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of best proximity point theorems for these contractions in uniformly Banach spaces.

1. Introduction

Let A and B be nonempty subsets of a Banach space E. A map T on AUB into AUB is called a cyclic mapping if T(A) C B and T(B) C A.
Let T : AUB — AUB be a cyclic map. For any nonempty subsets A and B of E, let dist(A,B) = inf{||[x—y||:x €A,y € B}. Apointx € AUB
is called to be a best proximity point for T if ||x — T'x|| = dist(A,B).

In [2] A. Anthony Eldred and P. Veeramani introduced cyclic contraction mappings and then in a uniformly convex Banach space a theorem
was established which ensures the existence of a best proximity point of cyclic contractions. Afterward, in these spaces, C. Di Bari et al. in
[13] introduced the notion of cyclic Meir-Keeler contractions and proved the existence of a best proximity point for cyclic Meir-Keeler
contractions in the case of two sets. After this, this result was generalized for p sets by S. Karpagam, Sushama Agrawal [11]. In [4] a
new class of maps was introduced, called cyclic ¢-contraction which contains the cyclic contractions maps as a subclass and for this type
of contractive conditions, in uniformly convex Banach spaces, results of best proximity points were obtained. Many authors have been
investigated the existence, uniqueness and convergence of iterates to the best proximity point under weaker assumptions over 7'; see [1]-[5],
[8], [10]-[14], [16]-[18], and [22]-[24] and their references. See also [25, 26].

The notion of weak cyclic Kannan contractions (see below definition) was introduced by M. A. Petric [14]; see also [21]-[23].

Definition 1.1. [/4] Let A and B be nonempty subsets of a metric space (X,d). Ifamap T : AUB — AU B satisfies

(i) T(A) C Band T(B) C A;
(ii) there exists a o € [0, ) such that

d(Tx,Ty) < a[d(x,Tx)+d(y,Ty)] + (1 —2a)dist(A,B) foranyx€Aandy € B,
then T is called a weak cyclic Kannan contraction on AUB.

The existence and convergence theorems of best proximity points in uniformly convex Banach spaces is proved as follows:

Theorem 1.2. []/4] Let A and B be nonempty closed convex subsets of a uniformly convex Banach space. Let T : AUB — AUB be a weak
cyclic Kannan contraction map. Then

(i) T has a unique best proximity point z in A.

(ii) The sequence { T2”x} converges to z for any starting point x € A.
(iii) z is the unique fixed point of T2.
(iv) Tzis a best proximity point of T in B.
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2. Preliminaries

Definition 2.1. [6, 7, 20] A function @ : [0,00) — [0,1) is said to be a .# T - function if it satisfies Mizoguchi-Takahashi’s condition (i.e.
limsup,_,, o @(s) < 1forallt € [0,00)).

Obviously, if ¢ : [0,00) — [0, 1) is a nondecreasing or nonincreasing function, then ¢ is a .# .7 -function. So, in particular, if @ : [0,00) —
[0,1) is defined by ¢(¢) = ¢, where ¢ € [0,1), then ¢ is a .# .7 -function. It is known that ¢ : [0,00) — [0,1) is a . .7 -function if and only
if for eacht € [0,00), there exist r; € [0, 1) and & > 0 such that ¢(s) < r for all s € [r,z + &). For more details, one can see Remark 2.5 in
[7].

Note that if ¢ is a . .7 -function then clearly y := % is a .4 7 -function.

The notion of .# .7 -cyclic contraction with respect to a .# .7 -function ¢ (see below definition) is introduced by W.-S. Du et al [8] that
contain cyclic contractions as a subclass. Some new existence and convergence theorems of iterates of best proximity points for .# .7 -cyclic
contractions has been proved.

Lemma 2.2. [2] Let A be a nonempty closed and convex subset and B be a nonempty closed subset of a uniformly convex Banach space. Let
{xn} and {z,,} be sequences in A and {y,} be a sequence in B satisfying:

(0) llzn = yul| — dist(A,B).

(ii) For every € > 0 there exists Ny such that for all m > n > Ny, ||xpm —ya|| < dist(A,B) +¢€.

Then, for every € > O there exists Ny such that for allm >n > Ny, ||xm —z|| <E€.

Lemma 2.3. [2] Let A be a nonempty closed and convex subset and B be a nonempty closed subset of a uniformly convex Banach space. Let
{xn} and {z,} be sequences in A and {y, } be a sequence in B satisfying:

(@) ||xn — ynl|| — dist(A,B).

(i) 1zn — yall — dist (A, B).

Then ||x, — zu|| — 0.

In this paper, we first define weak .# .7 -cyclic Kannan contractions with respect to a .# .7 -function ¢ and then we generalized Theorem P
for these contractions in uniformly convex Banach spaces.

3. Main results

Definition 3.1. Let A and B be nonempty subsets of a metric space (X,d). Ifamap T : AUB — AU B satisfies
(MTKI) T(A) CBand T(B) CA;
(MTK2) there exists a M T -function @ : [0,00) — [0,1) such that
1
d(Tx,Ty) < E(p(d(x,y))[d(x7 Tx)+d(y,Ty)]+ (1 —@(d(x,y)))dist(A,B) foranyx€Aandy€ B,

then T is called a weak M T -cyclic Kannan contraction with respect to ¢ on AUB.

Remark 3.2. [t is obvious that (MTK2) implies that for any x € A and y € B, T satisfies d(Tx,Ty) — dist(A,B) < %(p(d(x,y))[d(x7 Tx)+
d(y,Ty) —2dist(A,B)] <0 and so d(Tx,Ty) < d(x,y), foranyx € Aandy € B.

In the case that dist(A, B) = 0, we can obtain the following theorem that generalize Kannan theorem [19] and Theorem 2 in [14].

Theorem 3.3. Let A and B be nonempty closed subsets of a complete metric space (X,d) such that ANB# 0 and T :AUB —AUB be a
weak A T -cyclic Kannan contraction with respect to @ such that

1
d(Tx,Ty) < E(p(a’(x,y))[d(x7 Tx)+d(y,Ty)] foranyx€Aandy € B. (3.1)
Then T has a unique fixed point z in AN B.

Proof. Suppose that x is an arbitrary point in A. Then by (3.1), we have

d(T", T x) < = @(d(T"x, T"))[d(T" 'x, T"x) +d(T"x, T x)],

N —

S0,
d(T"x, T 'x) < w(d(T" %, T"%))d(T" 'x, T"x), (3.2)

where v := %; by Definition 2.1 v is a .# 7 -function, so y/(r) < 1 for any ¢ > 0; therefore we have,

d(T"x, T" x) < d(T" 'x, T"x),
for any n € N. Thus the sequence {d(T"x, 7" 'x)} is decreasing in [0,0). Then

1o == lim d(T"x,T""'x) = inf d(T"x,T"+'x) > 0. (3.3)
n—oo n—oo

Since y is a .# 7 -function, there exist ry, € [0,1) and &, > 0 such that y(s) < ry, for all s € [t,% + &,). By (3.3), there exists £ € N, such
that
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o < d(T"x, T x) <1+ &,
for all n € N with n > ¢. Hence y/(d(T"x,T"*'x)) < r;, for all n > £. Let
A = max{y(d(T"x,T%x)), y(d(T*x, T3x)), -+ ,y(d(T"'x,T'x)),r, }.
Then
0 < yw(d(T"x, 7" 'x)) <A <1 for all neN. (3.4)
Now, by (3.2) and (3.4), we have d(T"x, T""'x) < 2d(T"'x,T"x) and by induction, we conclude that d(T"x, T"+'x) < A"d(x, Tx), for

anyn € N.
Now, if m > n,

d(T"x,T"x) < d(T"x,T" %)+ +d(T" 'x,T"x)
< AMd(x,Tx)+ -+ A" Ld(x, Tx)
A{n
< ﬂd(xyTX%

Since A € (0,1), lim,—0 A" = 0. Thus, {7"x} is a Cauchy sequence. Since A is closed, there exists z € A such that
lim d(T"x,z) = 0. (3.5)
n—oo

Now, we show that Tz = z.
By (3.2), we have d(Tz, T""'x) < w(d(z,T"x))d(z,T"x), and so

lim d(Tz, T""'x) = 0. (3.6)

n—oo

Hence, by (3.5), (3.6) and Lemma 2.3, d(T'z,z) = 0, or Tz = z. We prove z is unique. Let v be another point such that v = v. Then by
(3.1),

d(v,z) =d(Tv,Tz) < %(,p(d(v,z))[a’(Tv7 v)+d(z,Tz)] =0.
So,v=z. O

For the main results of this paper we need the following lemma.

Lemma 3.4. Let A be a nonempty closed and convex subset and B be a nonempty closed subset of uniformly convex Banach space X and
T : AUB — AUB cyclic map with respect to .# 7 -function @ satisfying

1Tx—T%x|| < (||x = Tx||) || = Txl| + (1 = (| |x — Tx||))dist (A, B) (3.7
forallx € AUB. Then
(i) limy—ye0 || T"x — T" x| | = dist(A, B) for all x € AUB.
(if) 1imy,_ye0 ||T?"x — T2+ 2x|| = 0 for all x € AUB.
(iii) z is a best proximity point if and only if z is a fixed point of T>.

Proof. First we prove (i). This proof follows similar patterns as Theorem 2.1 in [8]. We include the proof for completeness reasons.
Let x € AUB be given. Clearly, dist(A,B) < ||T"x— T"*'x|| for all n € N. If there exists j € N such that T/x = T/*1x € AN B, then
limy,_ye0 ||T"x — T"+1x|| = 0 and dist(A, B) = 0; therefore (7). So it suffices to consider the case x,,; | # x, for all n € N. By Remark 3.2, it
is easy to see that the sequence {||7"x — T"*1x||} is nonincreasing in (0, o) and so it is convergent. Set

7= lim ||T"x~ T ). (3.8)
Since @ is a .# 7 -function, there exist r; € [0,1) and & > 0 such that @(s) < ryfor all s € 1,7+ ¢;). By (3.8), there exists £ € N, such that
T<|| T =T x| < T+ e
for all n € N with n > ¢. Hence @(||T"x—T""1x||) < r-forall n > (. Let
A= max{@(||T"x = 7)), o(||T%x = Tx][), -, (|7 x = T'x]1), ).

Then 0 < (||T"x—T"x||) <A < 1 foralln € N. If x € A, then, by (MTK1), we have T?"~!x € A and T*"x € B for all n € N. Notice
first that (MTK2) implies that

17x = T2x| < @(|lx — Toel|) | lx — Te| |+ (1 — (| |x — Tx]|) )dist (A, B) < Allx— Tx|| +dist (A, B)
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and
T3 =T < @(||T% =TI T = Tx|| + (1 — (|| T*x — T*x||) )dist (A, B)
< (|7 —Tx|) [Al|x — Tx|| +dist (A, B)] + (1 — @(||T*x — T*x||) dist (A, B)
= @(||T?x—T3x||)A||x— Tx|| +dist(A,B)
< A?||x—Tx|| +dist(A,B).
Hence, by induction, one can obtain
dist(A,B) < ||T"x — T"*2x|| < A""||x — Tx|| +dist(A,B) foralln € N (3.9)

Since A € (0, 1), lim, e A" = 0. Using (3.8) and (3.9), we obtain lim,,_,« ||T"x — T"1x|| = dist(A, B). So (i) is proved.
To see (ii), let x € AUB. By using (i), we have limy, e, ||T?"x — T?"~x|| = dist (A, B) and lim,, e ||T?""2x — T?"~x|| = dist (A, B). Lemma
2.3 concludes that

lim ||72"x — T%"2x|| = 0,
n—so0

for any x € AUB. In the same way, from lim, e ||T?"x — T2 1x|| = dist (A, B), limy,_y0 || T?"2x — T2+ 1x|| = dist (A, B) and Lemma 2.3
we can obtain

lim ||T%"x — 72" 2x|| = 0,
n—soo

forany x e AUB.
Now we prove (iii). Let z be a fixed point of T2 but it is not a best proximity point of T, i.e. dist(A,B) < ||z— Tz||. Then by (3.1) we have

lz=T2l| = |1T%2=Tzl| < @(llz=Tzll)llz— Tzl + (1 — @(|[z— Tzl|))dist (A, B)
< Ollz=TaDllz =Tzl + (1 = @[l = Tz|) [l — Tzl = ||z = T2,

a contradiction.
Now, if z is a best proximity point of T i.e. ||z— Tz|| = dist(A,B) then from (3.1) we have ||T2z — Tz|| = dist(A,B). So by Lemma 2.3,
T2z = z which shows that (iii) is true. 0

The following lemma can be obtained immediately from Lemma 3.4.

Lemma 3.5. Let A be a nonempty closed and convex subset and B be a nonempty closed subset of uniformly convex Banach space X and
T : AUB — AUB cyclic map. Suppose that there exists a nondecreasing (or nonincreasing) function 7 : [0,00) — [0, 1) such that

|| Tx — T2x|| < (||x = Tx||)||x — Tx||+ (1 — ©(||x — Tx||))dist(A,B) foranyx € Aandy € B.

Then (i) 1im, e ||T"x — T" ' x|| = dist (A, B) for all x € AUB.

(i) limy_se0 || T?"x — T?"*2x|| = 0 for all x € AUB.
1l) z 15 a vest proximit ownt if and only if z 1s a e oint o, .
. b p . .yp P d ly' . dp . T2

The following result is indeed proved in [8], but we give the proof for the sake of completeness.

Theorem 3.6. /8] Let A and B be nonempty subsets of a metric space X and T : AUB — AUB be a cyclic map. Let x| € A be given. Define
an iterative sequence {x }peN by X,+1 = Txy for n € N. Suppose that

(i) d(Tx,Ty) <d(x,y) foranyx € A andy € B;
(ii) {xon_1} has a convergent subsequence in A;
(iii) 1imy—yood (xpn,X,41) = dist(A,B).

Then there exists v € A such that d(v,Tv) = dist(A,B).

Proof. Since T is a cyclic map and x| € A, xp,—1 € A and xp, € B for all n € N. By (ii), {x,_1 } has a convergent subsequence {xp,, 1}
and xp,, 1 — v as k — oo for some v € A. Since

dist(A,B) <d(v,x2,,) < d(v,Xon,—1) +d(x20,—1,X2p,) forallk € N,
it follows from limy,—yeo (v, x24,,—1) = 0 and the condition (iii) that lim,,—e. d(v,x2,, ) = dist(A, B). By (i), we have
dist(A,B) < d(Tv,xop,+1) <d(v,x,,) forall k €N,
which implies d(v, Tv) = dist(A,B). O
In the following theorem we prove a new existence theorem for weak .# .7 -cyclic Kannan contractions.

Theorem 3.7. Let (X,d) be a metric space, let A and B be nonempty subsets of X. Let T : AUB — AUB be a weak # T -cyclic Kannan
contraction with respect to a M T -function Q. Let x € A such that the sequence {T2”x} has a convergent subsequence in A. Then there
exists a unique point z € A such that d(z,Tz) = dist(A,B).
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Proof. The existence of best proximity point z by using of Lemma 3.4 and Theorem 3.3 is concluded. We prove z is unique. Let v be another
point such that d(v, Tv) = dist(A, B). Then by Lemma 3.4 we have v = T2v. If d(v,Tz) > dist(A, B), then by (MTK?2) we have

dv,Tz) = d(T*,Tz)
< %(p(d(Tv7 Tz))[d(Tv,v) +d(z,Tz)] + (1 — @(d(Tv,Tz)))dist(A,B)
< @(d(Tv,Tz))dist(A,B)+ (1 — @(d(Tv,Tz)))dist(A,B) = dist(A,B).
So, d(v,Tz) = dist(A,B). On the other hand d(z,Tz) = dist(A,B). Hence by Lemma 2.3 we have d(z,v) =0orz=v. O
For weak .# 7 -cyclic Kannan contractions, we establish the following convergence theorem, which is our main result in this paper.

Theorem 3.8. Let A and B be nonempty closed convex subsets of a uniformly convex Banach space. Let T : AUB — AUB be a weak
M T -cyclic Kannan contraction with respect to a M T -function @. Then

(i) T has a unique best proximity point z in A.

(ii) The sequence { Tz”x} converges to z for any starting point x € A.
(iii) zis the unique fixed point of T2
(iv) Tz is a best proximity point of T in B.

Proof. We divide the proof of theorem into two cases:
case 1: dist(A,B) = 0.
For proof of this case see Theorem 3.6.
case 2: dist(A,B) # 0. Let x be an arbitrary point in A. Since T is a weak .# .7 -cyclic Kannan contraction, by part (i) of Lemma 3.4,
limy—y0 || T2"x — T?"+ x| | = dist (A, B).
Now, we claim that for every € > 0 there exists Ny € N such that for m > n > Ny,

||[T?"x — T2 x|| < dist(A,B) +&.
Hence by Lemma 2.3 and for given € > 0 there exists N; € N such that for n > Ny,

HTme_ T2nx|| <eg;

it follows that { TZ”x} is a Cauchy sequence and so there exists z € A such that T2"x — z as n — oo. Using Theorem 3.6, z is a unique best
proximity point of 7" in A.

Lemma 3.4-(iii) concludes that z is a unique fixed point of T2, since z is unique.

Now, we prove the claim. Suppose not. Then there exists € > 0 such that for any k € N there exists my > ny, > k such that

||T?Mx — T2 x|| > dist (A, B) + €.

We can assume that 7 is minimal index such that || T2"x — T2 1x|| > dist(A, B) +& but ||[T"x— T2 x|| < dist(A,B)+&,h € {2y, -+, 2my —
1}. We have

dist(A,B) +& < |[T?Mx — T2 || < || T2y — T2 2x|| 4 || T2 20 — T2 H |

Using part of (i) in Lemma 3.4 concludes that ||T%"x — T2 2x|| — 0 as k — oo this implies limy, ||T>"™x — T2 x|| = dist(A,B) + &.
Now,

||T2ka7 T2nk+le < ||T2ka7 T2mk+2x|| + ||T2mk+ZX* T2nk+3xH + ||T2nk+3x _ T2nk+1x” _ \|T2m"+2x o TZ""'HXH.
So, dist(A,B) + € < limsup,,_,., ||T?™2x — T?%3x||. But,
‘|T2mk+ZX7T2nk+3xH S %(P(Hszk-'—lX*Tznk+zx‘|)[||T2mk+1X*T2mk+2XH
|7 R = TS| (1— (|27 e — T2 |))dist (A, B).

Hence, by ”limsup” from the above inequality, as (n — o), we conclude that dist(A,B) + € < dist(A,B) and so € < 0, a contradiction.
Now we prove (iv). z is best proximity point of 7 and so ||z — T'z|| = dist(A,B). Since T is a weak .# .7 -cyclic Kannan contraction, we have

1 .
ITz—T2|| < 5 @(llz=Tz[Dllz— Tzl +[|Tz=T%2)[] + (1 - @(||z— T2l|) dist (4, B),

and so
. e(lz=T|]) 2-2¢(lz=T2]|) . ,
dist(A,B) < ||[Tz—T%|| < =~ "2V ||z = Tz|| + =——— U dist(A,B) = dist(A, B).
2-o(|lz—Tzl]) 2=0(||lz=T[])
Therefore ||Tz — T?z|| = dist(A,B), i.e. Tz is best proximity point of T in B. This complete the proof. O

The following theorem can be obtain immediately from Lemma 3.5 and Theorem 3.7.
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Theorem 3.9. Let A and B be nonempty closed convex subsets of a uniformly convex Banach space. Let T : AUB — AUB be a a cyclic

map.

Then

Suppose that there exists a nondecreasing (or nonincreasing) function T : [0,00) — [0, 1) such that

1 .
7x=73]] < S (b=l b= yl|+ (1= 2(]be—yI]))dist (A,B) for any x & A andy € B.

(i) T has a unique best proximity point z in A.

(ii) The sequence { T2"x} converges to z for any starting point x € A.
(iii) zis the unique fixed point of T~
(iv) Tz is a best proximity point of T in B.

Remark 3.10. In Theorems 3.6 and 3.8 if we define @(t) = ¢, where ¢ € [0,1) and for all t € [0,0), then ¢ is a A T -function and so we
can obtain Theorems P [12] as the special cases.
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