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An efficient new class of estimators of population
variance using information on auxiliary attribute
in sample surveys
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Abstract

This paper addresses the problem of estimating the population variance
SZ of the study variate Y when information on an auxiliary attribute
is available. We have suggested a new class of estimators for the pop-
ulation variance Sg using information on an auxiliary attribute. It
has been shown that the proposed class of estimators is more efficient
than those estimators considered by [16], [19] and [23]. The theoretical
findings are well supported through an empirical study.
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1. Introduction

In the theory of sample surveys, it is well known that the suitable use of auxiliary
information provides more efficient estimators of population parameters such as mean or
total and variance of the variable under study. In literature of survey sampling various
authors have proposed estimators of population parameters based on information about
the population parameters of the auxiliary variable. Sometimes, there exist situations
when information is available in the form of auxiliary attribute ¢ which is highly corre-
lated with study variable y. For example (i) y may be the use of drugs and ¢ may be
the gender, (ii) y may be production of a crop and ¢ may be the particular variety, (iii)
y may be the amount of milk produced and ¢ may be a particular breed of cow, (iv) y
may be the yield of wheat crop and ¢ may be the particular variety of wheat; (see, [23],
p.64). In these situations by taking the advantage of point bi-serial (see, [6]) correlation
between the study variable y and the auxiliary attribute ¢, the efficient estimators of
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population parameters under investigation can be formulated. Various authors including
[1], [5], [7], [9], [10], [13], [14], [17], [19] and [20] suggested a number of estimators of the
population mean Y of the study variable y using information on a single auxiliary at-
tribute ¢. [8], [12], [15] and [22] have discussed the problem of estimating the population
mean Y of the study variable y using information on two auxiliary attributes in simple
random sampling.However, in many situations of practical importance, the problem of
estimating the finite population variance SZ of the study variable y also deserves special
attention in presence of auxiliary attribute for instance, see [2], [3], [4], [16], [19] and [23].
Consider a finite population U = (Ui, Us, ...,Un) of size N. Let y; and¢;, (¢ = 1,2,...,N)
be the observations on the study variable y and the auxiliary attribute ¢ respectively.

1, if it" unit processes atrribute ¢;
We note that ¢;=< ’ f ) P ¢
0, otherwise

1 N -
For estimating the population variance S2 = N_1 S (yi — Y)? with population mean
—1.5

_ 1 XN
Y = N > yi, a simple random sample of size n is drawn without replacement from the
i
N n
population U. Let M = > ¢; and m = > ¢; denote the total number of units in the

population and sample res;aectively posses;ing the attribute ¢ . Let the corresponding
population and sample proportion be P = (M/N) and p = (m/n) respectively.

In many situations, in addition to the population proportion P of the auxiliary attribute
¢, various parameters associated with auxiliary attribute such as population variance

1 N . .. .
53 = N1 S (¢ — P)?, coefficient of variation C), = (S,/P) , coefficient of skewness
-3
B1(®) , coefficient of kurtosis 32(¢) and point bi-serial correlation coefficient p,, etc. may
also be known. Utilizing such information [2], [3], [19] and [23] have developed various
estimators of the population variance 5’5 of the study variable y to improve the conven-

1 & 1 &
tional estimators given by [16]. Let s2 = p— > (yi —)® and s}, = p— S (i —p)?
n—1,=1 n—1:=1
be the sample variances corresponding to the population variances Si and Si respec-
. 1
tively, where § = — > y; .
n -

In this paper our main aim is to estimate the unknown population variance 5’5 of the
study variable y by improving the estimators envisaged earlier using information on aux-
iliary attribute ¢ such as st ,Cp , B1(9),B2(¢) and ppp etc. The remaining part of the
paper is organized as follows: In Section 2, a class of estimators of population variance
Si is suggested. In addition, some known and unknown members of the suggested class
of estimators are given in Tablel and Table2 respectively. The expressions of asymptotic
bias and the mean squared error (MSE) of the suggested class of estimators are obtained
in Subsection 2.1. The problem of efficiency comparisons of the suggested class of esti-
mators with some existing estimators has been addressed in Section 3. In Section 4, an
empirical study is carried out in support of the present study. We conclude with a brief
discussion in Section 5.

2. Proposed class of estimators

Taking motivation from [10] and [18] we propose the following class of estimators of
the population variance Sf, as
aS; +b
asy +b) + (1 —a)(aS3 +b)

he(S3 — s3)
S +s2) +2d

@1) = s +wa(SE - Dl Peapl; 5
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where « is a suitable constant,(a # 0, b, ¢ # 0, d) are either real numbers or the functions
of the known parameters of the auxiliary attribute ¢ such as Cp, 51(9), B2(¢), A, ppb, kpp =
ppb(Cp/Cy), where Cy = (S,/Y) and A = (B2(¢) — B1(¢) — 1); (g, h) are constants may
take values between-1to 1 (i.e.—1 < (g, h) < 1), and wy and w2 are the scalars such that
mean squared error of the proposed class of estimators ¢ is minimum. The proposed class
of estimators ‘¢’ includes various known estimators of the population variance which are
listed in Table 1 for various suitable values of (w1, w2, g,h,a,a,b,c,d). Some unknown
members of the suggested class of estimators of the population variance Sg are tabled in
Table 2.

Table 1. Some known members of the proposed class of estimators .

Estimator (Est.) wy | w2 | g| h| « a b cl| d
t1 = s5(= [16] Est. 1 0 |1 1 1 0 - -
ty = s, + b¢(52 —53) [16]Est. 1 [ by [O]O0] - - - -] -
ts = s2 exp(52+52 ) [16] Est. 110 |01 - - - 1]0
SZ+C,
ty = s3( ¢'+c:) [19] Est. 1o |1|0]1 1 G |- -
Sg+B2(9)
ts = 52 %T;w)) [19] Est. 1o |1|0]1 L | Be) | - | -
S5B2(4)+Cp
te = s2 m) [19]Est. 10 | 1[0]| 1 [BAp)| Co | -] -
S5 Cp+B2(0)
tr = s3( ;C;Jrﬁ:(o)) [19] Est. 1 0 |[1]0]1 Cp | Ba(o) | - | -
2
ts = [s2 + bs(S2 — s2)]( SO) [19] Est. 1 by |10 1| 1 0o | -1-
So+32(¢’
to = [} +bo(S3 — sG55 (191 Est. 1 | b |1]0] 1 1| Bale) | - | -
tio = [s2 + by (52 — s2)]( jjg") [19] Est. 1 by |1]0]1 1 ¢, |- -
t = [s2 4 by (82 — %)](fﬁ:"’j) MojBst. | 1 | by |1]0] 1| 1 oo | - | -
52 B2(¢)+Cp

b = [+ bo(S3 — 53)]( 3 ynoest. | 1 b 10| 1 s o |-]-

s +/32(¢)+C
5 Ch+52(¢))

tiz3 = [S -+ b¢(S® — 85 )]( [19]Est. 1 bq5 1 0 1 Cp ﬁg(¢5) - -

52 Cp+P2(9)
tra = [s2 + bs(S2 — 83 )](%) ojEst. | 1 | by [1|0] 1| pwo | C |-]-
s = [ 4+ bs(83 — Doty 9Bt | 1 [ b [ 1|0 | 1 [Bao) | ow | -] -
tis = [52 + by (S2 — 5 )](%) M9Est. | 1 | by [ 10| 1| pw | Ba(@) | - | -
tir = sf,(SQ"CP) M9Est. | 1o |1]lo| 1| 1 C, |- -
ths = s y(ff;:(i;) MojEst. | 1| 0 [1]0| 1| 1 |-Bd)] -] -

SB2(¢)—C,
to =5 (G gnm,)

520, 0

[8]Est. | 1 | 0 [ 10| 1 |B(¢)]| -Cpo |-]-

tao = s3(E222 ) ojEst. | 1] 0 |[1|0] 1] C |-Bale)]| -] -
tor = [52 + by (52 — 53] (ogry M9]Est. | 1 [ by |1|0] 1| a bo| - | -
tos = sy(a(n827ﬁ()"+‘i§:3;(n527m) M9or[23)Est. | 1 | 0 [ 10| a | 7 R R
oz = w si(a(ns2 719()15(‘5:23(7152 5 ) 23]Est. | w1 | 0 | 1|0 | « n -0 -] -
tog = to = sly’ Usual unbiased Est. 1 0 00 - - - - -

where by and (n,19) being constants.



Table 2. Some unknown members of the proposed class of estimators
t for (g, h,a)=(1,1,1).

Estimator a b c d
i = [wis? 52 — 52)|(52) exp| 5% 1 0 1

£ = s} + wa(S3 - 53))(52) exp[g ¢

15 = [wrs? + wa(S2 — 52)] (552 ) ety 1 | ¢ 1| ¢
5 = [wisy +wa(Sy — 55)] 250G, exp[sz_*_S 55, ] » »
. 2 2 2\, 554B2(9) 52_52

t3 = [wlsy + wQ(Sd) - 50})}( 5§:+52(¢) ) EXP[S2+5¢+2[32(¢)] 1 ,Bz(d)) 1 62(¢)
* Sg+p s3

t3 = [wisy + w2 (S5 — Si)}(séﬁrp::)exlﬁ)[suﬁ +;bp b] 1 Ppb 1 Ppb
" 2 2 21, S3CptB2(e) Cp(S3—53)

1 = s + un(83 — NG el ton) | G |50) | G | 6209
B 2 2\, 9382(6)+C. B2 (¢)(S5—s7)

te = [’w18y + wg( ¢ S¢)}( 5%’32(¢‘)+C: ) exp[gz ()(52 +ﬁi)fgop] 62(¢) CP B2 (¢) CP
R B 52 o\1, 52 Cptppb Cp(S2—s2)

t7 = [wisy +w2(S5 — s5)]( S§C:+p:b ) [Cp(52+f2)r2,)l)b] Cp Prpb Cp Prb
. S2 ppb+C, b (S2—52)

ty = [rwlsi + rwz(Si — 63,)]( Sfp:§+C:) [ppbg;+ﬁi)fgcp] Ppb Cp Ppb Cy
. SZppot52(8) Ppb (S5 —s2)

t5 = [wisy +wa(SF — s3)](5F e )EXp[pp,)(s%b+s§)+§gz(¢)] pps | B2(B) | ppe | B2()

s2 ppbt+B2(0)
sgﬂz(¢)+ppb) [ B2(9)(S3—53) ]

tio = [wisy +wa(S3 — 83)] (5 B2(®) T Ppt B2 #) (521004 200 Ba(d) | ppo | B2(B) | ppb
t11 = [wns] + wa(53 — sD)(F?) expl (iii“ggji%ﬁ;ppb} LG (8] o
t5 = w18} + wa(3 — (P22 expl gz risa] Bo) | pw | 1| G
ts = [wns? + wa(52 — sHI(FL2T) expl f;ﬁig;ﬁ,,pb] L B6) | Co | o
1y = [wis] + w2 (S5 — sj,)](sfg:::;p: ) expl gz +S°+;;2<¢)] Cp Ppb 1 B2(9)
tis = [wisy +wa(SF — si)}(szngi))ig:)exp[siffijfppb] Ba(e) | Chp 1 Ppb
tie = [wis? + w2(S5 — si)}(fﬁ:j:)exp[sz iis:ic ] 1 Ppb 1 Cp
tir = [wis} + wa(S3 — (L) explsr it o] b | Co | 1| Ba(e)
tis = w15} + ws(53 — s3] (229 exp[pp;}?gisz o] 1 |86 o | G
tio = lwns? +wa(S3 — SHNFED ) expl T | o [ B200) | G | 2(9)

2.1. Bias and MSE of the proposed class of estimators t. To study the large
sample properties of the suggested class of estimators ¢ in Eq. (2.1) of the population
variance Sﬁ of the study variable y , we define

= S;(1+4eo) and s3 = S5(1+ e1).
such that
E(eo) = E(el) = O
and to the first degree of approximation, ignoring finite population correction (fpc) term
(ie(1—f)=1,f=(n/N)=0), we have
B(eg) = (1/n)(Aao — 1), E(e?) = (1/n)(Xos — 1)

and
E(eoer) = (1/n)(A22 — 1),
here A firs u L g:(y Y) (2 — P)*
w Ts = o —o7ay o Mrs = 5 i~ i ;
(1156°) (1154”) N-14

(r, s) being non- negative integers.
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Expressing Eq.(2.1) in terms ofe’s we have

_ —hToe To€e1 | _
(22)  t=Sjwi(l+eo) —warer)(1+aren) ™ exp{—2— (1+ 1)},
aS3 = 52
_ & _ 5%
where 7 = @sZ4D) (L52+d) and r = 5 -

We assume that |aTel < 1] so that (1 + are1)™ ¢ is expandable .
Expanding the right hand side of Eq.(2.2) we have
t = Sgwi(l+ eo) — warei](1 — agrer + 9(9;1)0427'262 LO{1 - BTger (14 Teey Tt

el (14 mey2 3

= Si[wl(l + eo) — worel](1 — agrer + 2L 0272 — )1 — hmeer (1 — Toer 4y 4
hQTgef o }

8 o 2.2 2_2 2
= S2[wi(1+eo) —warei](1 — agrer + g(gH)a %ed — . ){1- LT 4 hTOel 42 24—}
= S7[wi(1+ eo) — worer](1 — agrer + g<g+1)a27262 {1 = hTOel + h(h+?7061 — ..}

— Sg [wi(1+e0) —warel]{l —agre: + g(g+1)a27262 hfgel + aghTTOel + h<h+2>T°el +...}

: 2

= S2[wi(1+eo) —warei]{1 — (agr + 232 )e1 + {2(ag7' + 22032 4 (2907 + hg) YL — )
Now, multiplying out and neglectlng terms of e’s having power greater than two we

have

2
t22 82 [wi{l—(agr+ 32 )el +e0 — (agr + 3 )eoer + (2(agT + 32)? + (290> + hrg ) L}

—war{er — (OthJrhTO)) 1}]
or

2
(2.3) (t—Si) = Si [wi1{l4+eo—0er —Heoel+(26’2+Zgoz27'2+h7’§)(%)}+w2r{(06% —e1)—1}],

where § = (agr + 32) .
Taking expectation of both sides of Eq.(2.3) we get the bias of ¢ to the first degree of
approximation as

1.1 0
(2.4) B(t) = Sz[wl{l—i-;[1(292+2ga2T2+h7—§)()\04—1)—9()\22 —1)]}+w2(%)(/\04—1)—1}.
Squaring both sides of Eq. (2.3) and neglecting terms of e’s having power greater than

two, we have

(t—S2)° = Sy[1+wi{l+2eo—20e1 +ej —40eoer + {20% + ga 7> +(hT° Vit +wir?ed +
2w war

2
(2.5)  (20€2 —e1 —eper) —2war(0e2 —ey ) —2wi {1+eg—Oe; —Oeger + (202 +2ga27'2+h7'§)(%)}]

Taking expectation of both sides of Eq.(2.5) we get the MSE of the estimator ¢ to the
first degree of approximation as

(26) MSE(t) = 54[1 + U}lAl + 11)2142 —|— 2w1w2A3 — 2w1A4 — 211)2145]

where )

Ar=[14 2{(Aa0 — 1) —40(A22 — 1) + (26 + ga®7% + "20)(Noa — 1)},
Ay = TQ(N:Lzrl)’

Az = Z{20(Nos — 1) — (A2 — 1)},

Ay =[14 2{3(20% + 290*7% + h75)(Aoa — 1) — O(A22 — 1)}],

Ay = 2rQoa—1)

n
Differentiating Eq.(2.6) partially with respect to w1 and w2 and equating to zero, we get



272
the equation:

Ar As| |wi| _ A4
e b Al -]

Solving (2.7) we get the optimum values of wi and w2 respectively as

(2.8) _ (A1A5*A3:Z4) —
w2 = m = wzo(say).

Putting Eq. (2.8) in (2.6) we get the minimum MSE of ‘¢’ as
(2.9)  min.MSE(t) = S;(1 — A),

y
_ (A2A-2A344A45+A, A2)

where A = (A1 As—A2) .

Thus, we established the following theorem.

Theorem 1: To the first degree of approximation,
MSE(t) > Sj(1 — A)
with equality holding if

w1 = Wio,

w2 = wW20.
Special Case: For w1 = 1 andw2 = d in Eq.(2.1) we get the class of estimators for SS
as

I aS;+b 9 [ he(S3 — s3) |

erpl—eg
{a(as] +b) + (1 — a)(aS3 +b)} P (S +s7) +2d
Putting w1 = 1 and wa = d in Eq.(2.4) and (2.6), we get the bias and MSE of ¢(;) to the
first degree of approximation, respectively as

52 -
ﬁ)[{ze“’ + 290’7 + mg}L“4 1)

(2.10) tay = [sy +d(S5 — s3)

(211)  Bl(tw)) = (
and
(2.12) MSE(t1) = Sy[1 + A1 — 2A4 + d° A% — 2d(As — A3)).

- 9()\22 - 1) + d?"@()\04 - 1)}

The MSE(t1) at Eq.(12) is minimum when d = <A5A;A3>

2

@13 = [CVIGE=) - ] = do(say)
where p* = (2T

Thus, the resulting minimum MSE of ¢ is given by

— B 2
(2.14) MSE(t1) = Sy[1 + A1 — 244 — w],

2

S;l *2

(2.15) = (=)Ao = (1 = p™)].
The minimum MSE of ¢ty Eq. (2.14) (or (2.15)) is equal to the minimum MSE of the
difference-type estimator to = [s7 + by (S — s3)]
(2.16) = ta(say)

which is due to [19].
Now, we state the following corollary. Corollary 1: To the first degree of approximation,
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MSE(t)) > S51(Aa0-1)(1—p*?)]
with equality holding if
* s
d=[(5)VGag - 1

3. Efficiency comparisons

To compare the proposed class of estimators ¢ with usual unbiased estimator sg, ratio-
type estimator ¢1 = s;(S3/s2) , exponential ratio-type estimator t3 and difference type
estimator to = s, + by (S5 — s3) = tq (say), we write the MSEs of s and ¢; , and the
minimum mean squared error of ¢z to the first degree of approximation (ignoring finite
population correction (fpc) term) respectively as

G4
(3.1) MSE(s)) = (=5 (Mo — 1),
4

(3.2) MSE(t:) (%)[(m S D)4 (Mot — 1) — 202 — 1)],

(3.3) MSE(ts) = (%)[(/\40 = 1)+ (1/4)(Aoa — 1) — (A22 — 1)],

S5 (Xa2 — 1)2

(3.4) min.MS’E(tz or td) = (Wy)[()um — 1) — }

(o —1)
From Eq. (3.1) and (3.4), we have
(3.5)  MSE(s)) — min.MSE(tq) = (%)%,
(3.6) MSE(t:) — min.MSE(ts) = (%)%7_&12))2
(3.7)  MSE(ts) — min. MSE(ts) = (%‘7)%

It is clear that the expressions Eq.(3.5), (3.6) and (3.7) are positive. Therefore, the
difference-type estimator t4 is more efficient than the usual unbiased estimator si, ratio-
type estimator ¢1and exponential ratio-type estimator t3 .

Now, we compare the proposed class of estimators ¢ with the proposed estimator ¢(;)
whose minimum MSE to the first degree of approximation is equal to the difference
estimator t4.

Thus from Eq.(2.9) and (2.14) (or (3.4)), we have

Sy[A2(A1 — As) — As(As — As))?

Ax(A1As — A2)
which is always positive. It follows from Eq.(3.5) to (3.8) that the proposed class of
estimators ‘¢’ is better than the usual unbiased estimator si , ratio-type estimator ¢; ,
exponential ratio-type estimator t3 , the proposed estimator t(;) and its subclasses of
estimators ¢; (¢ =3 to 23) listed in Table 1 and the difference estimator ¢4 (ortz ). [19]
suggested another class of estimators for the population variance 5'5 as

(3.8)  min.MSE(tn) or ta) =

he(S3 — s3)
(3:9)  tar = syma +ma(SE — Si)]el‘p[wlv

where ¢, d and h are same as defined earlier and ( mi: and my ) are suitable chosen

constants such that MSE of ¢j; is minimum.
To the first degree of approximation (ignoring fpc term), the MSE of ¢as is given by

(3.10) MSE(ta) = Sy[l + miR: + m3Ro + 2mimaRs — 2m1 Ry — 2ma2Rs)
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which is minimized for
_ (RoR4—R3Rs)

mi 2\
(R1{R2—R2)
(3'11) _ (R111353R3%4)
M2 = “(RyRy—R3)
where
Ri=[1+ 2{(A10 — 1) = 2hmo(Aaz — 1) + 2EED 22Ny — 1)},
S4
Ry = -2 (Xos — 1),
S4
Rg = Td)[hTo(Aoz; — 1) — Q(AQQ — 1)],

Ry =14 (52){%52 (Agy — 1) — (A2 — 1)},

2n

52
Rs = =2["70(Aoa — 1) — (A22 — 1)),
_ 53
To = csiﬁ»d'

Putting Eq.(3.11) in (3.10), we get the minimum MSE of ¢as is given by
(3.12)  min.MSE(tar) = Sy(1 — R),
where
R (R2Ri—2R>Rs Ra+R1R3)
- (R1R2—R3) ’
From Eq. (2.9) and (3.12), we have
(3.13)  min.MSE(tar) — min.MSE(t) = Sy(A — R),
which is positive if
(3.14) R<A,
where A and R respectively defined for Eq. (2.9) and (3.12).
Thus, the proposed class of estimators t is more efficient than the class of estimators s
due to [19] as long as the condition Eq. (3.14) is satisfied. Note that if R > A then the
above conclusion will be just the opposite and this is also possible.

4. Empirical Study

To judge the merits of the proposed class of estimators t over other existing estimators,
we have computed the percent relative efficiencies (PREs) of the members of the suggested
class of estimators with respect to the usual unbiased estimator s> by using the formula:

MSE(s3)
min.MSE(t)
For this we use the same data used by [19] given in ([21], p.256). The description of the
study variabley, auxiliary attribute ¢ and required parameters are given below:

y: is the number of villages in the circle,

¢: represents a circle consisting more than five villages;

N=89,n=23, S; = 4.074, S; =0.110, C, =0.601, C}, = 2.678, p,, =0.766,

B2(¢)=6.162, X\22=3.996, Ayo =3.811, Xos =6.162.

We have computed the PREs of the existing estimators and various members of the
proposed class of estimators ¢ with respect to the usual unbiased estimator sf, and findings
are given in Table 3 and Table 4.

We note that the empirical studies carried out in [19] suggest that the performance of
the subclass of estimators:

(4.1)  PRE(t,s)) = x 100.

(35 = 5)
2

(4.2)  tan = si[ml + ma (S5 — si)]exp{m

}
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Table 3. The PREs of various existing estimators of the population
variance 55 with respect to the usual unbiased estimator 572!.

Estimator PRE
to 100.000
™ 141.898
ts 254.270
ty 108.834
ts 103.823
te 155.191
[44 110.306
ti7 91.351
tis 96.214
t19 51.726
t20 89.956
t27 t87 t97 tll, t12, t13, 75147 t15, t16 and t21 262.187
tar 284.570

Table 4. The PREs of the members of the proposed class of estimators
t of the population variance Si with respect to the usual unbiased
estimator s .

Estimator | PRE | RANK | Estimator | PRE | RANK
t 356.62 | XIX th 13011.54 I
[ 3253.05 | X s 2865.64 | XV
5 2856.55 | XVI s 5490.66 vV
t; 5280.32 | VII tha 5368.64 VI
= 3375.65 | IX tis 5879.30 IV
ts 6257.46 | 11 e 6184.06 jini
t 4798.68 | VIIX t, 3003.95 | XII
ty 3083.84 | XI s 2931.79 | XIV
t5 2789.78 | XVI tio 2976.46 | XIII
tTo 1517.02 | XVIII

is better than the rest of the estimators discussed in [19] which may not be true in general.
Therefore, we have tried to find out the members of the proposed class of estimators ¢
which are better than tj;1 and such estimators are listed in Table 4. The estimator is a
member of the [19] class of estimators which can be obtained just by putting (h,c,d) =
(1, 1, 0) in Eq.(3.9).

It is observed from Tables 3 and 4 that the performance of the estimators t; (j =1,
2,..., 19), which are members of the proposed class of estimators ¢, are better than the
estimators ¢; ( ¢ =1, 2,..., 24) and ¢y due to [16], [19] and [23] with larger gain in
efficiency. It is interesting to note that the member ¢7; of the proposed class of estimator
t is the best with largest PRE =13011.54 among the entire estimators discussed in Tables
3 and 4. Thus the estimator t; (j =1, 2,...,19) tabled in Table 2 belonging to the proposed
class of estimators ¢ are to be preferred over existing estimators listed in Table 1. However
this conclusion should not be extrapolated in general, due to limited empirical study.
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5. Conclusion

We have developed a new class of estimators for estimating the population variance
Sj of the study variable y in the presence of auxiliary attribute ¢. It is shown that in
addition to [16], [19] and [23] estimators, many other estimators as indicated in Table 2
are members of the proposed class of estimators. We have obtained the bias and MSE of
the proposed class of estimators ¢ . It has been shown theoretically as well as empirically
that the suggested class of estimators ¢ is better than usual unbiased estimator to = sf,
, usual ratio estimator t1, ratio-type exponential estimatorts , difference-type estimator

tq and various other estimators listed in Table 1.

In the Table 4, we have computed the percent relative efficiencies of the members ¢} (j
=1, 2,..., 19) of the proposed class of estimators ¢ with respect to the usual unbiased
estimator sf, for different values of parameters . It is observed that the estimator ¢7; has
the largest PRE =13011.54 which is very large as compared to the estimator ¢571 (whose
PRE=284.57) reported by [19].Thus there is enough scope of obtaining estimators from
the proposed class of estimators ¢ better than the existing estimators for suitable values
of the scalars involved in the suggested class of estimators t. The major advantage of
the proposed class of estimators ¢ is that it unifies several results at one place. Thus the
proposal of such a class of estimators is justified.

Acknowledgements Authors are thankful to the referees for their valuable sugges-
tions regarding improvement of the paper.
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