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On the duality of frames and fusion frames
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Abstract

Optimal frame bounds play a key role in many applications of frame
theory, such as filter banks. In this paper, we study the relation between
the bounds of a frame and its alternate dual and then present some
approach to construct a family of Parseval frames. Also, we survey
some problems on duals of fusion frames. In particular, we discuss on
some essential differences between duals of ordinary frames and fusion
frames. Finally, we characterize duals of some fusion frames.
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1. Introduction and preliminaries

Although frames were first introduced by Duffin and Schaeffer in 1952 [12], today they
have been developed rapidly in mathematics and have achieved successful applications
in various areas of pure and applied sciences and engineering (2, 3, 4, 5, 6]. Recently, due
to applications and theoretical goals, some generalizations of frames have been presented
[1,7,14, 18, 19]. Fusion frames are one of the most important extension of frames. In fact,
fusion frames are created to model sensor networks perfectly and provide a mathematical
frame work to design and analyze applications under distributed processing requirements,
which share many properties with discrete frames. However, they are very different in
the duality.
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Let H be a separable Hilbert space and I be a countable index set. A sequence
{fi}ier € H is called a frame for H if there exist the constants 0 < A < B < oo such
that

(1.1) AFIP <D K P <BIFIZ (f €90,
iel

The constants A and B are called frame bounds that are not unique. Supremum of all
lower frame bounds is called the optimal lower frame bound and likewise, the optimal
upper frame bound is defined as the infimum of all upper frame bounds. If A = B, we
call {f;}icr a tight frame, and in the case of A = B =1 we call it a Parseval frame. We
say that {fi}ier is a Bessel sequence whenever in equation of (1.1), the right-hand side
holds. Given a frame F' = {f;}ic1, the frame operator is defined by

Sef = _{f fi)fi-
iel
It is a bounded, invertible, and self-adjoint operator [11]. For a Bessel sequence {f; }icr,
the synthesis operator Tr : 1> — 9 is defined by Tr{c} = Zie[ cifie I {fi}icr is a
frame, then Sp = TrT5 where Th : 5 — 12 the adjoint of T, given by Trf = {(f, f) }ier,
is called the analysis operator. Moreover, the optimal bounds A and B for a frame
F = {fi}ier of H are given by

A= IS 1T =ITEHIT? B=IISFl = ITFI,

where T}, is the pseudo inverse of Tr, see [11].
Since the frame operator is invertible, we can reconstruct vectors in the space by

F=Sp'Sef=> (£,8:"fi)fi»  (fE€H).
iel
The family {S;lfi}iel is also a frame for H, so called the canonical dual frame. In
general, Bessel sequence {g;}icr C H is called an alternate dual or simply a dual for
Bessel sequence {f;}icr if

(1.2) F=>f9)f (€.
iel
There are some characterizations of dual frames [10, 11]. For example there exists a
one-to-one correspondence between duals a frame F' and the left bounded inverses of T.
Also, the following proposition describes a characterization of alternate dual frames.

1.1. Proposition. (2] Let F = {fi}icr be a frame for H and {0;}ic1 the standard
orthonormal basis of £2. Then {gi}Yicr is a dual for { f;}ic1 if and only if g; = S;lfi—&—w*éi
for some operator ¢ € B(H,£?) such that Trip = 0.

The structure of this paper is as follows: In Section 2, we discuss on the relation
between the optimal bounds of a frame and its duals also we present some approaches
for constructing of Parseval frames. Section 3 is devoted to survey some properties of
dual fusion frames and characterizes duals of some fusion frames in Hilbert spaces.

2. Dual frame bounds

The relation between optimal bounds of a frame and its canonical dual is a well known
dependency [11]. In fact, if FF = {fi}ics is a frame for 3 with the optimal bounds A
and B, respectively. The canonical dual {S_l fitier is a frame for H with the optimal
bounds 1/B and 1/A, respectively. In this section, we survey the relationship between
optimal bounds of a frame and its alternate dual.
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2.1. Proposition. Let F = {f;}ic1 be a tight frame with the optimal bound A, and
let {gi}ier be a tight dual of {fi}ier with the optimal bound 1/A. Then {gi}icr is the
canonical dual of F.

Proof. Since {g;}icr is a dual of {fi}icr, by the Proposition 1.1 there exists a mapping
Y € B(H,1?) such that g; = Sp'fi +*8; where {J;}icr is the standard orthonormal
basis of I2. Therefore

S = SUhae = DU SE i+ 0T aN(SE ik v
el el
= Sp' Y ALSEUN i+ Y (L0760 SR i
el 1€l
+ D LSE U+ D (0600 6
el i€l
= P AUTVf = S TS,
It implies that "¢ = 0, i.e ¢ = 0 and so {g; }:er is the canonical dual of F'. O

The following example shows that the condition tightness cannot be removed in the
above proposition.

2.2. Example. Let {e;}icr be an orthonormal basis of Hilbert space H, and also let
{fi}ier = {e1,e1,e2,€2,€3,€4,...}. Then {f;}icr is a frame for H with the optimal bounds
1 and 2, respectively. Its canonical dual is

{S;lfi}iej = {1/261, 1/261, 1/262, 1/282, es, eq, },
with the optimal bounds 1/2 and 1, respectively. Now, it is not difficult to check that

{gi}ier = {1/2e1,1/2€1,0, €2, €3,...} is also an alternate dual frame of {f;}icr with the
same optimal bounds.

Now, we are going to distinct a relation between the bounds of a frame and its alternate
dual, to this end, first we recall the following definition.

2.3. Definition. Suppose that X and Y are Banach spaces and T' € B(X,Y), the
minimum modulus of T is defined as the following
VT) =f{|Tf]: feX, [fl=1}
It is well known that v(7T") > 0 if and only if T is injective and has closed range, see

for instance [16].

2.4. Theorem. Let F = {fi}ic1 be a frame with the optimal bounds A and B. If
G = {gi}ier 1s a dual of F with the optimal bounds C and D then

(2.1) %Jr (v(w)* <0< (H"/’“ + %) ’

1 1 9
. — < < =
(22) <D< +Ivl

where v € B(H,1?) is associated with G given by Proposition 1.1.

Proof. First, we show the lower bound in 2.1,

C = infip=1(Saf. f) = infyip=1(Sr" £, £) + [0 f]?
infis1=1 (S f, £) +infy =1l

= S+ OO

v
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Also, for each f € H,

D Ifgf

S UL SE 98

el €1
< D UESE NP+ DL )P+ 2D [, S aI(f 78
el el el
1/2
< D CUE SR+ wfI1? + 20w f <Z (f, Sglfz->|2> :
el el

Hence

. 1 2
C = infjs <1 ; [(f, 90 < (Hi/fH + ﬁ) :

Moreover, for every dual frame G = {g; }icr of F' by Lemma 5.3.6 of [11] we have

S OULSE <D 90,
el el

so applying the fact that the canonical dual {S;lfi}iej has optimal bounds 1 and %,

we obtain the lower bound in (2.2). Finally, for computing of the upper bound of D,
by using of Proposition 1.1 there exists a bounded operator ¢ such that Try = 0 and
gi = S;lfi + 4*d; for each i € I. Therefore

(Sa f, f) <Z<f, Se'fi+ 97 8:)(Sp' fi +w*5¢),f>

i€l

<SF1 > (Setf ) Fi f> + (W Y f, f)

i€l
(S £, ) + v £,
for each f € H. Now, we obtain
D = |Sal
= supjp<1l(Saf, )l
= supyp<il (Se'f f) + 1o fIP)|

1 2
< .
< S+l

O

2.5. Remark.

(i) However the operator ¢ in Theorem 2.4 may not be injective in general, there are
dual frames for which the corresponding operator 1 is injective and has closed range.
For example, consider H{ = R® with the standard orthonormal basis {e¢}§:1, also let
F ={ei, e, %ez, %62, %63, %63, %63}. Then F is a frame of H, with the canonical
dual

1 1 1 1 1 1 1
S7lF ={Ze ,—€e1, —=e3, —E3, —=Ee3, —e3, —E€3|.
F {2121\/52\/52\/33\/33\/53}

On the other hand, the sequense G = {e1,0,v/2e2,0,v/3es,0,0} is a dual frame of F, and

we have

- 1 1 1 1 2 1 1
e Y LV MRV MV, A
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Since G — S;lF is a frame for H, so ¢ = T5 — T}S;l is an injective operator and has
closed range, i.e., y(v) > 0.

(ii) There are some frames in Hilbert spaces for which there exist dual frames with ar-
bitrary large optimal bounds. For example, let {e;}icr be an orthonormal basis of .
Then F = {e1,0,e2,0,e3,0,...} is a Parseval frame for 3 and the sequence
G = {e1,ne1, ea, neq, ez, nes, ...} is a dual of F, for each n € N. Moreover,

DoUfgd = A +n?)fII* = o0, (n—o00).
iel
The following proposition, for a frame F = {f;}ic1, characterizes all operators U €
B(H), where {Ufi}icr is a Parseval frame. As a particular case, when U = 5;1/2

we obtain the well-known Parseval frame {S;l/2fi}ie[. The proof is obtained by a
straightforward calculation.

2.6. Proposition. Let {fi}icr be a frame for H with the operator frame S, and U €
B(H). Then {U f;}icr is a Parseval frame if and only if USpU™ = L.

In the end of this section we are going to construct a family of Parseval frames from
an alternate dual. In fact let {g;}icr be a dual frame of {f;}icr. Take

W =T& —TrSH".
Then

So=8p' +¢7y.
Hence {(Sz' + ") '/2gi}ier is a Parseval frame. By replacing ¢ with ¢Sr, we can
obtain the following family of Parseval frames as,

{(SF" + SEwrwsi) (S5 i+ SEv") ), (neN).

1€l
3. Fusion frames

In this section, we first briefly recall the basic definitions and notations of fusion
frames. Then we give some results on dual fusion frames. Throughout this section, 7y
denotes the orthogonal projection from H onto a closed subspace V.

3.1. Definition. Let {W;};er be a family of closed subspaces of H and {w;}icr be a
family of weights, i.e. w; > 0,4 € I. Then {(W;,w;)}icr is called a fusion frame for 3 if
there exist the constants 0 < A < B < oo such that
(3.1) AP < D_wlllmw fIIP < BIAIP,  (f €90,
iel

The constants A and B are called fusion frame bounds. If we only have the upper
bound in (3.1) we call {(W;,w;)}icr, a Bessel fusion sequence. A fusion frame is called
tight, if A = B, and Parseval if A = B = 1. Also if w; = w for all ¢ € I, the col-
lection {(W;,w;)}ier is called w-uniform. A fusion frame {(W;,w;)}ier is said to be an
orthonormal fusion basis if H = @,.; Wi. Recall that for each sequence {W;}icr of
closed subspaces in H, the space

Z@Wi = {{fi}iel (fi € Wivz ||f2H2 < OO} )

iel iel

i€l

with the inner product ({fi}ier, {gi}ier) = Y ;c;(fi,9:) is a Hilbert space. For a Bessel
fusion sequence {(Wi,w;)}ier of H, the synthesis operator Tw : ), ., ®W; — I is
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defined by

Tw ({fi}ier) = D> _wifi, ({fz} € Z®WZ> .
iel il
Its adjoint operator Ty, : H — Eie ; ®Wi, which is called the analysis operator, is
obtained by Ty, f = {wimw, f}icr. If {(Wi,wi)}ier is a fusion frame, the fusion frame
operator Sw : H — H defined by Swf = Twilnf = > . wimw, f is a bounded,
invertible as well as positive. A connection between local and global properties is given
in the next result, see [7].

3.2. Theorem. For each i € I, let W; be a closed subspace of H and w; > 0. Also let
{fi.i}ics; be a frame for W; with frame bounds a; and f8; such that

(3.2) 0<a=inficra; < B = supicifi < 00.

Then the following conditions are equivalent.
(2) {(Wi,w;i)}ier is a fusion frame of H with bounds C' and D.
(23) {wsfi,j Yier,jes; is a frame of H with bounds aC and 5D, .

For every fusion frame as {(W;, w;) }ic1, there exist frames {f; ; }jcs, for W, such that
satisfy (3.2), [7]. These frames are called the local frames of {(W;,w;)}icr.
A Bessel fusion sequence {(Vi, v;i) }ier is called a dual of {(Ws,w;)}ier if [13]

(3.3) f=2 wwv Sytaw.f,  (f €30

iel
Every fusion frame W = {(Wi,w;)}ier has a dual as {(S;} Wi, wi)}ier, so called the
canonical dual. Also, it is not difficult to see that a Bessel fusion sequence {(V;,v;) }ier
is a dual of fusion frame {(W;,w;)}ier if and only if Tv duw Ty = Isc, where the bounded

operator ¢y 1 ) ,c; DWi = >, @ Vi is given by
(34)  dvw{fitier) = {mvi Sy’ fiier-

In [15], it is proved that for a fusion frame W = {(W;, w;) }ier with the frame operator
Sw, a Bessel fusion sequence V' = {(V;i,w;)}ier that V; = S;V1W¢ @ U;, is dual of W
in which U; is a closed subspace of H for all i € I. Although, there is no complete
characterization of dual fusion frames.

3.1. Opposite relations between duals of frames and fusion frames. In the
sequel, we present some discussions on duals of fusion frames. In particular, we show
that unlike ordinary frames, there is no one-to-one correspondence between duals of a
fusion frame and the bounded left inverses of its analysis operator. In the following
proposition, we investigate a relation between dual fusion frames and some their local
frames.

3.3. Proposition. Let W = {(W;,w;)}ier be a fusion frame for H and {e;};es be an
orthonormal basis for 3. Then a Bessel sequence V. = {(Vi,v;)}icr is a dual of W if and
only if G = {vimv,e; tier,jes s a dual frame of F = {Wiﬂ'WiS‘;/lej}iel’jeJ. In particular,
W is also a dual of V' if Sw = Sv.

Proof. The result is obtained from the following equalities

—1 —1
E (f,witw, Sy ej)viTy, e = E wiviTv, (Sw mw, f, €5)e;
iel,jeJ iel,jeJ
Z —1
= WiV Ty, SW 7TW1.f.

i€l
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Moreover, since F' is also a dual of G, we have

fo= ) (fumve)wimw,Sy'es
iel,jed
= D wwimw Sy (v foe)e;
i€l,jed
= wamwis;lﬂvif =Tw pw, Ty f,
icl
for each f € J{. This means that W is also a dual of V. O

It is worthwhile to mention that two fusion frames are not dual of each other in general.
As an easy consequence of Proposition 3.3, the result holds if fusion frames are Parseval.

Now, we are going to discuss on some differences between fusion frames and ordinary
frames. First, let {(W;,w;i)}icr be a fusion frame of H and T' € B(H) be an invertible
operator. It is well known that {(TW;,w;)}icr is also a fusion frame of H, see [8].
However, in fusion frames unlike ordinary frames a surjective operator 7' € B(H) may
not preserve Besselian property. The next example shows this fact.

3.4. Example. Let {¢;}ner be an orthonormal basis of H and W; = span{e;}, for all
1 € I. Clearly {(W;,1)} is an orthonormal fusion basis for H. Define

Te, — %61 1 =2m — 1,
E€m 'l = 2m

Then the mapping 7' can be extended to a bounded and surjective linear operator on I,
i.e T € B(H). Also

W, — span{e1} i : 2m — 1,
span{em} i=2m.

Hence, we can easily see that for f = ey
n
> llwrw, flI? = 00, (n— o0),
i=1

ie. {(TW;s,1)} is not a Bessel fusion sequence.

See [17] for more examples. Also, the construction of Parseval fusion frames, which
have a key role in fusion frame theory is different from ordinary frames. More precisely, let
{(W;,w;)}ier be a fusion frame with bounds A and B, we can see that {(S’V_VI/QWZ-7 wi) Yier
is not a Parseval fusion frame, in general. Moreover, there exists some fusion frames for
JH such that for every invertible operator U € B(H), {UW;}icr fails to be a Parseval
fusion frame, see Example 7.6 of [17].

Now, we show that Proposition 1.1 for fusion frames fails. Let W = {(W;,w;)}ier
be a fusion frame with a dual as {(V;,vi)}ier. Then there exists an operator ¥ €
B(H, Ziel @ W;) such that Tw¥ = 0. In fact there exists a bounded operator ¢,
given by (3.4), such that Ty ¢y Ty = Isc. Take

(3.5) U = ¢}, T — Tiy S

Then it is easy to see that ¥ € B(H, >, , @ W;) and Tw ¥ = 0. However, the con-
verse is not true. Indeed, consider Wi = span{(1,1,0)} and W = {0} x R? then
W = {Wi}le is a l-uniform fusion frame for R®. Now let Ty ¥ = 0, then for every
f = (a,b,¢) € R® we have U*T},f = 0 so ¥* {((a+b)/2,(a+b)/2,0),(0,b,¢)} = 0.
This implies that W*{f1, f} = 0, for every {f1,f2} € >.-_, @ W;. Hence the only
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operator ¥ € B(H, Y7, @W;) such that TwW¥ = 0 is ¥ = 0. While, there ex-
ist more than one dual for W, such as V = {S;;) W1 @ span{(0,1/2,1)}, Sy;' W2} and
Z = {Sy W1, Syt Wa @ span{(1,0,3/2)}}, which are l-uniform alternate duals of W.
Hence, unlike discrete frames, the corresponding assertion in Proposition 1.1 for fusion
frames fails. This also shows that there is no one-to-one correspondence between du-
als of a fusion frame and bounded left inverses of Ty,. However, we show that for
the mapping ¥ € B(H, >, ., @ W) such that Tw¥ = 0 we can construct a dual for
F = {w;ifij}ier,jes;, where {fi;}jes; is a local frame for W; for each ¢ € I. Define
Yr : H = 1P by Y f = {cij}tierjes, where {Uf}ier = {3, cijfis}ier and {ci}jeu,
is a unique sequence whose elements represent the components of ¥ f in W,; with mini-
mal I%-norm, see Lemma 5.3.6 of [11]. The mapping ¢ is well defined since {c; ;};cs, is
unique. Thus

Tryrf= Y wicijfi;=» wi(¥f)i=Tw¥f=0.
iel,jed; iel
Therefore, we obtain a dual frame {g; ; }icr,jes; for {wifi;}icr,jcs, by Proposition 1.1.
Hence, characterization of all dual fusion frames is an intricate problem.

3.2. Characterization of duals of some fusion frames. In the following, we try to
characterize duals of some fusion frames in Hilbert spaces. First, we need to the following
lemma.

3.5. Lemma. [9] Let Wi and Ws be closed subspaces of H, and w1, w2 > 0. The following
conditions are equivalent;

() W ={(Wi,w;)}2_y is a Parseval fusion frame for .

(ii) FEither W1 =Wy =X and w?+wi=10rWi L Ws andwis =ws =1

3.6. Theorem. Let W = {(W;,w;)}2_, be a Parseval fusion frame and V = {(V;, vi)}i=4
be a dual of W. Then one of the following conditions are hold:

(i) Vi = Vo =H and wivi + wavg = 1.

(11) V1 1 V2 and WiVl = W2 = 1.

(iii) V1 2 W1, ‘/2 ;) W2 and V1 = V2 = 1.

Proof. Since W is a Parseval fusion frame, therefore by Lemma 3.5 either we have W7 =
Wa = H and w? + w? =1 or we have W1 L W5 and w1 = wo = 1. Now if Wy = Wa = K,
and w} + w3 = 1, then easily we can see that ({V;, \/w;v;}7—) is a Parseval fusion frame
and so we have either (z) or (iz). On the other hand, let W1 L W5, and w1 = w2 = 1. In
this case, for every f € Wi we have vimy, f = f and so Wi C Vi and vy = 1, similarly
Wo C Va and v2 = 1, i.e., (¢2) holds. O

3.7. Theorem. Suppose that W = {(W;,w;)}i2, is a fusion frame for H such that
W1 C Wy C W3 C ..., then a Bessel fusion sequence V = {(Vi,w;)}21 is a dual of W if
and only if V; D S‘},lWi, for all i.

Proof. Let V = {(Vi,w;)}2; be a dual of W. If S;;) Wi is not a subspace of Vi, then
there exists fo € W1 such that Sy fo € Sy Wi\ Vi and so ||mv, Sy fol| < ||Sy" foll- Also

oo oo
Zw?ﬂ'vis‘;/lﬂ'wifo = fo = Zw?saylﬂwtfo.

1=1 =1

Therefore,

oo o0
D willmv S foll* = D willSw foll?,
i=1

i=1
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which is a contradiction. Now let S;V1W1 cV, .., S;VIW]-_l C V;_1 we show that
S W; C V;. Otherwise, as the above there exists an element fo € W, such that
Sy fo € Sy Wi\ V. So we can write

oo o0
> Wiy, Syt fo = wiSy' fo.
i=j i=j
Hence > 2%, wi||mv, Sy foll? = 3502, wi||Sy' foll> which is a contradiction, therefore
Si'W; C V; for all 4.
O

It is worth noticing that, if W = {(W;,w;)}i—; is a fusion frame for H such that
W1 2D Ws D ... O W, then similar to the proof of Theorem 3.7 we can see that a Bessel
fusion sequence V = {(Vj,w;)}i=; is a dual of W if and only if V; D S;V1Wi, for all
1 <i < n. Also, this condition that the weights of dual V' is equal to weights of fusion
frame W is necessary. For example, consider H = (CS, W; = C3 and w; = 1/\/§7 for
each 1 <4 < 3. Clearly W = {(W;,w;)}i—, is a Parseval fusion frame with a dual as
vV ={(Vi, l/i)}?:l, where V4 =C? and Vo = V3 = {0} and v; = V3 for each 1 <4 < 3.
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