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derivation of the Frenet apparatus encompassing tangent, normal, and binormal vectors,
alongside curvature and torsion functions for four distinct types of Smarandache curves:
TN, TB, NB, and TNB. Furthermore, we establish the necessary and sufficient criteria
for these curves to be characterized as general helices or Salkowski curves. A significant
outcome of our work is the demonstration that helical characteristics are transmitted from
the original curve to its Smarandache derivatives. The theoretical framework is substantiated
with numerical examples, including a circular helix and other spatial curves.

1. Introduction

The differential geometry of curves in three-dimensional Euclidean space, E3, remains a vibrant field of study due to its profound theoretical
foundations and extensive practical applications in areas such as computer graphics, robotics, physics, and computer-aided design. A
particularly intriguing area within this field involves exploring the relationships between different curves generated from a single original
curve. The interplay between a curve and those derived from its geometric elements has been a focus of significant research interest [1-3].
Among these derived curves, Smarandache curves hold a special place due to their unique construction and properties. Defined by specific
combinations of the tangent (T), normal (N), and binormal (B) vectors from the Frenet frame of a base curve, Smarandache curves offer
novel perspectives on the original curve’s geometry. They can reveal underlying properties, such as inherent helical structures or specific
curvature constraints, that are not immediately apparent. Since their introduction by Smarandache [4], these curves have been extensively
investigated across various geometric settings, including Euclidean space [5], Minkowski space [6, 7], and other specialized contexts [8—11].
The Frenet-Serret apparatus provides the essential framework for analyzing curves locally. This moving orthonormal frame {T,N,B} and
the accompanying formulae for curvature (k) and torsion (7) describe how a curve twists and turns through space. The curvature quantifies
the deviation from a straight path, while the torsion measures the departure from a planar one. The Frenet-Serret equations precisely describe
the evolution of this frame along the curve, making them indispensable for understanding a curve’s local behavior [12].

Parallel to the study of Smarandache curves, the concept of integral curves has gained considerable attention. These curves are formed by
integrating one of the vector fields of the original curve’s Frenet frame. For instance, the integral binormal curve is defined by integrating the
binormal vector field, while the integral normal curve arises from integrating the normal vector field [13]. These integral curves inherit and
transform the geometric properties of the original curve, leading to new families of curves with potentially useful characteristics. Their
applications span various domains, including dynamical systems and geometric modeling [14—16].

Previous research has explored Smarandache curves in relation to different frames. For example, studies have examined them using the
Darboux frame [8] and the Bishop frame [9], yielding valuable insights into their geometric relationships. Other relevant works can be found
in [17-19].
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This paper specifically addresses the construction and comprehensive analysis of Smarandache curves associated with integral binormal
curves in E3. Our primary contributions include the detailed derivation of the full Frenet apparatus for four types of Smarandache curves
(TN, TB, NB, TNB) constructed from an integral binormal curve. We obtain explicit analytical expressions for their tangent, normal, and
binormal vectors, as well as their curvature and torsion functions. Moreover, we establish clear conditions under which these derived curves
qualify as general helices or Salkowski curves. A central result confirms that the property of being a general helix is preserved from the
original curve to its Smarandache counterparts, underscoring a deep geometric connection.

Beyond its theoretical contributions to differential geometry, this work bridges abstract mathematical concepts with practical application. By
meticulously characterizing these curves and their properties, we provide a valuable toolkit for applications requiring sophisticated geometric
modeling, such as advanced CAD systems, motion planning algorithms in robotics, and theoretical models in physics. This study not only
expands the theoretical framework of curve theory but also opens new avenues for future research in more complex geometric spaces.

The structure of this paper is as follows: Section 2 reviews essential preliminary concepts, including the Frenet frame, Smarandache curves,
and integral curves. Section 3 presents our main results, detailing the construction and analysis of the different Smarandache curves from an
integral binormal curve. Section 4 provides illustrative examples with a circular helix. Finally, Section 5 concludes the paper and discusses
potential future work.

2. Preliminaries

This section provides a concise overview of the fundamental concepts required for understanding the geometric properties of curves in
three-dimensional Euclidean space, E>. These concepts include the structure of E? itself, the definition of curves and their parameterization,
the Frenet-Serret frame and its associated equations, the definitions of Smarandache and integral curves, and the specific characteristics of
general helices and Salkowski curves.

The three-dimensional Euclidean space, 3, is the standard geometric setting for our study. It is equipped with the standard Euclidean metric,
which defines the distance between two points Py = (x,y1,z1) and Py = (x3,y2,22) as:

d(P1,Pz) = \/(xz —x1)2+ (2= y1)? + (22 —21)*

The inner product (dot product) of two vectors U = (uy,up,u3) and V = (v1,v,v3) in IE3 is given by:
(U, V) =uyvi +upvy +uzvs.

This inner product allows for the calculation of angles between vectors and the lengths of vectors. The cross product in E3 is defined as:
U XV = (upvs —uzvp,uzvy — ujv3,ujvy —upvy),

yielding a vector orthogonal to both U and V.

A curve in B3 is typically represented as a continuous vector-valued function y: I C R — E3, where I is an interval. The function
(1) = (x(¢),y(t),z(t)) provides the coordinates of points on the curve. A curve is termed regular if its velocity vector, ¥ (t), is non-zero for
all 7 in its domain, ensuring a well-defined tangent direction at every point [?,20,21].

A unit-speed (or arc-length) parameterization is often employed to simplify geometric calculations. A curve is parameterized by arc length s
if || (s)|| = 1 for all 5. The arc length from a fixed point #y to a point 7 is given by:

s = [ 17 @)ldu

For a unit-speed curve ¥(s), the Frenet frame is an orthonormal moving frame consisting of three vectors:

« Tangent Vector: T(s) = 7/(s).
» Normal Vector: N(s HT E‘S;H.
 Binormal Vector: B(s) =

) =
): T
T(s) x N(s).

The evolution of this frame along the curve is governed by the Frenet-Serret equations:

T (s) 0 K(s) T(s)
N'(s)| = | —x(s) 0 T(s)| [N(s)]|, 2.1
B'(s) 0 —t(s) O B(s)

where Kk(s) is the curvature and 7(s) is the torsion. Here the prime (') denotes differentiation with respect to the arc length parameter s.

For a regular curve that is not necessarily parameterized by arc length, the Frenet frame is defined as:

y T
T——'  N=— B=TxN 2.2)
[171] ||T||

The curvature k and torsion 7 are given by:

_ IIV.lel, and 7 BT Z)-
171 177l

(2.3)
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Here the dot (") denotes differentiation with respect to the arbitrary parameter t.
Smarandache curves are defined by taking specific linear combinations of the Frenet frame vectors of a given unit-speed curve (s):

1
= —(T+N), TN-Smarandache curve
M= TN, )
1
s)=—=(T+B), TB-Smarandache curve
Bls)= 5 (T+B) )
1
= —(N+B), NB-Smarandache curve
(6= S(N+B), )
E(s)= % (T+N-+B). (TNB-Smarandache curve)

These curves often exhibit interesting geometric properties that provide new insights into the original curve.
Integral curves are constructed by integrating a vector field related to the original curve. Specifically, for a curve o(s):

e The integral binormal curve is defined as @(s) = [By(s)ds.
* The integral normal curve is defined as ((s) = [Ng/(s)ds.

These curves inherit and transform the geometric properties (like curvature and torsion) of the original curve a(s) [13].
A curve ¥(s) is called a general helix if the ratio of its torsion to its curvature is constant, i.e., = = C for some constant C [12]. A Salkowski
curve is a special type of curve characterized by having constant curvature but non-constant torsion [22].

3. Main Results

In this section, we define the Frenet apparatus of the Smarandache integral curve, curvatures, and torsion of the 7B, TN, NB, and TNB
Smarandache curves of the integral binormal curve. Furthermore, we provide the condition that these integral curves be either a general helix
or a Salkowski curve.

Definition 3.1. [23] Let Y be a curve in E3.We say a curve @(s) is an integral binormal curve (By-integral) of ¥(s) if ®(s) is given by
o(s) = /By ds, By=0'(s). (3.1

Proposition 3.2. [23] If w(s) is a By-integral curve of a curve ¥, Ty, N, B is the Frenet frame of the curve @ and Ty, Ny, By is the Frenet
frame of y. From Equation (3.1), the Tgy,Ng,Bw, Kp and Tg can be written in terms of the curve y as:

Ty =By, No = —Ny, Bo =Ty, Ko =Ty, To=ky.
3.1. The TN-Smarandache curves of the integral binormal curve

We define the Frenet frame and curvatures of the TN-Smarandache curve derived from the integral binormal curve, and provide the condition
that this curve be either a general helix or a Salkowski curve.

Definition 3.3. Ifyis a curve in E 3. The TN-Smarandache curve of the integral binormal curve is defined as:

Qi(s) = \%(Tw +No). (3.2)

Theorem 3.4. Let y(s) be a curve. If Q1 (s) is a TN-Smarandache curve of the integral binormal curve of , then the Frenet vector fields,
the curvature, and the torsion of Q| are given by:

7. _ KTy =Ny~ OBy
P o i A e

: [2 o2
Ky +27y
! /!
T
Nog = — <Kyry(1c$+2r}%) -2y <k—) ) Ty + ((K%—FT}%)(K}%—O—ZT%) — K (kl) )Ny
\/ (k5 +22)11 Y Y
1

/

2,2 2 3( Yy

_ m (r},(rc}, +27,) + K5 (k—y) >By,
Y Y

! !
(1:7 (K%+2r)2,)) Ty+ K5 (%) Ny+ (KY(K%-Q-ZT}Z,) — K5 (%) )BY

BQI == \/ﬁ I
o [om
M (G +2w)d
! !
V2 |:(K%+2’E%)[K§,/Ty— Ty — TyK} (%) |+ 3K2 [y + 7,7 (%) }
o, — (33)

I I
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where

2 2

! /
T T
=1, (ky +2177)° + &y <(kl) > + (Ky(l(}z, +213) - K5 (kl) >
Y Y
Proof. Let Q) be a TN-Smarandache curve of the integral binormal curve of ¥, then by taking the derivatives of Equation (3.2) three times

and using Equation (2.1), we get:

1

/
Q) =5 (lrTy = oy = oyBy),
1 2 .2 2
Qf :ﬁ(@* Tyky) Ty + (g + % — )Ny = (7 +7)By),
1
O =75 (0 + 2130+ 7y = (K7 + 7)) Ty + (= +3(TyTy + Kyk)) + Ty (g + 7)) )Ny + (=77 = 3Ty Ty + Ty(K + 77))By),

therefore we have

1 AW AW
Q) xQf =7 {ry(;c%—i—Zr%)Ty—i— Ky (k—:) Ny+ k(i +275) — K5 (k—Z) By} :

1 AN 7\’
det(Q1,Q1,Q1") =—= | (K +27) (k) 7y — T iy — typ | ) |+ 3 [y +27,55) (2 ) |-
22 ky ky

By Equations (2.2) and (2.3), we can conclude the results.
O

Theorem 3.5. Let Q) be a TN-Smarandache curve of the integral binormal curve of y. If v is a general helix, then Q1 is a general helix.

Proof. Let Q1 be the Smarandache curve of the integral binormal curve of y. Then, according to Equation (3.3), we obtain:

!/ !
2 23 | (12 1 2 2 (7 2 7
(k7 +277)° | (K7 + ) [y Ty — Ty Ky — Ty Ky (kZ) ]+ 35 [Ky iy + Ty 7y (kZ) }

0, _
Kq, e '
. . . . . Ty . . .
by considering that 7y is a general helix, i.e. 18 constant. Consequently, Q; is also a general helix. O

Corollary 3.6. If Q; is a TN-Smarandache curve of the integral binormal curve of y. If Ty and Ky are constants, then L is a Salkowski
curve.

3.2. The T B-Smarandache curve of the integral binormal curve

We define the Frenet apparatus of this curve by applying its Frenet frame and curvatures of the 7B-Smarandache curve of the integral, and
provide the condition that this curve be either a general helix or a Salkowski curve.

Definition 3.7. If y(s) is a curve in E3. The TB-Smarandache curve of the integral binormal curve is defined as:

Qa(s) = %(Tm +Bo). (34

Theorem 3.8. Let y be a curve. If Qj is a T B-Smarandache curve of the integral binormal curve of v, then the Frenet vector fields, the
curvature, and the torsion of Q; are given by:

TQZ = Ny,
—Kny}/+ TyBry
Moy = — s
Ky + 7y
TyTy+ K'yBy
Bg, = 11T

2 ’
2 2
\/ Ky + Ty

2(k5 +17)
- (Ky*f}/)z ’

(3.5)
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Proof. Let Q, be a TB-Smarandache curve of the integral binormal curve of ¥, then by taking the derivatives of Equation (3.4) three times,
and using Equation (2.1), we get:

1
Q) :ﬁ(’fy— Ty)Ny,
1
Q) =% [— Ky (iy — Ty) Ty + (K — Ty )Ny + Ty (Ky — Ty) By,
1
Qy =7 [(— 1 (Ky — Ty) — 20 (i — ) Ty + (i) — Ty ) — (iy — Ty) (i + )Ny + Ty (Ky — Ty) + 27, (i, — 7) By ).

Therefore, we have

1
Q) x Q=5 (Ky = )2 [Ty Ty + KyBy,
det(€2.94.9) =~ 21y )’ (l>
2v2 ky

With Equations (2.2) and (2.3), we can conclude the results.
O

Theorem 3.9. Let Qp be a T B-Smarandache curve of the integral binormal curve of y. If v is a general helix, then Q; is a general helix.

Proof. Let Q) be a T B-Smarandache curve of the integral binormal curve of 7, then according to Equation (3.5), we have:

2 ()
TQ, Y \ ky
=2 =T,

Ko,  (k3+19)2

by considering that y is a general helix and % is constant. Consequently, Q, is also a general helix.
O

Corollary 3.10. If Q; is a T B-Smarandache curve of the integral binormal curve of y. If Ty and Ky are constants, then Q is a Salkowski
curve.

3.3. The NB-Smarandache curves of the integral binormal curve

We define the Frenet apparatus of this curve by applying its Frenet frame and curvatures of the NB-Smarandache curve of the integral, and
provide the condition that this curve be either a general helix or a Salkowski curve.

Definition 3.11. Ifyis a curve in E 3. The NB-Smarandache curve of the integral binormal curve is defined as:

Qs(s) = \%(Nw +Bo). (3.6)

Theorem 3.12. Let ¥(s) be a curve. If Q3 is a NB-Smarandache curve of the integral binormal curve of 7, then the Frenet vector fields, the
curvature, and the torsion of Q3 are given by:

_ KyTy+ kyNy — TyBy

To; [re2 L2
2Ky+f},
_ 1 2222}(2777/ S NN S o (oY
NQ3 - _Ky( K}/""Ty)_ yTY F TY+ (Ky+fy)( Ky"'ry)_’(yr}’ F NY
(2K +77)¢ Y y

!/
T
+ (TYKY(2K$ + T)Z,) — 21(3 (k%) ) By,

!/ /
1 <Ty (23+22) 2 (%) ) Ty (1) Myt (20 + 2308y

Bq, = )
V2 Ve
2¢
Ko, = 1| =55+
@ (2K7 +13)3
i !
V2 {(21(%—%1%)[1(7’,’17— Ky + K <Z—;) |+ 3K [y i)+ Ty 7)) <%) }
To, = (3.7)

where
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Proof. Let Q3 be a NB-Smarandache curve of the integral binormal curve of ¥, then by taking the derivatives of Equation (3.6) three times
and using Equation (2.1), we get:

1
Qs =— (1, Ty + kyNy — T,By),
3 ﬁ( YTy + KyNy — TyBy)
1 2 2, 2
Q4 :ﬁ((ic)’,f K7) Ty + (K + Ty + Ky )Ny + (=T + Tyky)By),
1 2, .2 2, .2 2, .2
- ﬂ([;c{,’ — 3Ky Ky — Ky(Ky + Ty Ty + [k + 3(Ty Ty + Kyky) — Ky (16 + T )Ny + [Ty + 27K} + Ky Ty + Ty (i + T5)|By).

Therefore, we have

1 2, .2 > (Y > (Y 2 | 2
QgXQgZE |:(Ty(2K},+Ty)—Ky kT, Ty+ Ky F N7+(KY(2KY+T)/)> B’J/ )

¥

!/ l

det(Q5, Q% Q’”):L QK2 +12) [kl — Ty + 16 Y vede ().
372837543 22 LA it e G4 yky Yka

By Equations (2.2) and (2.3), we can conclude the results.
O

Theorem 3.13. Let Q3 be a NB-Smarandache curve of the integral binormal curve of y. If v is a general helix, then Q3 is a general helix.

Proof. Let Q3 be a NB-Smarandache curve of the integral binormal curve of ¥, then according to Equation (3.7), we have:

3 3(7T 4 3 301\
{(21«%4—52,)2 |:K)','TY—T§,/KY+ Ky (é) } + 6K 1) (2K7 + T3) 2 (k—;) }

Ty _
K, 02 ’
. . . . . Ty - . .
by considering that y is a general helix, i.e % 1S constant. Consequently, Q3 is also a general helix. O

Corollary 3.14. If Q3 is an NB-Smarandache curve of the integral binormal curve of y. If Ty and Ky are constants, then £23 is a Salkowski
curve.

3.4. The TNB-Smarandache curves of the integral binormal curve

We define the Frenet apparatus of this curve by applying its Frenet frame and curvatures of the 7NB-Smarandache curve of the integral, and
provide the condition that this curve be either a general helix or a Salkowski curve.

Definition 3.15. If v is a curve in E3. The TNB-Smarandache curve of the integral binormal curve is defined as:

1

Theorem 3.16. Let y be a curve. If Q4 is a TNB-Smarandache curve of the integral binormal curve of 7y, then the Frenet vector fields, the
curvature, and the torsion of Q4 are given by:

_ KyTy+ (ky — o)Ny — T4By

T, /0 )

) o\’ AN
No, = \/t(_KY(Ky—‘Cy)Q-F(Ky—ZTy)K}Z, (k—;) Ty+ (15 +77)Q — Ky (Ky + 77) (ki;) Ny

0A

!
T
+ 1y (xy — 79) O + K';(Ty— 2Ky) (k—Z) By),

/ !/ /!
2 (T 2(% 2 (7
{Qw 2(2) } Ty () M+ [QKHY () }By

Bg, = R
Q4 \/X
[3A
KQ4 = @7
V3H
To, = a0 3.9)

where

0= (1 +77) + (ky— 7)°,
N 2 /
T T
A:QZ(K$+T$)+3(K)2, (k—:)) — 20K (Ky + Ty) (é) ,

o\’ 7\’
H= |:Q[K;,/TY—T§,/K7/] +3[Ky i)+ Ty T iy <kia:> +x; (k—:) (ky— Ty) [Q+3(K§,—T§,)H .
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Proof. Let Q4 be a TNB-Smarandache curve of the integral binormal curve of ¥, then by taking the derivatives of Equation (3.8) three times
and using Equation (2.1), we get:

1

Q, :ﬁ(KyTﬁ' (ky — Ty)Ny — TyBy),
1 )
Qf :ﬁ(’(;_ Ky (1y — Ty)) Ty + (K + Ty + K‘;,— r{,)Ny—i— (—1:3',+ Ty (Ky — Ty))By),
1
Q:t" :ﬁ([’(;// _ K';,(K'y— Ty) — 21(],(1(1//— 17;,) — Ky(K}% + ’C%,)}Ty-i- [K‘g,/ — T)/,/ +3(Ty‘5§,+ K'YK';/) - (Ky— Ty)(K')z, + T%)]NY

2, 2
+ [y + Ty (Ky — Ty) +27y(Ky — 7)) + Ty (K5 + 7)) | By),

therefore we have

Q’><Q’—l 7,0 — K2 k4 / T, + k2 k4 /N+ K0 — K2 o / B
4 4_3 Y Y ky Y Y kY Y 14 Y ky Y|

1 7\’ 7\’
det(€},Qf, Q4" =3 0l Ty — T iy + 3y ey + Ty Ty iy (k—:) Ky <k—:> (ky —Ty) [Q+ 3(ky— 1)) |]-
By Equations (2.2) and (2.3), we can conclude the results. O

Theorem 3.17. Let Q4 be a TNB-Smarandache curve of the integral binormal curve of y. If v is a general helix, then Q4 is a general helix.

Proof. Let Q4 be a TNB-Smarandache curve of the integral binormal curve of 7, then according to Equation (3.9), we have:

T, HQ%
Ko, AY
. . . . . ’L'y . . .
By considering that 7 is a general helix, i.e. % 18 constant. Consequently, Q4 is also a general helix. O

Corollary 3.18. If Q4 is a TNB-Smarandache curve of the integral binormal curve of . If Ty and Ky are constants, then Q4 is a Salkowski
curve.

4. Example

Let ¥(s) be a circular helix parameterized by arc length s as in Figure 4.1:

¥(s) = (acos (E) ,asin <§> ,bi) ,
c ¢/’ ¢
where ¢ = va? 4 b2, and a, b are constants.

Curves in E*

— a(s) (Helix)

/ —— w(s) (Integral Binormal)
—— M (s) (TN-Smarandache)

—— a(s) (TB-Smarandache)

15 —— 3(s) (NB-Smarandache)
— Q4(s) (TNB-Smarandache)

Figure 4.1: The curve a(s), the integral binormal curve @(s) and the four types of Smarandache curves

The Frenet Frame {7, N,B} of y(s) is given by:

=70 = (-2 (2) e (5).2),
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By(s) = Ty(s) x Ny(s) = (é sin (E> ,——CO0s <7) ,

c c C C

)

The integral binormal curve ®(s) is defined as:

Then,

The four types of Smarandache curves are
1. TN-Smarandache Curve Q(s):

Q(s) = \%(Tw—f—Nw):

SI-
[ ——
/|\
(@]

]

@

/N
|

~——
I

|

2]

=

=

/N
|
~—
|

2]

2.

=

Y
|

~—
+

o |

(@}

]

7]

/~
|

~—
|

[N
N———
—_

c

2. TB-Smarandache Curve Q) (s):

Q(s) = L(Ta) +Bo) =

V2

(e (8) (). (2) 2o (2)- )]

Sl

3. NB-Smarandache Curve Q3(s):

Q3(s) = \%(Na) +Byp) = % [(—atbsin (2)7 ai—bcos (5)7 b—a)} .

4. TNB-Smarandache Curve Q,(s):

()= 75 Mo ) = g (—eos(2) =2 (3). - (1) + s (1), £57).

5. Conclusion

This study provides a complete geometric characterization of Smarandache curves derived from integral binormal curves in E3. We have
explicitly derived the Frenet apparatus for the TN, TB, NB, and TNB types and established the conditions under which these curves form
general helices or Salkowski curves. A key finding is the inheritance of helical properties from the original curve to its Smarandache
counterparts.

These results extend the theoretical framework of curve theory and offer practical value for applications requiring precise geometric modeling,
such as CAD and path planning in robotics. The work underscores the profound connection between a curve and the geometric objects
constructed from its frame, providing a foundation for future research in more complex spaces.

Article Information

Acknowledgements: The authors would like to express their sincere thanks to the editor and anonymous reviewers for their helpful
comments and suggestions.

Author’s Contributions: Ayman Elsharkawy: Conceptualization, Methodology, Writing - Review & Editing
Clemente Cesarano: Validation, Formal Analysis, Conceptualization, Investigation, Resources
Hasnaa Baizeed: Investigation, Visualization, Software, Data Curation, Writing - Review & Editing

Artificial Intelligence Statement: No artificial intelligence tools were used in the preparation of this manuscript.
Conflict of Interest Disclosure: No potential conflict of interest was declared by the authors.

Plagiarism Statement: This article was scanned by plagiarism detection software.



Universal Journal of Mathematics and Applications 157

References

(1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
(11]
[12]

[13]
[14]

[15]
[16]
(17]
(18]
[19]
[20]
[21]
[22]
(23]

A. Elsharkawy, M. Turan, H. Bozok, Involute-evolute curves with modified orthogonal frame in Galilean space G3, Ukr. Math. J., 76(10) (2024),
1625-1636. https://doi.org/10.1007/s11253-025-02411-5

A. Elsharkawy, A. M. Elshenhab, Mannheim curves and their partner curves in Minkowski 3-space E 3 Demonstratio Math., 55 (2022), 798-811.
https://doi.org/10.1515/dema-2022-0163

A. Elsharkawy, Generalized involute and evolute curves of equiform spacelike curves with a timelike equiform principal normal in E3, J. Egyptian
Math. Soc., 28 (2020), Article ID 26. https://doi.org/10.1186/s42787-020-00086-4

S. P. Chimienti, M. Bencze, Smarandache anti-geometry, Smarandache Notions J., 9(1-3) (1998), 48-52.

A. T. Ali, Special Smarandache curves in the Euclidean space, Int. J. Math. Combin., 2 (2010), 30-36.

M. Turgut, S. Yilmaz, Smarandache curves in Minkowski space-time, Int. J. Math. Combin., 3 (2008), 51-55.

C. Ekici, M. B. Goksel, M. Dede, Smarandache curves according to q-frame in Minkowski 3-space, Conf. Proc. Sci. Technol., 2(2) (2019), 110-118.
O. Bektas, S. Yuce, Special Smarandache curves according to Darboux frame in Euclidean 3-space, Rom. J. Math. Comput. Sci., 3(1) (2013), 48-59.
M. Cetin, Y. Tuncer, M. K. Karacan, Smarandache curves according to Bishop frame in Euclidean 3-space, Gen. Math. Notes, 20(2) (2014), 50-66.

H. K. Elsayied, A. M. Tawfiq, A. Elsharkawy, Special Smarandache curves according to the quasi frame in 4-dimensional Euclidean space E*,
Houston J. Math., 47(2) (2021), 467-482.

S. K. Nurkan, 1. A. Giiven, A new approach for Smarandache curves, Turk. J. Math. Comput. Sci., 14(1) (2022), 155-165. https://doi.org/10.47000/
tjmes. 1004423

M. Barros, General helices and a theorem of Lancret, Proc. Amer. Math. Soc., 125(5) (1997), 1503-1509. https://www.jstor.org/stable/2162098?seq=
1 &cid=pdf

C. Coleman, A certain class of integral curves in 3-space, Ann. of Math., 69(3) (1959), 678—685. https://www.jstor.org/stable/1970031

A. Elsharkawy, H. Baizeed, Some integral curves according to quasi-frame in Euclidean 3-space, Sci. Afr., 27 (2025), Article ID e02583. https:
//doi.org/10.1016/j.sciaf.2025.e02583

1. A. Giiven, Some integral curves with a new frame, Open Math., 18(1) (2020), 1332-1341. https:/doi.org/10.1515/math-2020-0078

M. Diildiil, Integral curves connected with a framed curve in 3-space, Honam Math. J., 45(1) (2023), 130-145.

S. Senyurt, K. Eren, Some Smarandache curves constructed by a spacelike Salkowski curve with timelike principal normal, Punjab Univ. J. Math.,
53(9) (2021), 679-690. https://doi.org/10.52280/pujm.2021.530905

S. Senyurt, K. Eren, Smarandache curves of spacelike anti-Salkowski curve with a spacelike principal normal according to Frenet frame, Glimiishane
Univ. J. Sci., 10(1) (2020), 251-260. https://doi.org/10.17714/gumusfenbil.621363

H. Baizeed, A. Elsharkawy, C. Cesarano, A. A. Ramadan, Smarandache curves for the integral curves with the quasi frame in Euclidean 3-space,
Azerb. J. Math., 15(2) (2025), 219-239. https://doi.org/10.59849/2218-6816.2025.2.219

A. Elsharkawy, H. Elsayied, A. Refaat, Quasi ruled surfaces in Euclidean 3-space, Eur. J. Pure Appl. Math., 18(1) (2025), Article ID 5710.
https://doi.org/10.29020/nybg.ejpam.v18i1.5710

N. Macit, M. Diildiil, Some new associated curves of a Frenet curve in E> and E*, Turk. J. Math., 38(6) (2014), 1023-1037. https://doi.org/10.3906/
mat-1401-85

J. Monterde, Salkowski curves revisited: a family of curves with constant curvature and non-constant torsion, Comput. Aided Geom. Design, 26(3)
(2009), 271-278. https://doi.org/10.1016/j.cagd.2008.10.002

A. Elsharkawy, H. Hamdani, C. Cesarano, N. Elsharkawy, Geometric properties of Smarandache ruled surfaces generated by integral binormal curves
in Euclidean 3-space, Part. Differ. Equ. Appl. Math., 15 (2025), Article ID 101298. https://doi.org/10.1016/j.padiff.2025.101298


https://doi.org/10.1007/s11253-025-02411-5
https://doi.org/10.1515/dema-2022-0163
https://doi.org/10.1186/s42787-020-00086-4
https://doi.org/10.47000/tjmcs.1004423
https://doi.org/10.47000/tjmcs.1004423
https://www.jstor.org/stable/2162098?seq=1&cid=pdf
https://www.jstor.org/stable/2162098?seq=1&cid=pdf
https://www.jstor.org/stable/1970031
https://doi.org/10.1016/j.sciaf.2025.e02583
https://doi.org/10.1016/j.sciaf.2025.e02583
https://doi.org/10.1515/math-2020-0078
https://doi.org/10.52280/pujm.2021.530905
https://doi.org/10.17714/gumusfenbil.621363
https://doi.org/10.59849/2218-6816.2025.2.219
https://doi.org/10.29020/nybg.ejpam.v18i1.5710
https://doi.org/10.3906/mat-1401-85
https://doi.org/10.3906/mat-1401-85
https://doi.org/10.1016/j.cagd.2008.10.002
https://doi.org/10.1016/j.padiff.2025.101298

	Introduction
	Preliminaries
	Main Results
	The TN-Smarandache curves of the integral binormal curve
	The TB-Smarandache curve of the integral binormal curve
	The NB-Smarandache curves of the integral binormal curve
	 The TNB-Smarandache curves of the integral binormal curve

	Example
	Conclusion

