.Z),)

Let W be an arbitrary double sequence space. Then, its ¢-, f(¥)-, and y-duals are defined respectively as follows:

m,n

Y= {y = (Yum) €Q: Z [Vimnttmn| < oo for all (uyn) € ly}v

m,n

wh®) .~ {y = (ymn) € Q: V- Zymnumn exists for all (upy,) € ‘I—‘} ,

Jj ok

Z Z YmnUmn

m=0n=0

W= {y = (ymn) €Q: sup
jkeN

< oo forall () € ‘P} .

Lemma 3.1. [14] Let B = (bjiny) be a 4D matrix. Then the following conditions hold:
(i) The matrix B belongs to the class (%, : #y) if and only if

M= sup |bjjm| <ee. 3.1)
Jsk,mneN
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(ii) B€ (L : %) if and only if

sup Y [Bjigmn| < oo

mneN j i

(iii) B maps £, into Gy, i.e., B € (L, : Cpp), if and only if condition (3.1) holds and there exists at least one sequence (Oy) € Q such
that

bp- im b = Smn.
Jk—voo

Theorem 3.2. Define the set

Cnt1Crt1
= = ) EeQ: 71‘1 mH—nyi
& {y (yjk) mfngj_Z; ik Y jk

<w}.

Then, the a-dual of €(.%,) is equal to &, that is,
(€(Z))* =41

Proof. Consider the 4D matrix G = (g jumn) for all j,k,m,n € N described by the rule:

jrk—(m+n) Cm+1Cnt1 ) 0<m<j
. . ( 1) CCk H Hk nyjk ; Ogngk 5
8 honn = 0 , otherwise.

Using the transformation given in equation (2.2), we express u i as

X Cpui1C,
Ujk = Z (- 1)]+k (m+n)%CZ+1H mH—nVinn,

m,n=0

so that the product y ju j; becomes

Crni1Chii
YijkUjk =Y jk Z _1 k= (m+n)MH mHk—nVinn

m,n=0 Cj Ck
& jk—(mtn) Cm1Cny1
= m;zo (=1 WijmHk—nyjk Vinn
= (GV) ji- -2)

Hence, from (3.2), yu = (yjxuji) € £, while u € €(.Z,,) iff Gv € £, while v € .&,,. This observation implies that y = (y ) belongs to the
o-dual of €(.Z,) if and only if G € (L, : Z,).
By invoking Lemma 3.1(ii), which gives necessary and sufficient conditions for such mappings, we deduce that

(€(Z))* =&
Theorem 3.3. Let the sets &, and &3 be defined respectively as

JskmneN

gZ_{y_(yjk)eQ: sup G(j,k,i,l,m,n)<°°},
&= {y: (vjx) € Q: bp- 'lkim o(j,k,i,l,m,n) exisl‘s}7
Jik—yoo

L Cnt1Ca
where o (j,k,i,lm,n) = YL, TE_ ()= 0mm Cedot g,y gy
Then, the B(bp)-dual of the sequence space €(.Z,) is given by the intersection:

(€(L)PP) = &g,

Proof. Lety = (yjx) € Q and u = (uj) € €(.Z,). From the transformation given in (2.3), there exists a double sequence v = (Vji) € .Z},.
Define an infinite 4D matrix A = (a g, ) for all j, k,m,n € N by:

TS 1 Cn1G 0<m<j
z+l (m+n) Cm+1Cn41 ) sm=]
Z;n Z C:C Hi_wH_pyq 0<n<k’

0 , otherwise.

i=ml=n

A jkmn =
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Using equation (2.3), we compute:

Zjk = Z YmnUmn

m,n=0
ik
_ Jz" y mzrj ytn= z+1)Cr+1Cl+1H Hy Vi
= mn — i
m,n=0 i,I=0 CnCn
j ok
) Cn+1Cn+1
= Z ZZ t+1 (m+n) mzCrH- H;_ H R R
m,n=0 \i=ml=n !
= (A) jk-

This implies that, for any u € €(.%},) and corresponding v € .%;,, the product yu = (y jxutji) belongs to €%, if and only if z = (zjx) =
(Ay) jx € Cpp-

Therefore, y = (y j) belongs to the B(bp)-dual of €(.%;) if and only if A defines a matrix in the class (.Z}, : €pp).

By invoking part (iii) of Lemma 3.1, we conclude:

(€(L)PP =& ng.

Theorem 3.4. The y-dual of the sequence space €(£,) is given by
(€(Z) = &.

Proof. The proof follows similar lines to that of Theorem 3.3, with the key difference being the use of Lemma 3.1(i), which characterizes the
matrix class (%, : .#),).
O

4. Certain Matrix Transformations Related to the Sequence Space ¢(.Z),)
In this section, we provide necessary and sufficient conditions for an infinite 4D matrix B = (b jimy,) to belong to the matrix transformation
classes (€(.Z) : A) where A € { Ay, Crp, 2y}

Theorem 4.1. Let B = (b jjuny,) be an 4D infinite matrix. Then B belongs to the matrix class (€(%,) : .#,) if and only if the following two
conditions are simultaneously satisfied:

Bj € (c(gu))ﬁ(bp)7 o
and
sup i i(_l)”d*(’“”) MH Hy b | <o w
kN [ /Sn = Cer r—mild—n O jkr . .

Proof. Let B € (¢€(.%,) : #,) and u = (uy,;,) be any element of the sequence space €(.Z},). According to the transformation identity (2.1),
there subsists a double sequence v = (Vp,) € -2, such that the entries of u can be expressed accordingly. Then Bu exists and in .#,,, therefore

Bj. € (@(,Z,))ﬁ (br) Keeping in mind the transformation relation given in (2.3), the partial sums of the matrix transformation Bu over m < i
and n <[ for any j,k,i,! € N can be expressed as:

i !

[
j Z bjkmnumn
m=0n=0

Sy v tn—(r+d) Cr+1Ca1
- Z ijkmn Z 1)m v ——Hn—rHy gva

m=0n=0 r,d=0 CnC

Cina1Chat
Z Z Z Z r+d (m-+n) mg CnJr*Hr—defn bjkrd Vmn- 4.3)
m=0n=0 | r=md=n red

Now, define a new 4D matrix H = (i) by the rule:

o oo ae Cnt+1Cnt1 0=m=J
Z Z r+ m+n)mCi"Hr mHa—nbjkra 0<n<k’

h'k = r=md=n r i

o 0 , otherwise.

Next, by taking the limit on (4.3) as i,/ — oo, we obtain that Bu = Hv. So, B € (€(.%,,) : .#,) if and only if H € (%, : #,,). Thus, (4.2)
holds.

On the other hand, let the conditions (4.1) and (4.2) hold and take u = () € €(%,) with v € .Z,. Then, Bu exists because (4.1) holds.
From (4.3), it is seen that Bu = HV as i,/ — . By the condition (4.2), we see that H € (.Z, : .#,) and consequently B € (€(.%,) : #,,).
The following theorems are presented without proof since their demonstrations follow a reasoning structure analogous to the one used in the
proof of Theorem 4.1.
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Theorem 4.2. Let B = (b jyy) be an infinite 4D matrix. Then, a necessary and sufficient condition for B to belong to the class (¢(<£y,) : pp)
is that conditions (4.1) and (4.2) are satisfied, and in addition, there exists at least one double sequence (8yy) € Q such that the following
limit holds:

) o oo 3 Cpni1Coi1
bp— 1 _)Hd=(mtn) Zmtlontl g s
P j,klgloo,;nd;( ) C,C, r—mtld—n? jkrd 'mn

forallm,n € N.

Theorem 4.3. Let B = (b jyun) be a 4D infinite matrix. Then B is an element of the class (€(£,) : %) if and only if condition (4.1) holds
together with the following summability condition:

) - Cin+1Cnt1
sup Z Z Z(_])hLd <m+n)%Hrfmﬂdfnbjkm’ < oo,
J.k€eNmn |\r=md=n rCa

5. Conclusion

In this study, we have introduced and thoroughly examined a novel double sequence space, denoted by €(.Z},), which is defined as the
domain of a 4D Catalan matrix in the space .Z, of absolutely summable double sequences. The construction of this space was motivated
by the rich combinatorial structure of the Catalan numbers and their well-known recurrence relations and closed-form expressions, which
provided a foundation for developing the associated matrix transformation.

We have established that the space €(.%;,) forms a complete normed linear space, i.e., a Banach space. Furthermore, it was proven that
€(%,) is linearly norm isomorphic to .%,, implying that the newly defined space preserves many of the essential topological and algebraic
characteristics of .Z},, while simultaneously introducing a new structural framework based on the Catalan sequence.

A significant portion of the study was devoted to the investigation of the dual spaces of €(.Z},). In particular, we characterized its a.-dual,
B(bp)-dual, and y-duals.

Additionally, we analyzed necessary and sufficient conditions under which infinite 4D matrices map €(.%},) into classical double sequence
spaces such as ., 6}, and Z,.

The results obtained herein contribute to the ongoing development of sequence space theory by providing a new class of double sequence
spaces constructed via special integer sequences, in this case, the Catalan numbers. The framework established in this study not only enriches
the theoretical landscape of summability and matrix transformation theory but also opens new avenues for further exploration. Potential
future research directions may include the construction of related spaces via other combinatorial sequences.

In conclusion, this work demonstrates how classical combinatorial sequences such as the Catalan numbers can serve as a fertile basis for
defining and analyzing novel functional structures in the realm of double sequence spaces and operator theory.
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