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Hypergroups and their pullback and pushout
structures

Murat Alp* and Bijan Davvaz'*

Abstract

Hypergroups in the sense of Marty are very important and a rather
difficult subject to be understood since they do not generally have any
identity or inverse element. Crossed modules are one of the most im-
portant tools to be applied on groups. In this study, we combine hy-
pergroups and crossed modules to obtain the crossed modules of the
hypergroups. We shortly present hypergroups with their properties and
examples. In addition two important applications of crossed modules
are given. These applications are about pullback and pushout crossed
module of hypergroups and their properties. The definition of hyper-
groups generated by sets plays vital roles throughout the paper.

Keywords: Action, Crossed module, Hypergroup, Fundamental relation, Pull-
back, Pushout.

2000 AMS Classification: 13D99, 20N20, 18D35

Received : 28.12.2015 Accepted : 02.02.2017  Doi: 10.15672/HIJMS.2017.444

1. Introduction

Crossed module is very fruitfull subject in the mathematical theories such as group
theory and algebra theory. Crossed module first defined by Whitehead [28] and then
many applicable examples were given by different authors such as actor [25], induced
[9], pullback [8], pushout [20], polygroup [15] and hypergroups [5] crossed module. The
other applications of crossed module were given by the authors as pullback and pushout
crossed polymodule in [6] and algebroids in [3, 4]. Many good examples and properties of
pullback and pushout crossed polymodule were given in [6]. In this paper, using the light
of Brown and Higgins [8] and Korkes and Porter’s ways [20], we present the pullback
and pushout structures of crossed module of hypergroups. Let X = (C, H,0,«a) be a
crossed module of hypergroup and ¢ : @ — H be a morphism of hypergroups. Then

*Department of Mathematics, Nigde Omer Halisdemir University, Nigde, Turkey, Email:
muratalp@nigde.edu.tr

TDepartment of Mathematics, Yazd University, Yazd, [ran, Email: davvaz@yazd.ac.ir

J:Corresponding Author.



238

X = (1*C,Q,0°% a°) is the pullback of X by ¢. The hypergroups action of Q on (*C is
given by

Yqio) = {(@y) | Birle) = Bila) © Bir(m) © Bin(a) ™", v € “We}.

To constitute pushout crossed module of hypergroups, we define hypergroups gener-
ated by sets which are the important part of this study. Indeed, some new examples
of pullback crossed module of hypergroups are presented and pushout construction has
been made very smoothly in this paper.

Let (H,o0), (C,*) and (B,-) be hypergroups. Let 0 : C — H and 0 : K — H be two
crossed modules of hypergroups and let (¢,Id) : (0 : C — H) — (6 : K — H) be a
morphism of crossed modules of hypergroups. Then, defining a continuous K- action on
C by Fe= 3(k)¢ we have ¢ : C — K is a pushout crossed module of hypergroups.

Pullback and pushout applications of hypergroups are different than polygroups ap-
plications, because of their definition actions on hypergroups are more different than the
definition of the polygroup actions. These applications can allow us to obtain very differ-
ent properties and examples from the polygroup applications [15]. Pullback and pushout
applications are simple examples for crossed square according to [18]. After giving a brief
introduction, Section 2 includes a brief presentations about hypergroups and fundamen-
tal relations. Section 3 describes crossed modules of hypergroups and their properties.
Hypergroups and their pullback and pushouts properties are presented in Sections 4 and
5, respectively.

2. Hypergroups and fundamental relations

Hypergroup theory was born in 1934, after Marty [24] gave the definition of hy-
pergroup, illustrated some applications and showed its utility in the study of groups,
algebraic functions and relational fractions. Nowadays the hypergroups are theoretically
studied for their applications on different subjects of pure and applied mathematics, such
as geometry, topology, cryptography and coding theory, graphs and hypergraphs, proba-
bility theory, binary relations, theory of fuzzy and rough sets, automata theory, economy,
ethnology, etc. (see [1, 2, 11, 13, 17]).

Let H be a non-empty set and o : H x H — P*(H) be a hyperoperation. The couple
(H,o) is called a hypergroupoid. For any two non-empty subsets A and B of H and
x € H, we define

AoB= J aob, Aox=Ao{z} andxoB = {z}oB.

acA
beB

A hypergroupoid (H, o) is called a semihypergroup if for all a, b, c of H we have (aob)oc =
ao (boc), which means that

U woec= U aow.

u€Eaob vEboc
A hypergroupoid (H,o) is called a quasihypergroup if for all a of H we have a o H =
H oa = H. This condition is also called the reproduction aziom.

2.1. Definition. A hypergroupoid (H, o) which is both a semihypergroup and a quasi-
hypergroup is called a hypergroup.

2.2. Definition. Let (C,x) and (H, o) be two hypergroups. Let 0 be a map from C into
H. Then, 0 is called

(1) an inclusion homomorphism if

d(zxy) C 9(x) o d(y), forall z,y € C;



(2) a strong homomorphism or a good homomorphism if
Oz *y) = 9(x) o A(y), for all z,y € C.
2.3. Remark. Every group is a hypergroup.

In a hypergroup (H, o), an element e € H is called a scalar identity elementif eox =
zoe={z} ==z, forall z € H.
Here, we present two examples of hypergroups.
2.4. Example. Suppose that G = {1, —1, i, —i, j, —j, k, —k} the quaternion group
of order 8. We define the following hyperoperation on G,
zoy = {xy, wiy}
for all z,y € G. This hyperoperation is a P-hyperoperation with P = {1, i}. Then, (G, o)
is a hypergroup. Indeed, for all z,y, z € G we have
(zoy)oz = {zy, ziy}oz
= zxyozUuwziyoz
= A{ayz, zyiz} U{ziyz, xiyiz}
= A{ayz, zyiz, ziyz, xiyiz},
zo(yoz) = xzo{yzvyiz}
= zoyzUzoyiz
= {zyz, ziyz} U{ayiz, ziyiz}
{zyz, ziyz, xyiz, xiyiz}.
Thus, (xoy) oz =z o (yoz). Moreover, we have
zo0G = U xog= U{xg,m'g} =G= U{g:c,gia:} =Gou.
geG geG geG

2.5. Example. If (G, +) is an abelian group and p is an equivalence relation in G which
has classes T = {x, —z}, then for all Z,5 € G/p, we define Toy = {z +y, x — y}. Then
(G/p, o) is a hypergroup [13, 14]. As an illustration of the above example, suppose that
G = Za2, the abelian group modulo 12. Hence the equivalence classes are

0 = {0}

1 = {1,-1}={,11}=11

2 = {2,-2}={2,10} =10

3 = {3,-3}={3,9}=9

4 = {4,-4}={4,8}=8

5 = {5 -5}={5"7}="7

6 = {6,—6}=1{6}

Then, we obtain the following hyperoperation on H.

1 2 3 4 5
1 2 3 4 5

ol ol sl ol ol
Ol =l Nl Wl W

wl ol ol ol
ol =l Nl cel

= Ol O oUW
N = O = N

vl ol ol el gl
Wl N~ O

ol ol sl wl 1l
Bl ol pol il Ol

ol Il pol wl B Gl D o

o o | Wl o = Of o
S G W Wl N = Of O

ol
N
ol
rol
-

i
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Therefore, (Z12/p, o) is a hypergroup.

Let (H, o) be a hypergroup and n > 1 be an integer. We say that
n
xBny if there exists a1,...,an in H, such that {z,y} C [] as.
1=1

Let Bz = |J Bn, where 81 = {(z,z) | « € H}. Clearly, the relation Sg is reflexive and

n>1
symmetric. Denote by Sf; the transitive closure of Sg. The relation 83 is the smallest
strongly regular relation on H, i.e.,

(1) Bi is a strongly regular relation on H;
(2) If R is a strongly regular relation on H, then 87 C R.

Thus, the relation 8} is the smallest equivalence relation on H such that the quotient
H/B% is a group. The relation S is called the fundamental relation on H and H/B}; is
called the fundamental group. The product ® in H/B% is defined as follows:

Bu(z) ® BE(y) = Bu(z), for all z € Bi(x) o BE(y).

This relation is introduced by Koskas [21] and studied mainly by Corsini [10], Leoreanu-

Fotea [22] and Freni [17] concerning hypergroups, Vougiouklis [27] concerning H,-groups,

Davvaz concerning polygroups [13], and many others. Freni proved that for hypergroups

B = " in [17]. The kernel of the canonical map o : H — H/B; is called the core of

H and is denoted by wg. Here we also denote by wy the unit of H/SF. The heart of a

hypergroup H is the intersection of all subhypergroups of H, which are complete parts.
We have seen so far two different ways to define cyclic hypergroups:

(1) (Vougiouklis, [26]) For every integer n > 0 and for every x € H, we get the
powers of x as follows:

' ={z}, 2" =2"ox C H.

A hypergroup (H, o) is called cyclic if H = 2’ Uz?>U---Uz™ U ---, for some
x € H. If there exists an integer n > 0, the minimum one has the following
property

H=7uz>uU---Uz",

then we call H cyclic hypergroup with finite period and we call z generator of
H with period n. If there exists an integer n > 0, the minimum one with the
following property

H==z",
then we call H single-power cyclic hypergroup and = generator of H with period
n.

(2) (Karimian and Davvaz, [19]) Let (H, o) be a hypergroup and ¢ : H — H/S} be
the canonical projection. A hypergroup (H, o) is called cyclic hypergroup with
generator = if ¢(H) is a cyclic group generated by ¢(z). Suppose that (H,o)
is a hypergroup and K is a subhypergroup of H. We say that K is a cyclic
subhypergroup of H with generator z if ¢(K) is a subgroup of H/S3%.

In the following we use a way similar to the second view to define a hypergroup generated
by a set.

2.6. Definition. Let H be a hypergroup and K be a subhypergroup of H. We say that
K is generated by a non-empty subset X of H if ¢(K) is a subgroup of H/B}; generated

by ¢(X).
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3. Crossed module of hypergroups

Some authors [12, 23, 29] considered the actions of algebraic hyperstructures. In [23],
Madanshekaf and Ashrafi considered a generalized action of a hypergroup H on a non-
empty set X and obtained some results in this respect. For the definition of crossed
modules of hypergroups, we need the notion of hypergroup action. So, we recall the
following definition from [23].

3.1. Definition. Let (H,o) be a hypergroup and X be a non-empty set. A map « :
H x X — P*(X) is called a generalized action of H on X, if the following axiom hold:

(1) a(g*h,x) C al(g,a(h,z)), for all g,h € H and z € X, where
algxh,z)= U a(k,z).

kegxh
(2) Forall h € H, a(h,X) = X, where
ah,X)= U a(h,z).

zeX
If the equality holds in the axiom (1) of Definition 3.1, the action is called strong
generalized action. Moreover, if H has the scalar identity element e, then the following
condition must be satisfied too,

(3) ale,x) ={z} ==, for all z € X.

3.2. Example. [23]

(1) For any hypergroup (H,*) and any non-empty set X, the map o : H x X —
P*(X), given by a(h,z) = X is a strong generalized action of H on X. If we
define a(h,z) = {z}, then this map is also a strong generalized action of H on
X.

(2) Let (H,*) be a hypergroup. Then, the map o : H x H — P*(H), given by
a(h,x) = h*x is a strong generalized action of H on H.

3.3. Example. [23] Let X be a non-empty set, f € My and H = My. Then, the map
a: HxX — P*(X), defined by a(h,z) = h(z) is a strong generalized action of H on X.

For z € X, we put "z := a(h, z). Then, for a strong generalized action, we have

(1) 9( "z) =9*" z, for all g,h € H and = € X.
(2 U "z=X,forallheH.
zeX

3.4. Definition. [5] A crossed module of hypergroups X = (C, H, 9, ) consists of hyper-
groups (C,x) and (H, o) together with a strong homomorphism 9 : C — H and a strong
generalized action a : H x C — P*(C) on C, satisfying the conditions:

(1) hod(c) CA("c)oh, forallcc C and h € H.

(2) ek C %O xe, forall ¢, ¢’ € C.
3.5. Example. Suppose that H is a non-empty set. We define the hyperoperation o on
H by

hiohy = {]’Ll7 hg}, for all h17h2 € H.

Then, (H,o) is a hypergroup. Suppose that C' is a subhypergroup of H and 9 : C — H

is the identity map. The map o« : H x C — P*(C) is defined by "¢ := C is a strong
generalized action. Moreover,

(1) For all c € C and h € H, we have
hod(c)=hoc=1{h, ¢} CCU{h}=Coh=08(C)oh=0("c)oh.
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(2) For all ¢,¢’ € C, we have
cod ={¢, {}CC=Coc= °Coc= 9O¢doc
Therefore, X = (C, H, 9, «) is a crossed module of hypergroups.

3.6. Example. Suppose that G is an abelian group and P a non-empty subset of G.
We consider the P-hyperoperation xp on G as follows:

zxpy=xyP, for all z,y € G.

Then, (G,*p) is a hypergroup. Suppose that 9 : G — G is the identity map. The map
a:G x G — P*(G) is defined by 9z := {x} is a strong generalized action. Moreover,

(1) For all z,y € G, we have
grxpO(x) =grpx=gzP=xgP =xxpg=0(x)*xpg=0(%z)*p g

(2) For all z,y € G, we have

zxpy=ayP=yzP =y+pzr = “yrpz= "Dyxpax.

Therefore, X = ((G,xp), (G, *p), 0, «) is a crossed module of hypergroups.

3.7. Example. The direct product of X; x Xs of two crossed modules of hypergroups
has source Cy x Ca2, range H; X Hz and boundary homomorphism 01 x 92 with H; x Hs
acting trivially on C; x Cb.

3.8. Definition. Let X = (C, P,d,a) and X' = (C’, P',0',a’) be two crossed modules
of hypergroups. A crossed module of hypergroups morphism

<0,0>: (C,H,0,a) = (C',H',0',a")
is a commutative diagram of strong homomorphisms of hypergroups

c_—_ %

y §

H— s H

such that for all h € H and ¢ € C, we have
0("c) = *Mo(c).

We say that < 0,¢ > is an isomorphism if 6 and ¢ are both isomorphisms. Similarly,
we can define monomorphism, epimorphism and automorphism of crossed modules of
hypergroups.

The following example give us another crossed module structure on the fundamental
groups.

3.9. Example. Suppose that (H,o) is a hypergroup. Then, H/S}; is a group. Suppose
that Aut (H/B}) its group of automorphisms. There is a trivial action « of Aut (H/B%;)
on H/B%, and a group homomorphism 0 : H/B% — Aut (H/B%;) sending each B85 (h) €
P/B% to the inner automorphism of conjugation by 85 (p). These together form a crossed
module (H/B%, Aut (H/B%) , 0, o).
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4. Pullback crossed module of hypergroups
In this section we define pullback crossed module of hypergroups.

4.1. Lemma. Let (H,o) be a hypergroup and B%; be its fundamental relation. For every
q,q € H, we have

{z | Bir(z) = Br(d) © Bir(q) © Bu(d) 'tod 2q oq.
Proof. Suppose that y € ¢’ o ¢ is arbitrary. Then

(4.1) Buly) = Buld)® Bulq)

On the other hand, since y € Hoq’, it follows that there exists z € H such that y € zoq’.
So,

(4.2) Buly) = Bu(z)©pud)
By Equations (4.1) and (4.2) we obtain
Bu(z) ©Bu(d) = Buld)©Bule)
or
Bu(z) = Buld)©Brle) ©Buld) ™
Thus y € {z | B3 (z) = B (¢") © B(a) © Bir(d) 'Y od. O

4.2. Definition. Let X = (C, H, 9, a) be a crossed module of hypergroups and ¢ : Q — H
be a strong homomorphism of hypergroups. Then, (*X = (.*C,Q, 9°, a*®) is the pullback
of X by ¢, where .*C = {(q,¢) € Q@ x C' | t(q) = 9(c)} and 9°(q, c) = ¢q. The hypergroup
action of @ on ¢*C' is given by

“Ngi,0) = {(z.y) | Bi(@) = Bi(a) © Bir(qr) © Brr(g) ", y € We}.

4.3. Lemma. The following diagram is commutative, i.e., O\ = 10°.

rC—2 s C

o° e}

|

Proof. 1t is clear. O

Note that the above definition is a generalization of pullbacks of crossed modules [7].

4.4. Theorem. FEvery pullback crossed module is a pullback crossed module of hyper-
group.

Proof. 1t is straightforward. O
4.5. Theorem. *X = (.*C,Q,0°%,a*) is a crossed module of hypergroups.

Proof. We denote the hyperoperation on (*C' by ¢. We investigate the condition of
Definition 3.4. For the first condition, we have



244

9* (" (¢,¢)) o ¢
= 0°({(zy) | Bir(x) = B (d) © Bl (q) © Bir(d) ™, ye e}y og
= {z|Bil(zx) =Bu(d) ©Bule) ®Bild) 'tod
D ¢ ogq (by Lemma 4.1).

The verification of the second condition of Definition 3.4 is given as follows:

2@ (g, 0)0 (¢, )
= {@y) | @y e (g0} (d.¢)
= {(x,y)\(x,y)eq/(q,c)} o (q ,c/)7 by definition of 0°
{(z,) | Bi(@) = Bir(d) © Bir(a) © Bir(d) "y € T )} o (¢, ¢)
{(e.9) | Bir(@) = Bir(a) © Birla) © Bir(d)” Lye?cto(d,d)

= U zog x (% cxc)
By (2)=B%(a")OB} (1)OBF (¢') 1

2 (dog)x(d*0)

= {(zy | z€qdoq yecc

- (q/,C/) < (Qac)
where (¢, ¢), (¢',¢') € .*C. O

The universal property of induced crossed module of hypergroups is similar to the
universal property of induced crossed module [9] as well as induced crossed polymodule
[6]- Let X = (p: M — Q) be a crossed module of hypergroup and let ¢**X = (§ : (**M —
H) be induced by the strong homomorphism ¢ : Q — H. In the diagram

M——-Q

the pair (7,¢) is a morphism of crossed module of hypergroups such that for any crossed
module of hypergroups Y = (v : G — H) and any morphism of crossed modules of
hypergroups (f,¢) : X — Y there is a unique morphism (g,1) : ¢**X — Y of crossed
modules of hypergroups such that gz = f.

4.6. Proposition. [5] Let (C,*) and (H,o) be two hypergroups and let d : C — H be a
strong homomorphism. Then, O induces a group homomorphism D : C/B¢ — H/B% by
setting

D(BE(e)) = B (0(c)), forall c € C.

We say the action of H on C is productive, if for all ¢ € C and h € H there exist
€1,...,¢n in C such that "c=cy * ... x cp.
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Let (C,*) and (H, o) be two hypergroups and let « : H x C' — H*(C) be a productive
action on C. We define the map ¢ : H/S5 x H/B5 — H*(H/BE) as usual manner:

P(Br(h), Be(c)) = {Bc(x) [« € “y}.

U
y € B&(e)
€ 65 (h)

By definition of 8¢, since the action of H on C' is productive, we conclude that ¢ (8% (h), 8&(c)
is singleton, i.e., we have

¢ H/By x H/Be — H/B¢,
Y(Bu(h), Bc(c)) = Be(x), forallze U .

We denote ¥(B5;(h), B&(c)) = (7 ()] [B& ()]

4.7. Proposition. [5] Let (C,%) and (P,o) be two hypergroups and let o : H x C —
H*(C) be a productive action on C. Then, v is an action of the group H/B% on the

group H/B¢.

4.8. Theorem. [5] Let X = (C, H, 9, ) be a crossed hypergroup such that the action of
H on C is productive. Then, Xg= = (C/B¢&, H/ B, D, ) is a crossed module.

4.9. Corollary. Let X = (C,H,0,a) be a crossed module of hypergroups such that
the action of H on C is productive and v : Q — H be a strong homomorphism of
hypergroups. Then, (1*)® = ((L*).(C/,Bé«), Q/B5, D, w*) is the pullback of Xpg+ =
(C/B¢, H/ B, D, ) by *, where

2 Q/BS — HBY, 1o(87(9)) = Br(u(q)),
(L)*(C/Be) = {(B4(q), BE(e) | ™ (B7(q)) = D(BE(e))},
D*(B5(q), B& () = B (q)-

Now, we conclude the following theorem.

4.10. Theorem. (.*)* = ((u*)*(C/BE), Q/BH,D*, ™) is a crossed module.

Proof. For the first axiom of crossed module, we have

D° (P (55(0), B ()]) = D* (Bald) @ Bala) @ fala) T 1 Be (o))
=B5(d") @ Bala) @ Ba(d) ™!

= Ba(a) @ D* (B3(a), B5(0)) @ Bala) ™.
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For the second axiom of crossed module, we have
(85(a), 82()) @ (Ba@). () ® (Bala). Be(e))
= (Ba(a) ", Be() ™) @ (Bala). B5(0)) ® (Ba(a). ()
= (Bala) ™ @ Bala) @ Ba(a). Bo(e) ™ © Bi(0) ® ()
= (P [ga(q)], P8 (0)])

= @ [g2 (), B2 ()]

_ [D-(%(q),ﬁé(a)] [(ﬁa(q),g(g(c))}

5. Pushouts of crossed module of hypergroups

Let X = (C, H,0,a) be a crossed module of hypergroups and let (K, -) be a hyper-
group. Note that K/f% is a group, and so we can consider it as a hypergroup too. We
denote the multiplication in K/f8% by [

5.1. Definition. Let v: H — K be a strong homomorphism of hypergroups. Consider
the hypergroup te(C') generated by C x K with relations

(1) (e1,k) * (c2, k) ={(c, k) | B&(e) = Be(er) ® Be(ea)},
(2) ("e,k) = (¢, k-~(h)), that is,

{(c k)| € e} ={(c,k) | K €k-~v(h)},
(3) (c1,k1) * (ca,ka) C {(c2, k") | B (k') = Bic(k1) O Bic(v9(c1)) B B (k1)) ™' B
Bic (k2))} * (c1, k1),

for all k,k1,k2 € K,c,c1,c0 € C and h € H.
Define a homomorphism 0, : te(C) = K/B% by extending

e(c, k) = Bic (k) O Bic (v0(c)) B Brc (k)

to the whole of te(C) and define a K/B%-hypergroup action on the left of te(C) by
M) (e, k) = {(c, k') | Bic(K') = B (k) O Bl (k1)}, for k, k1 € K,c € C and a strong
homomorphism 9 : C' — te(C) by ¢(c) = (¢, e0), where eq is a fix element of wxk.

5.2. Lemma. The following diagram is commutative, i.e., Qo) = ¢pr~y0.

c—— v - te(C)

- *
H oo K/Bk

where ¢x : K — K/BJ% is the canonical projection.
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Proof. We have

Detp(c) = De(c, €0)
= Bi(eo) E B (v9(c)) E Bi (e0) ™
= wk U B (v0(c)) Dwk
= Bk (v9(c))
= ¢ (79(c))
= ¢r0(c).

This completes the proof. O

5.3. Proposition. With the notation above O : 1o (C) — K/BJk is a crossed module of
hypergroups

Proof. We check the axioms of crossed module of hypergroups as follows.
(1) We have

0u (P (e, k)) O Bic (k)

=0s({(c;K") | Bic(k') = Bic (k) O Bi (k1)}) O B (k)
={0u(c,; k') | Bi (k') = Bic (k) O Bx (k1)}) O Bx (k)
Bye

= {Bic (") O B (v9(c))) D B (k)" | Bic (k') = Bic (k) B Bic (k1) }) B B (k)
= Bic(k) B B (k1) B Bic (70(c))) B (B (k) B B (k1)) ™" E Bic (k)

= Bic(k) O B (k1) B B (10(0))) B (B (k1) ™" B B (k) ™" B B (k)

= Bic (k) B B (k1) B B (v9(c))) B (B (k1) ™ D

= Bic(k) O B (k1) O Bic ((v9(c))) B (B (k1) ™

= B (k) F 86 ((¢, k1)) -

(2) We have

9elek) (c1, k1) * (¢, k)

= B WBOAED8E M) ™ (o) k) (c, k)

={(c1, k) | Bic(K') = Bic (k) O Bic (vO(c)) B Bic (k) ™" T Bic (k) } * (c, k)
S (e k) * (1, k).

This completes the proof. O

5.4. Proposition. Let (H,o), (C,*) and (K,-) be hypergroups. Let & : C — H and
6 : K — H be two crossed modules of hypergroups and let (¢,Id) : (0: C — H) — (J :
K — H) be a morphism of crossed modules of hypergroups. Then, the defining a K-

action on C by *c = °*® ¢ we have ¢ : C — K is a crossed module of hypergroups.
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Proof. We can show two crossed modules of hypergroups as follows:

@

C——— K

H—>H
Id

where 9 = §¢ and ¢("c) = "¢(c). We can verify the axioms of crossed module of hyper-
groups as follows:

(1) ¢(*c) k= 0o("®e) -k =P (g(c)) -k D=k - ¢(c).

(2) ¢(C2)C1 *Cy = 5(¢(C2))Cl *Co = 5¢(C2)(Cl) *co = 5(02)01 *Co D caxci.
O

5.5. Corollary. If we consider the pullback and pushout diagrams together, we get the
following commutative diagram.

C A c i 1C
o°® 1%} Oe
Q——— H——— K/Bi

5.6. Corollary. We have the following commutative diagram.

P

C————1.C

Q——— K/Bk

Proof. We have

pr70%(q,¢) = dpryi(q)
= ¢x0(c) (since ¢(q) = 0(c))
= 0a(h(q,¢), e0)
= Bk (v0(c)).
On the other hand, we have

OePA(g;c) = Da(c)
= 0e(c,e0) (where ey € wk)
= B (e0) B B (v9(c)) B Bir(eo) ™!
= wk O B85 (v9(c)) Dwk
= Bk (v9(c)).

Therefore, we obtain ¢xyt0® = etpA. This completes the proof. |
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