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The Memristor is a novel and nonlinear circuit element. An analytical solution for the 

circuit it is part of does not always exist due to its nonlinearity. Also, since it is a new 

circuit element, the solutions of the memristor-based circuits should be examined.  

Memristors can be modeled using different approaches. A set of memristor models is 

called the nonlinear drift models, one of which, the Mutlu-Kumru model is one of the 

recently proposed. A memristor can be fed with a constant current source. However, its 

solution under a constant current source for the Mutlu-Kumru memristor model has not 

been presented in the literature, yet. In this study, the analytical solution of the Mutlu-

Kumru memristor model under constant current excitation is presented. It is also 

demonstrated that the obtained solution can be utilized in analyzing resistive switching 

of a resistive memory and the modeling of a memristor-based sawtooth oscillator. 
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Memristör, yeni ve doğrusal olmayan bir devre elemanıdır. Doğrusal olmaması 

nedeniyle, içinde bulunduğu devrenin analitik çözümü her zaman mevcut olmayabilir. 

Ayrıca, yeni bir devre elemanı olması sebebiyle memristör tabanlı devrelerin 

çözümlerinin incelenmesi gerekmektedir. Memristörler farklı yaklaşımlar kullanılarak 

modellenebilir. Memristör modellerinden bir grubu, doğrusal olmayan sürüklenme 

modelleri olarak adlandırılır ve bunlardan biri yakın zamanda önerilen Mutlu-Kumru 

modelidir. Bir memristör sabit bir akım kaynağı ile beslenebilir. Ancak, sabit akım 

kaynağı altında Mutlu-Kumru memristör modelinin çözümü henüz literatürde 

sunulmamıştır. Bu çalışmada Mutlu-Kumru memristör modelinin sabit akım uyartımı 

altındaki analitik çözümü sunulmaktadır. Ayrıca elde edilen çözümün rezistif 
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1. Introduction 

The concept of the memristor was proposed by Dr. 

Chua in 1971 (L. O. Chua, 1971).  By 1976, memristive 

systems and their characteristics were diagnosed by 

Chua and Kang (L. O. Chua & Kang, 1976). In 2008, a 

thin film memristive system demonstrating memristor 

behavior was found by HP researchers (Strukov et al., 

2008). Research on memristors and memristive 

systems has surged in the last two decades (Pershin et 

al., 2011; Prodromakis & Toumazou, 2010). New 

nanometer-scale materials exhibiting memristive 

properties are under research (Pershin & Di Ventra, 

2011). Memristors are anticipated to play a 

nontraditional role in both analog and digital circuits 

(L. Chua, 2011; Prodromakis & Toumazou, 2010). 

Consequently, developing accurate memristor models 

is crucial (Khalid, 2019). Due to their non-linear 

properties, modeling the electrical characteristics of 

memristors remains challenging. 

Memristors are closely related to resistive random-

access memory (ReRAM) technologies, as resistive 

switching memories can be regarded as physical 

realizations of memristors (Chua, 2011). In ReRAM 

devices, the switching time between high- and low-

resistance states is a key performance metric. While 

resistive switching has mostly been analyzed under 

constant voltage excitation (Strukov et al., 2008; Biolek 

et al., 2012; Mutlu & Kumru, 2023), constant current 

operation is also of practical importance for controlled 

switching and accurate determination of switching 

times. Therefore, analytical investigation of memristor 

models under constant current excitation is highly 

relevant for resistive memory applications. 

Memristor models that incorporate window functions 

are widely used to represent memristors, and there are 

several types of window functions available in the 

literature (D. Biolek & Biolková, 2009; Eroğlu, 2017; 

Joglekar & Wolf, 2009; Khalid, 2019; Prodromakis et 

al., 2011; Strukov et al., 2008; Zha et al., 2016). The 

first window function was introduced by Strukov et al. 

(Strukov et al., 2008). Joglekar developed a shapeable 

nonlinear dopant drift memristor model, but it 

encounters issues with boundary handling (Joglekar & 

Wolf, 2009). Biolek et al. proposed a current direction-

dependent window function that avoids boundary-

handling issues (D. Biolek & Biolková, 2009).  

Prodromakis et al. introduced a scalable and shapeable 

window function, though it also faces boundary-

handling problems (Prodromakis et al., 2011). This 

model has since been modified to address the 

boundary-handling issues and improve scalability (Zha 

et al., 2016). Some of these models are 

phenomenological in nature (Eroğlu, 2017; Khalid, 

2019). Additionally, research (Mutlu & Kumru, 2023) 

has identified a boundary unreachability issue in certain 

memristor models, where they fail to switch within a 

finite time. 

Memristors could enable the creation of programmable 

electronic circuits (Shin et al., 2009, 2011).  They can 

also be used to design electronically programmable 

amplifiers (Berdan, R.; Prodromakis, T.; Pershin & Di 

Ventra, 2010; T. a. Wey & Jemison, 2011). Research 

has explored the use of memristors in filters (Ascoli et 

al., 2013; S. C. Yener et al., 2018; Ş. Ç. Yener et al., 

2014), and they are also applicable for developing 

phase shifters or modulator circuits (Mutlu, R., 

Karakulak, 2018; T. A. Wey & Benderli, 2009). Studies 

In (Itoh & Chua, 2008; Muthuswamy, 2010) have 

investigated memristor-based chaotic oscillators, while 

(Mosad et al., 2013; Fauda, 2015; Çakır et al., 2025; S. 

Ç. Yener et al., 2014; Talukdar et al. 2011), present 

various types of memristor-based relaxation oscillators. 

A memristor-based sawtooth signal generator 

(MBSSG) is proposed and analyzed both analytically 

and experimentally using an HP memristor emulator 

(Özgüvenç et al., 2016). Additionally, other memristor 

models featuring nonlinear drift speed are employed to 

simulate the MBSSG (Kurtdemir A.; Mutlu R., 2019). 
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It is demonstrated that the memristor models discussed 

in MBSSG (Kurtdemir A.; Mutlu R., 2019). Face issues 

with boundary handling or boundary reachability, 

except for the HP memristor model (Mutlu & Kumru, 

2023). Although simulations of the MBSSG are 

presented in (Kurtdemir A.; Mutlu R., 2019), the 

nonlinear dopant drift memristor models are unable to 

accurately complete the resistive switching 

analytically, leading to incorrect simulations (Mutlu & 

Kumru, 2023). 

The model developed by Kumru and Mutlu is suitable 

for modeling the MBBSG because it performs resistive 

switching in both forward and reverse polarities, like 

the HP memristor. Some LTspice models for 

memristors are documented in the literature (D. Biolek 

& Biolková, 2009; Karakulak & Mutlu, 2020). An 

LTspice model of the proposed memristor model has 

been used to examine a memristor-capacitor (M-C) 

parallel circuit, though this model was not included in 

(Mutlu & Kumru, 2023). Presenting this LTspice 

model is crucial as it does not encounter boundary 

handling or unreachability issues. The study aims to 

analyze the MBSSG using this new model, provide its 

LTspice representation (Mutlu & Kumru, 2023), and 

employ it for simulating the MBSSG. 

The memristor represents a novel addition to circuit 

components, and solutions for its interactions with 

other elements are not always straightforward. The 

Reference (Joglekar & Wolf, 2009) provides an 

overview of various memristor properties. (Joglekar & 

Wolf, 2009) and (Mutlu, 2015) examines series TiO2 

memristor-capacitor circuits operating without an 

external power source. (Bayır & Mutlu 2013) examines 

a memristor-Inductor Series Circuit fed by a constant 

voltage source with memristor being modeled with a 

PWL function.  

HP Joglekar and Prodromakis window functions are 

used in the memristor-based circuit analysis in 

(Dautovic et al., 2024; Radwan et al., 2010; Biolek et 

al. 2012). An exact solution for memristor-based 

circuits is not always possible (Yener et al., 2018; 

Yener et al, 2014). Sometimes such solutions may 

require Taylor series or transcendental functions such 

as Lambert W function (Yener et al, 2014; Sozen & 

Cam, 2014; Urgan et al., 2020).   

The mathematical modeling of memristors and the 

analysis of memristor-based circuits are significant 

research topics due to their nonlinear dynamic 

behavior. Various memristor models have been 

proposed in the literature, each representing specific 

physical and mathematical characteristics. Among 

these, the Mutlu-Kumru model was recently developed 

as an alternative approach that addresses some 

deficiencies found in existing models. It has been 

shown that the Mutlu-Kumru memristor model can do 

resistive switching under constant current voltage 

excitation (Mutlu & Kumru, 2023). However, studies 

on the analytical solution of the memristor models 

under a constant current source remain quite limited. 

This study presents the analytical solution of the Mutlu-

Kumru memristor model under a constant current 

source and provides two application examples based on 

the obtained solution. It is demonstrated that the 

solution can be utilized in switching resistive RAMs 

and in the modeling of memristor-based sawtooth 

oscillators.  

This paper is organized as follows: The second section 

provides a brief overview of the Mutlu-Kumru 

memristor model. The third section gives the solution 

of a memristor fed by a constant current source for both 

polarities using the Mutlu-Kumru memristor model. In 

the fourth section, two application examples of this 

analysis, a resistive memory and a sawtooth signal 

generator circuit are provided. The results of the 

analytical model of the sawtooth signal generator are 

compared to these simulation results obtained with 

LTspice simulations. The paper concludes with the 

final section. 
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2. Mutlu-Kumru Memristor Model 

Some thin films, which exhibit zero-crossing current-

voltage hysteresis loops that change with frequency, are 

classified as memristive systems and are commonly 

referred to as memristors today. The following 

equations present a memristor model that incorporates 

nonlinear dopant drift. 

𝑣(𝑡) = 𝑅(𝑥)𝑖(𝑡)    (1) 

𝑑𝑥

𝑑𝑡
= 𝜇𝑣

𝑅𝑜𝑛

𝐷2
𝑖(𝑡)𝑓(𝑥, 𝑖) 

(2) 

 

where 𝑅(𝑥) represents the resistance of the memristor, 

𝑖(𝑡)  denotes its current, 𝑣(𝑡) indicates its voltage, w is 

the length of its oxidized region, 𝜇𝑣 is the dopant 

mobility, 𝐷 is the total length of the TiO2 region, 𝑥 =

𝑤/𝐷 is the normalized oxidized length, 𝑅𝑜𝑛 is the 

minimum resistance, and 𝑓(𝑥, 𝑖) is the window 

function. 

The memristance of the memristor which is its state-

variable dependent resistance is given as 

𝑅(𝑥) = 𝑅𝑜𝑓𝑓 − (𝑅𝑜𝑓𝑓 − 𝑅𝑜𝑛)𝑥     (3) 

where 𝑹𝒐𝒏 and 𝑹𝒐𝒇𝒇 represent the minimum and the 

maximum values of the memristance. 

Its memristance can vary between 𝑹𝒐𝒏 and  𝑹𝒐𝒇𝒇. 

 

A window function reflects how closely a memristive 

system approximates an ideal memristor (D. Biolek & 

Biolková, 2009).  The memristive state-variable or 

resistance value changes only when the window 

function f(x,i) is non-zero. According to (Mutlu & 

Kumru, 2023), certain established models also 

encounter a problem known as boundary reachability, 

where the memristive switching time becomes infinite 

in both polarities. To address this, a new window 

function that takes device polarity into account is 

proposed. Considering shapeability in both directions, 

the Mutlu-Kumru memristor model is given as  

  𝑓(𝑥, 𝑖) = 𝑚1 √1 − 𝑥
𝑛1

 𝑠𝑡𝑝(𝑖) + 𝑚2 √𝑥
𝑛2

 𝑠𝑡𝑝(−𝑖).   (4) 

or 

𝑓(𝑥, 𝑖) = {
𝑚1 √1 − 𝑥

𝑛1
, 𝑖 ≥ 0

𝑚2 √𝑥
𝑛2

, 𝑖 < 0
.  

 

(5) 

where 𝑛1 and 𝑛2 are the shaping parameters used to 

determine the shape the window function for the 

forward and reverse polarities respectively, 𝑚1  and 

𝑚2 are scaling parameters to control the height of the 

window function for the forward and reverse polarities 

respectively. 

A memristor model that employs this window function 

changes states within a finite duration when a DC 

voltage is applied (Mutlu & Kumru, 2023). Combining 

Eq.s (1-4) makes the new memristor model. By 

unifying Equations (1-4), The Mutlu-Kumru memristor 

model is obtained. Figure 1 displays the Mutlu-Kumru 

window functions for both forward and reverse 

polarities. The shaping parameters 𝑛1 and 𝑛2  

determine the shape of these window functions. 

Additional details about the model are available in 

(Mutlu & Kumru, 2023). 

 
(a) 

 
(b) 

Figure 1. Window function of the Mutlu-Kumru 

memristor a) the forward biased memristor (i(t)>0), 10 

n1 values, and m1=1 and b) the reverse biased memristor 

(i(t)<0), 10 n2 values, and m2=1. (Mutlu & Kumru, 

2023).    

Figure 2 displays the LTspice block diagram of the 

memristor model. The memristor is modeled as a three-

terminal circuit element implemented as a subcircuit. 
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Two of these terminals represent the memristor 

connections, while the third terminal (XSV) is used for 

plotting the state variable. Within the subcircuit, a 

current source and a capacitor are configured to 

compute the memristor's state variable. The current 

sources, denoted as Gmem and Gx, are identical, which 

enables the calculation of the charge flow through the 

memristor. Detailed LTspice code for the memristor 

model can be found in the study (Karakulak & Mutlu, 

2024). 

 

Figure 2. Block Scheme of the Memristor Model  

The memristor model is excited with a 50 Hz 2 V 

sinusoidal signal. Figure 3 shows the results of the 

simulation. It presents the memristor voltage, 

memristor current, and state variable. Detailed LTspice 

simulation results and hysteresis curves of the 

memristor model can be found in (Karakulak & Mutlu, 

2024). 

 

Figure 3. Voltage, current and state variable of the 

Mutlu-Kumru memristor model (Ron=150Ω, 

Roff=1000Ω, 𝜇𝑣=40.10-15 m2/Vs, D= 16 nm, m1=2, 

m2=3, n1=2, n2=2) 

3. Analysis of a Memristor Fed by a Current Source 

with Mutlu-Kumru Window Function 

      A memristor supplied by a constant current source 

by opening the switch S at 𝑡 = 𝑡0 is shown in Figure 4. 

The memristance and the voltage of the memristor 

depends on the memristor’s state variable 𝑥(𝑡) varying 

with respect to time. If the memristor current is 

positive, i.e., it is forward-biased, and equal to 𝐼𝑝,  

𝑖(𝑡) = 𝐼𝑃>0.  (6) 
  

 

Figure 4.  A memristor supplied by a current source.  

The state variable 𝑥(𝑡) can be solved using Eq. (2): 

𝑑𝑥

𝑑𝑡
= 𝜇𝑣

𝑅𝑜𝑛

𝐷2
𝐼𝑝𝑓(𝑥, 𝑖) 

  (7) 

 

𝑑𝑥

𝑑𝑡
=

𝜇𝑣𝑅𝑜𝑛

𝐷2
𝐼𝑝𝑚1 √1 − 𝑥

𝑛1
 

 (8) 

 

𝜇𝑣𝑅𝑜𝑛𝐼𝑝𝑚1

𝐷2
∫ 𝑑𝑡

𝑡

𝑡0 

= ∫
𝑑𝑥

√1 − 𝑥
𝑛1

𝑥(𝑡)

𝑥(0)

. 
 (9) 

𝜇𝑣𝑅𝑜𝑛𝐼𝑝𝑚1

𝐷2 (𝑡 − 𝑡0) = ∫ (1 − 𝑥(𝑡))−1/𝑛1𝑑𝑥
𝑥(𝑡)

𝑥(0)
=

((1−𝑥(0))
1−

1
𝑛1−(1−𝑥(𝑡))

1−
1

𝑛1)

(1−
1

𝑛1
)

                                           (10) 

 

(1 − 𝑥(𝑡))
1−

1
𝑛1 = (1 − 𝑥(0))

1−
1

𝑛1

− (1 −
1

𝑛1

)
𝜇𝑣𝑅𝑜𝑛𝐼𝑝𝑚1

𝐷2
(𝑡 − 𝑡0) 

 

(11) 

𝑥(𝑡)
= 1

− √(1 − 𝑥(0))
1−

1
𝑛1 − (1 −

1

𝑛1

)
𝜇𝑣𝑅𝑜𝑛𝐼𝑝𝑚1

𝐷2
(𝑡 − 𝑡0)

1−
1

𝑛1

 

 

(12) 
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If the switching occurs in the forward direction, the 

state variable becomes equal to 1 and stays constant 

since the polarity does not change:  

𝑥(𝑡) = 1. (13) 

In this case, 

 

𝑅(𝑥) = 𝑅𝑜𝑛.    

 

(14) 

𝑣(𝑡) = 𝑅(𝑥)𝑖(𝑡) = 𝑅𝑜𝑛𝐼𝑃.  (15) 

 

If the memristor current is negative, i.e., it is reverse-

biased, and equal to −𝐼𝑛. Then, 

𝑖(𝑡) = −𝐼𝑛 <0,    (16) 

 

The state variable 𝑥(𝑡) can be solved using Eq. (2): 

𝑑𝑥

𝑑𝑡
= −

𝜇𝑣𝑅𝑜𝑛

𝐷2
𝐼𝑛𝑚2 √𝑥

𝑛2
 

  (17) 

 

−
𝜇𝑣𝑅𝑜𝑛𝐼𝑛𝑚2

𝐷2
∫ 𝑑𝑡

𝑡

𝑡0 

= ∫
𝑑𝑥

√𝑥
𝑛2

𝑥(𝑡)

𝑥(𝑡0)

. 

−
𝜇𝑣𝑅𝑜𝑛𝐼𝑛𝑚2

𝐷2
(𝑡 − 𝑇) = ∫ (𝑥(𝑡))

−
1

𝑛2𝑑𝑥
𝑥(𝑡)

𝑥(𝑡0)
=

((𝑥(𝑡))
1−

1
𝑛2−(𝑥(𝑡0))

1−
1

𝑛2)

(1−
1

𝑛2
)

                                        

(18) 

 

−
𝜇𝑣𝑅𝑜𝑛𝐼𝑛𝑚2

𝐷2 ∫ 𝑑𝑡
𝑡

𝑡0 
= ∫

𝑑𝑥

√𝑥
𝑛2

𝑥(𝑡)

𝑥(𝑡0)
.  

-
𝜇𝑣𝑅𝑜𝑛𝐼𝑛𝑚2

𝐷2 (1 −
1

𝑛2
) ∫ 𝑑𝑡

𝑡

𝑡0 
=

(𝑥(𝑡))
1−

1

𝑛2−(𝑥(𝑡0))
1−

1

𝑛2 

 (19) 

 

(𝑥(𝑡))
1−

1

𝑛2 = −
𝜇𝑣𝑅𝑜𝑛𝐼𝑛𝑚2

𝐷2 (1 −
1

𝑛2
) ∫ 𝑑𝑡

𝑡

𝑡0 
+

(𝑥(𝑡0))
1−

1

𝑛2                   (20)    

                                                          

 

𝑥(𝑡)

= √(𝑥(𝑡0))
1−

1
𝑛2 − (1 −

1

𝑛2

)
𝜇𝑣𝑅𝑜𝑛𝐼𝑛𝑚2

𝐷2
(𝑡 − 𝑡0)

1−
1

𝑛2

 

 

(21) 

 

If the switching occurs in the reverse direction, the state 

variable becomes equal to 0 and stays constant since the 

polarity does not change:  

𝑥(𝑡) = 0. 

 

 (22) 

𝑅(𝑥) = 𝑅𝑜𝑓𝑓. 

 

 (23) 

𝑣(𝑡) = 𝑅(𝑥)𝑖(𝑡) = −𝑅𝑜𝑓𝑓𝐼𝑛.  (24) 

 

4. Analysis and Simulations of the Model and 

Sawtooth Generator Circuit 

It is important to know how to analyze the sawtooth 

generator with the proposed memristor model. In this 

section, the analytical solution and simulation 

examples of the generator are given. 

4.1. Switching Times of a Memristive Memory with 

a Current Source 

Resistive switching memories are regarded as 

memristors by Chua (Chua, 2011). In (Mutlu & Kumru, 

2023), the resistive switching time of some well-known 

memristor models and the Mutlu-Kumru model have 

been examined by making resistive switching with a 

DC voltage source. If a constant current source instead 

of a constant voltage source is used to switch the state 

of a memristive memory, it can be worth examining 

what the resistive switching times would be. 

Applying a positive current pulse 𝐼𝑝 and using Eq. (21), 

the resistive switching time of the forward-biased 

memristor, the forward polarity resistive switching 

time, which is the time needed x(t) going from 0 to 1, 

is found as:  

𝜇𝑣𝑅𝑜𝑛𝐼𝑝𝑚1

𝐷2
𝜏𝑆𝑊𝑃 = ∫ (1 − 𝑥)−1/𝑛1𝑑𝑥

1

0

 

=
((1−0)

1−
1

𝑛1−(1−1)
1−

1
𝑛1)

(1−
1

𝑛1
)

                   (25)                                      

 

The switching time is given as 

 

𝜏𝑆𝑊𝑃 =
𝐷2

𝜇𝑣𝑅𝑜𝑛𝐼𝑃𝑚1(1−
1

𝑛1
)
                           (26) 
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If the switching occurs in the forward direction, the 

state variable becomes equal to 1 and stays constant 

since the polarity does not change. Eq.s (14) and (15) 

are valid in this case.  

If the state variable switches from 1 to 0, using a 

negative current pulse −𝐼𝑛, the resistive switching time 

of the reverse-biased memristor is found as 

−
𝜇𝑣𝑅𝑜𝑛𝐼𝑛𝑚2

𝐷2 𝜏𝑆𝑊𝑁 = ∫ (𝑥)−1/𝑛2𝑑𝑥
0

1
=

((0)
1−

1
𝑛2−(1)

1−
1

𝑛2)

(1−
1

𝑛2
)

    

(27) 

 

𝜏𝑆𝑊𝑁 =
𝐷2

𝜇𝑣𝑅𝑜𝑛𝐼𝑛𝑚2(1−
1

𝑛2
)
                         (28) 

 

After the switching occurs in the reverse direction, i.e., 

for 𝑡 ≥ 𝜏𝑆𝑊𝑁 , the state variable becomes equal to zero 

and stays constant if the voltage polarity does not 

change. Eq.s (23) and (24) are valid in this case.   

4.2 Analysis of the Sawtooth Generator with Mutlu-

Kumru Window Function 

The memristor-based sawtooth signal generator 

(MBSSG) presented in (Özgüvenç et al, 2016; 

Kurtdemir & Mutlu, 2019; Karakulak & Mutlu, 2020; 

Karakulak & Mutlu, 2024) is shown in Figure 5.a. It 

comprises a relaxation oscillator and an inverting 

amplifier that has a memristor used as the feedback 

component. The purpose of the relaxation oscillator is 

to produce a square wave. In Figure 5.b, the memristor 

polarity is selected so that its memristance increases 

with a positive current. The square wave results in 

Opamp drawing a square wave current. A memristor’s 

memristance increases in the positive alternance and 

decreases in the negative alternance if the memristor is 

not under saturation, i.e., its state variable is varying. In 

this case, the output of the MBSSG generator is 

negative memristor voltage. If the memristor is under 

saturation, i.e., its state variable is constant, the output 

of the MBSSG generator becomes constant, too. 

The solutions that were given with most of the window 

functions (Kurtdemir & Mutlu, 2019) are not valid due 

to boundary-tackling and boundary unreachability 

issues reported in (Joglekar & Wolf, 2009; Mutlu & 

Kumru, 2023). The Mutlu-Kumru memristor model has 

not been used to analyze the signal generator yet.  

The output voltage of the relaxation generator can be 

assumed to be 

,𝑉𝑖𝑛 = {
𝑉𝑠𝑎𝑡 , 0 < 𝑡 <

𝑇

2

−𝑉𝑠𝑎𝑡 ,
𝑇

2
< 𝑡 < 𝑇

 

 

      (29) 

where satV
is the saturation voltage of the Opamp of the 

relaxation oscillator and T is the electrical period of 

the square wave and equal to 1/f. 

The frequency of the relaxation oscillator is given as 

𝑓 =
0.455

𝑅𝑓𝐶
                                                                       (30) 

 where 𝑅𝑓 and 𝐶 are the resistance and the capacitance 

of the negative feedback part of the relaxation 

oscillator. 

 
(a) 

 
(b) 

Figure 5. The sawtooth wave generator with a 

memristor (Özgüvenç et al, 2016).  
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The input current of the R-M amplifier which is also 

the memristor current can be calculated as 

𝐼𝑖𝑛 = 𝑖(𝑡) =
𝑉𝑖𝑛

𝑅
= {

𝑉𝑠𝑎𝑡

𝑅
, 0 < 𝑡 <

𝑇

2

−
𝑉𝑠𝑎𝑡

𝑅
,

𝑇

2
< 𝑡 < 𝑇

 

 

         

(31) 

where R is the input resistance of the inverting 

amplifier. 

Renaming 𝐼𝑑𝑐 =
𝑉𝑠𝑎𝑡

𝑅
, the memristor of the R-M 

amplifier or the memristor can be regarded as being fed 

by a square current source: 

𝐼𝑖𝑛 = 𝑖(𝑡) = {
𝐼𝑑𝑐 , 0 < 𝑡 <

𝑇

2

−𝐼𝑑𝑐 ,
𝑇

2
< 𝑡 < 𝑇

 

 

         

(32) 

The output voltage of the MBSSG is equal to  

𝑉𝑜𝑢𝑡 = −
𝑅(𝑥)

𝑅
. 𝑉𝑖𝑛 

(33) 

𝑉𝑜𝑢𝑡 = −
(𝑅𝑜𝑓𝑓 − (𝑅𝑜𝑓𝑓 − 𝑅𝑜𝑛)𝑥(𝑡))

𝑅
. 𝑉𝑖𝑛 

(34) 

The output voltage of the MBSSG depends on the 

memristor state variable 𝑥(𝑡) with respect to time. It 

can be solved using Eq. (2): 

𝑑𝑥

𝑑𝑡
= 𝜇𝑣

𝑅𝑜𝑛

𝐷2
.
𝑉𝑠𝑎𝑡

𝑅
𝑓(𝑥, 𝑖) 

  (35) 

 

For the forward-biased memristor, 𝑉𝑖𝑛 > 0 or   
𝑇

2
> 𝑡 >

0,  

𝑑𝑥

𝑑𝑡
=

𝜇𝑣𝑅𝑜𝑛𝑉𝑠𝑎𝑡

𝑅𝐷2
𝑚1 √1 − 𝑥

𝑛1
 

 (36) 

 

𝜇𝑣𝑅𝑜𝑛𝑉𝑠𝑎𝑡𝑚1

𝑅𝐷2
∫ 𝑑𝑡

𝑡

0

= ∫
𝑑𝑥

√1 − 𝑥
𝑛1

𝑥(𝑡)

𝑥(0)

. 
 (37) 

𝜇𝑣𝑅𝑜𝑛𝑉𝑠𝑎𝑡𝑚1

𝑅𝐷2 𝑡 = ∫ (1 − 𝑥(𝑡))−1/𝑛1𝑑𝑥
𝑥(𝑡)

𝑥(0)
=

((1−𝑥(0))
1−

1
𝑛1−(1−𝑥(𝑡))

1−
1

𝑛1)

(1−
1

𝑛1
)

                                             (38) 

 

(1 − 𝑥(𝑡))
1−

1
𝑛1 = (1 − 𝑥(0))

1−
1

𝑛1

− (1 −
1

𝑛1

)
𝜇𝑣𝑅𝑜𝑛𝑉𝑠𝑎𝑡𝑚1

𝑅𝐷2
𝑡 

 

(39) 

𝑥(𝑡)
= 1

− √(1 − 𝑥(0))
1−

1
𝑛1 − (1 −

1

𝑛1

)
𝜇𝑣𝑅𝑜𝑛𝑉𝑠𝑎𝑡𝑚1

𝑅𝐷2
𝑡

1−
1

𝑛1

 

 

(40) 

If the state variable switches from 0 to 1, the forward 

polarity resistive switching time is given as 

 

𝜇𝑣𝑅𝑜𝑛𝑉𝑠𝑎𝑡𝑚1

𝑅𝐷2
𝜏𝑆𝑊𝑃 = ∫ (1 − 𝑥)−1/𝑛1𝑑𝑥

1

0

 

=
((1−0)

1−
1

𝑛1−(1−1)
1−

1
𝑛1)

(1−
1

𝑛1
)

                            (41)                                            

The switching time is given as𝜏𝑆𝑊𝑃 =
𝑅𝐷2

𝜇𝑣𝑅𝑜𝑛𝑉𝑠𝑎𝑡𝑚1(1−
1

𝑛1
)
                                                   (42) 

 

After the switching occurs in the forward direction, i.e., 

for 𝑇/2 ≥ 𝑡 ≥ 𝜏𝑆𝑊𝑃 , the state variable becomes equal 

to 1 and stays constant if the voltage polarity does not 

change. In this case, 

 

𝑥(𝑡) = 1. 

 

 (43) 

𝑅(𝑥) = 𝑅𝑜𝑛. 

 

 (44) 

𝑖(𝑡) =
𝑉𝑠𝑎𝑡

𝑅(𝑥)
=

𝑉𝑠𝑎𝑡

𝑅𝑜𝑛
 .  (45) 

 

And the output voltage is given as 

 

𝑉𝑜𝑢𝑡 = −
𝑅𝑜𝑛

𝑅
. 𝑉𝑖𝑛.  (46) 

 

84ort he reverse-biased memristor, i.e., 𝑖(𝑡) <0,  𝑉𝑖𝑛 =

−𝑉𝑠𝑎𝑡 < 0 or    
𝑇

2
< 𝑡 < 𝑇,  

𝑑𝑥

𝑑𝑡
= −

𝜇𝑣𝑅𝑜𝑛𝑉𝑠𝑎𝑡

𝑅𝐷2
𝑚2 √𝑥

𝑛2
 

 (47) 

 

−
𝜇𝑣𝑅𝑜𝑛𝑉𝑠𝑎𝑡𝑚2

𝑅𝐷2
∫ 𝑑𝑡

𝑡

𝑇/2

= ∫
𝑑𝑥

√𝑥
𝑛2

𝑥(𝑡)

𝑥(𝑇/2)

. 
(48) 
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−
𝜇𝑣𝑅𝑜𝑛𝑉𝑠𝑎𝑡𝑚2

𝑅𝐷2 (𝑡 −
𝑇

2
) =

∫ (𝑥(𝑡))
−

1

𝑛2𝑑𝑥
𝑥(𝑡)

𝑥(0)
=

((𝑥(𝑡))
1−

1
𝑛2−(𝑥(

𝑇

2
))

1−
1

𝑛2)

(1−
1

𝑛2
)

                                        

−
𝜇𝑣𝑅𝑜𝑛𝑉𝑠𝑎𝑡𝑚2

𝑅𝐷2 ∫ 𝑑𝑡
𝑡

𝑇/2
= ∫

𝑑𝑥

√𝑥
𝑛2

𝑥(𝑡)

𝑥(𝑇/2)
.  

-
𝜇𝑣𝑅𝑜𝑛𝑉𝑠𝑎𝑡𝑚2

𝑅𝐷2 (1 −
1

𝑛2
) (𝑡 −

𝑇

2
) =

(𝑥(𝑡))
1−

1

𝑛2− (𝑥 (
𝑇

2
))

1−
1

𝑛2
 

 (49) 

 

(𝑥(𝑡))
1−

1

𝑛2 = −
𝜇𝑣𝑅𝑜𝑛𝑉𝑠𝑎𝑡𝑚2

𝑅𝐷2 (1 −
1

𝑛2
) (𝑡 −

𝑇

2
) + (𝑥(𝑇/

2))
1−

1

𝑛2                                                        (50) 

 

𝑥(𝑡)

= √(𝑥(𝑇/2))
1−

1
𝑛2 − (1 −

1

𝑛2

)
𝜇𝑣𝑅𝑜𝑛𝑉𝑠𝑎𝑡𝑚1

𝑅𝐷2
(𝑡 −

𝑇

2
)

1−
1

𝑛2

 

 

(51) 

If the state variable switches from 0 to 1 in the negative 

half period, the resistive switching time is given as 

 

−
𝜇𝑣𝑅𝑜𝑛𝑉𝑠𝑎𝑡𝑚2

𝑅𝐷2 𝜏𝑆𝑊𝑁 = ∫ (𝑥)−1/𝑛2𝑑𝑥
0

1
=

((0)
1−

1
𝑛2−(1)

1−
1

𝑛2)

(1−
1

𝑛2
)

                 (52) 

 

𝜏𝑆𝑊𝑁 =
𝑅𝐷2

𝜇𝑣𝑅𝑜𝑛𝑉𝑠𝑎𝑡𝑚2(1−
1

𝑛2
)
                                       (53) 

 

After the switching occurs in the reverse direction, i.e.  

for 𝑇 ≥ 𝑡 − 𝑇/2 ≥ 𝜏𝑆𝑊𝑁 , the state variable becomes 

equal to zero and stays constant if the voltage polarity 

does not change: 

𝑥(𝑡) = 0. 

 

 (54) 

𝑅(𝑥) = 𝑅𝑜𝑓𝑓. 

 

 (55) 

𝑖(𝑡) = −
𝑉𝑠𝑎𝑡

𝑅(𝑥)
= −

𝑉𝑠𝑎𝑡

𝑅𝑜𝑓𝑓
  .  (56) 

 

LTspice circuit presentation of the MBSSG is given in 

Figure 6 and it is analyzed using the Mutlu-Kumru 

memristor model made in the last section. The 

memristor and the circuit parameters used in the 

simulations are given in Table 1. For these parameters, 

the memristor current, the memristor state variable, the 

memristor, the memristor current, the memristor state 

variable, the memristor, the memristor, the memristor 

state variable, and the output voltage waveforms are 

simulated at 24 Hz and presented in Figures 7 and 8.  

Table 1. Circuit element parameters used in the 

simulations  

The memristor minimum 

resistance 
𝑅𝑜𝑛 150 Ω 

The memristor 

maximum resistance 
𝑅𝑜𝑓𝑓 1000 Ω 

The dopant mobility 𝜇𝑣 40.10-15 

m2/V.s 

The memristive element 

length 

D 16 nm 

Parameter m1 m1 2 

Parameter m2 m2 3 

Parameter n1 n1 2 

Parameter n2 n2 2 

Opamp U2 OP7 

Inverting Amplifier 

Resistor 

R2 400 Ω 

 

At high frequencies, the sawtooth signal generator 

produces an almost sawtooth waveform as shown in the 

previous study (Karakulak & Mutlu, 2024). As shown 

in Figures 7 and 8, the 24 Hz operation frequency is low 

enough for the memristor to get into saturation since its 

voltage becomes constant in some intervals in each 

period. Due to the operation of the memristor in the 

saturation region, the output voltage is not a good 

sawtooth waveform. The memristor’s state variable 

switches from 0 to 1 or 1 to 0 if the half period of the 

square wave signal is higher than the resistive 

switching time as shown in Figures 7 and 8. The 

analytical solution presented here can predict these 

behaviors accurately as shown in Figures 7 and 8. The 

shape of the output waveform of the generator can be 

optimized by adjusting its frequency or using different 

memristor parameters and using the solution provided 

here.  
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Figure 6. The LTspice schematic of the inspected 

generator. 

 

Figure 7. Simulation results of Matlab code of the 

sawtooth generator circuit. 

 

Figure 8. LTspice simulation results of the sawtooth 

generator circuit.  

5. Results and Discussion 

The analytical solution derived for the Mutlu–Kumru 

memristor model under constant current excitation was 

validated using LTspice simulations. The analytical 

expressions accurately describe the nonlinear evolution 

of the memristor state variable and terminal voltage for 

both current polarities. As observed throughout the 

simulations, the analytical and numerical results are in 

very good agreement, confirming the validity of the 

proposed solution for circuit-level analysis. 

When the duration of the applied current exceeds the 

resistive switching time imposed by the window 

function of the Mutlu–Kumru model, the memristor 

enters the saturation region. In this case, the state 

variable reaches its boundary values and the terminal 

voltage remains nearly constant over part of the 

excitation period. The analytical solution allows direct 

calculation of these switching times. Due to the 

symmetric structure of the model and the constant 

magnitude of the applied current, the positive and 

negative switching times are equal to each other, which 

is also confirmed by the simulation results. 

Figures 7 and 8 present the time-domain response of the 

memristor-based sawtooth signal generator operating at 

a low frequency of 24 Hz. These figures are particularly 

important because they clearly illustrate the effect of 

saturation and explain the deviation from an ideal 

sawtooth waveform. For a square-wave current 

excitation and the selected memristor polarity, when 

the current is positive, the memristor state variable x(t) 

increases from 0 to 1 and reaches saturation at 

approximately 15 ms. After this point, x(t) remains 

constant until the end of the positive half-period. 

During this interval, the memristance decreases from its 

maximum value to its minimum value, causing the 

output voltage to decrease accordingly. 

In the negative half-period of the square-wave current, 

the behavior is reversed. The state variable decreases 

from 1 to 0, while the memristance increases from its 

minimum value back to its maximum value. Thus, 

while ( x(t) ) increases, the memristance decreases 

during the positive current interval, and the opposite 

behavior occurs during the negative current interval. 

Since the input current is a square wave, the output 

voltage waveform directly follows the time variation of 

the memristance. 

The differences observed in Figures 7 and 8 compared 

to high-frequency operation arise from the fact that, at 

24 Hz, the half-period of the excitation is sufficiently 

long for the memristor to fully switch within each 

cycle. As a result, saturation intervals appear in the 

voltage waveform, preventing the formation of an ideal 
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sawtooth shape. At higher frequencies, the memristor 

does not reach its boundary states within a half-period, 

and a nearly ideal sawtooth waveform is obtained. The 

analytical solution accurately predicts these behaviors 

and explains the physical origin of the waveform 

distortion. 

Overall, the close agreement between analytical 

predictions and simulation results demonstrates that the 

proposed solution provides an effective and reliable 

tool for analyzing resistive switching behavior and the 

dynamic operation of memristor-based oscillators. 

6. Conclusion 

New circuit elements require analytical solutions to be 

used in the design of electrical and electronic circuits.  

The Mutlu-Kumru memristor model has a window 

function, which allows finite resistive switching times. 

In this paper, an analytical solution of a memristor fed 

by a constant current source is presented. Then, the 

solution is used to calculate the switching times of a 

resistive memory and analyze a memristor-based 

sawtooth signal generator whose memristor is modeled 

with the Mutlu-Kumru memristor model. The 

analytical solution of the sawtooth signal generator has 

also been shown to exist. The solutions can be used to 

design oscillator circuits like the one given here.  

In the future, once memristors are commercially 

available, it may be feasible to develop various types of 

signal generators based on various memristors. They 

will require analytical solutions for a good design. The 

experience given here can be used to design similar 

types of circuits with different memristor models. The 

solutions given here are also important from a circuit 

theory point of view. 
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