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Abstract  Keywords 

This study presents a robust numerical approach for solving the nonlinear Korteweg–

de Vries–Burgers (KdVB) equation using the Cubic Hermite Collocation Method. 

The method employs piecewise cubic Hermite basis functions, which ensure both 

high-order accuracy and smooth derivative continuity across element boundaries. 

These features make the method particularly suitable for problems involving sharp 

gradients or smooth solution profiles. The proposed scheme is rigorously tested on a 

set of benchmark problems to demonstrate its effectiveness in accurately capturing 

the complex interplay between the dispersive and dissipative behavior inherent to the 

KdVB equation. Numerical results which are given with 𝐿2 and 𝐿∞ error norms 

exhibit excellent agreement with known analytical or previously published numerical 

solutions, and confirm the method’s stability, efficiency, and reliability. In addition, 

graphical representations of the numerical solutions are provided to visually illustrate 

the method’s performance. Due to its flexibility, accuracy, and ease of 

implementation, the Cubic Hermite Collocation Method proves to be a promising and 

efficient alternative for the numerical solution of nonlinear PDEs with mixed physical 

effects. 
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1. INTRODUCTION 
 

The Korteweg-de Vries-Burgers (KdVB) equation is a nonlinear partial differential equation that 

combines the key features of both dispersion and dissipation. It is generally expressed as 

                                 𝑢𝑡 + 𝛼𝑢𝑢𝑥 − 𝛽𝑢𝑥𝑥 + 𝛾𝑢𝑥𝑥𝑥 = 0,  𝑎 ≤ 𝑥 ≤ 𝑏                                            (1.1) 

where 𝑢 = 𝑢(𝑥, 𝑡) denotes the unknown function, and 𝛼, 𝛽, 𝛾 are real constants with 𝛼𝛽𝛾 ≠ 0. This 

model arises in various fields of continuum mechanics and applied physics, especially in systems 

characterized by weak nonlinearity and long-wavelength approximations. 

The origin of the KdVB equation can be traced back to the works of Su and Gardner [1], where it was 

introduced to describe the propagation of weakly nonlinear waves in plasmas including electron inertia 

effects. Since then, it has found applications in modeling shallow water wave dynamics, wave 

propagation in viscous or viscoelastic tubes, and the evolution of undular bores. In such contexts, the 

nonlinear advection term 𝑢𝑢𝑥 is counteracted by the competing influences of viscosity 𝑢𝑥𝑥 and 

dispersion 𝑢𝑥𝑥𝑥. 
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The KdVB equation can be viewed as a unification of the Burgers equation (when 𝛾 = 0) and the 

classical Korteweg-de Vries (KdV) equation (when 𝛽 = 0 ), each of which has been extensively studied 

both analytically and numerically. While the Burgers equation was originally proposed to investigate 

turbulence, the KdV equation has served as a fundamental model in the study of nonlinear dispersive 

waves. Their hybrid, the KdVB equation, inherits rich mathematical structures and solution behaviors 

from both. 

A wide array of exact solutions to the KdVB equation has been explored in the literature. These include 

solitary and periodic waveforms expressed in terms of hyperbolic, trigonometric, or elliptic functions, 

derived through methods such as the tanh-method, (𝐺′/𝐺)-expansion, the Riccati equation approach, 

and variable transformations  [2,3,4,5]. Moreover, the superposition method has been utilized to analyze 

the nonlinear behavior described by the equation [6]. 

Various numerical approaches have been proposed in the literature to solve the KdVB equation, 

including a reliable explicit method [7] and the modified variational iteration algorithm [8]. For the 

classical KdV equation, techniques such as the finite volume method [9], homotopy analysis method 

[10] and decomposition method [11] have been effectively employed. Methods such as the Adomian 

Decomposition Method (ADM) [12] and the Variational Iteration Method (VIM) [13] have gained 

attention due to their ability to solve nonlinear problems without resorting to linearization or 

discretization. Additionally, both analytical and numerical strategies for addressing the KdVB equation 

have been extensively studied and reported in several works [14,15,16,17,18]. 

 

In this study, we focus on obtaining numerical solutions of the KdVB equation by employing the Cubic 

Hermite Collocation Method, which offers high accuracy and smooth approximations. The method's 

structure-preserving nature and compatibility with boundary conditions make it a powerful tool for 

solving nonlinear evolution equations like the KdVB [19-33]. Collocation-based techniques have been 

successfully applied to a wide range of nonlinear partial differential equations due to their flexibility, 

accuracy, and ease of implementation [34-42]. 

 

2. THE CUBIC HERMITE COLLOCATION METHOD 

 

In the cubic Hermite collocation method, the domain [𝑎, 𝑏] is divided according to the partition 𝜋: 𝑎 =

𝑥1 < 𝑥2 < ⋯ < 𝑥𝑁+1 = 𝑏, forming a uniform mesh with spacing ℎ = 𝑥𝑗+1 − 𝑥𝑗, by the knots 

𝑥𝑗 (𝑗 = 1,2, … ,𝑁 + 1). The approximate solution 𝑢(𝑥, 𝑡) is expressed using cubic Hermite basis 

functions as follows: 

                                    𝑢(𝑥, 𝑡) = ∑  

𝑁+1

𝑗=1

𝑎𝑗+2𝑘−2(𝑡)𝐻𝑖𝑗                                                                   (2.1) 

where the coefficients 𝑎𝑗(𝑡) are time-dependent and to be determined, 𝑘 represents the number of 

elements, and 𝑖 = 1,2. In each subinterval [𝑥𝑗, 𝑥𝑗+1], the Gauss–Legendre quadrature points 𝜂𝑗,𝑟 of order 

2 are employed as collocation points. These specific points are selected due to their tendency to 

minimize the numerical error [43]. 

 𝜂𝑗,𝑟 = (
𝑥𝑗−1 + 𝑥𝑗

2
) + (−1)𝑟

ℎ𝑗

2√3
,  2 ⩽ 𝑗 ⩽ 𝑛 + 1,  1 ⩽ 𝑟 ⩽ 2                                              (2.2) 
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By taking 𝜆1 =
1

2
(1 −

1

√3
) and 𝜆2 =

1

2
(1 +

1

√3
) (shifted Legendre roots) in Eq. (2.2), we obtain 

𝜂𝑗,1 − 𝑥𝑗

ℎ𝑗
= −𝜆1,

𝜂𝑗,2 − 𝑥𝑗

ℎ𝑗
= −𝜆2

𝜂𝑗,1 − 𝑥𝑗−1

ℎ𝑗
= 𝜆1,

𝜂𝑗,2 − 𝑥𝑗−1

ℎ𝑗
= 𝜆2

}
 

 

                                                                (2.3) 

For Chebyshev polynomial 𝜆1 =
1

2
(1 −

1

√2
) and 𝜆2 =

1

2
(1 +

1

√2
). The cubic Hermite basis functions 𝐻𝑗 

which satisfy the necessary interpolation properties, are defined as follows [44,45]: 

           𝐻2𝑗−1(𝑥) =
1

ℎ3

{
 

 (𝑥 − 𝑥𝑗−1)
2
(3ℎ − 2(𝑥 − 𝑥𝑖−1)); 𝑥 ∈ [𝑥𝑗−1, 𝑥𝑗]

(ℎ − (𝑥 − 𝑥𝑗))
2
(ℎ − 2(𝑥 − 𝑥𝑗)) ; 𝑥 ∈ [𝑥𝑗, 𝑥𝑗+1]

0;  otherwise 

                         (2.4) 

 

𝐻2𝑗(𝑥) =
1

ℎ3

{
 

 −ℎ(𝑥 − 𝑥𝑗−1)
2
(ℎ − 𝑥 − 𝑥𝑗−1); 𝑥 ∈ [𝑥𝑗−1, 𝑥𝑗]

ℎ (ℎ − (𝑥 − 𝑥𝑗))
2
(𝑥 − 𝑥𝑗); 𝑥 ∈ [𝑥𝑗, 𝑥𝑗+1]

0;  otherwise 
𝑗 = 1,2,3,… ,𝑁 + 1.

                                      (2.5) 

In this approach, after the system is discretized, a local coordinate variable  𝜉 is created for each element. 

This variable is defined by the equation ξ = (x − 𝑥𝑘)/h. As a result of this transformation, while the 

global variable x varies in a different range for each element, such as [𝑥𝑘 , 𝑥𝑘+1], the local variable 𝜉 is 

normalized to a standard [0,1] range for all elements. In the final step, the subsequent equations are 

reached via the transformation x =  hξ + 𝑥𝑘. 
 

𝐻1(𝜉) = (1 + 2𝜉)(1 − 𝜉)
2, 𝐻2(𝜉) = 𝜉(1 − 𝜉)

2ℎ

𝐻3(𝜉) = 𝜉
2(3 − 2𝜉), 𝐻4(𝜉) = 𝜉

2(𝜉 − 1)ℎ

𝐴1(𝜉) = 6𝜉
2 − 6𝜉, 𝐴2(𝜉) = (1 − 4𝜉 + 3𝜉

2)ℎ

𝐴3(𝜉) = 6𝜉 − 6𝜉
2, 𝐴4(𝜉) = (3𝜉

2 − 2𝜉)ℎ

𝐵1(𝜉) = 12𝜉 − 6, 𝐵2(𝜉) = (6𝜉 − 4)ℎ

𝐵3(𝜉) = 6 − 12𝜉, 𝐵4(𝜉) = (6𝜉 − 2)ℎ

 

Thus, the trial function over the 𝑘th  element are defined as 

                                                            𝑢𝑁(𝑥, 𝑡) = ∑  𝑁
𝑗=1 𝑎𝑗+2𝑘−2(𝑡)𝐻𝑗𝑖                       

The trial functions with their first and second order derivatives at the collocation points in terms of local 

variable 𝜉 are defined as follows 
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𝑢𝑁(𝜉, 𝑡) =∑  

4

𝑗=1

 𝑎𝑗+2𝑘−2(𝑡)𝐻𝑗(𝜉)

= 𝑎2𝑘−1𝐻1(𝜉) + 𝑎2𝑘𝐻2(𝜉) + 𝑎2𝑘+1𝐻3(𝜉) + 𝑎2𝑘+2𝐻4(𝜉)

𝑢𝑁
′ (𝜉, 𝑡) =

1

ℎ
∑  

4

𝑗=1

 𝑎𝑗+2𝑘−2(𝑡)𝐴𝑗(𝜉)

 =
1

ℎ
[𝑎2𝑘−1𝐴1(𝜉) + 𝑎2𝑘𝐴2(𝜉) + 𝑎2𝑘+1𝐴3(𝜉) + 𝑎2𝑘+2𝐴4(𝜉)]

𝑢𝑁
′′(𝜉, 𝑡) =

1

ℎ2
∑ 

4

𝑗=1

 𝑎𝑗+2𝑘−2(𝑡)𝐵𝑗(𝜉)

 =
1

ℎ2
[𝑎2𝑘−1𝐵1(𝜉) + 𝑎2𝑘𝐵2(𝜉) + 𝑎2𝑘+1𝐵3(𝜉) + 𝑎2𝑘+2𝐵4(𝜉)].

 

Here 𝐴1, 𝐴2, 𝐴3, 𝐴4 ve 𝐵1, 𝐵2, 𝐵3, 𝐵4 represent the first and second derivatives of the Hermite basis 

functions, respectively. By applying Eqs. (2.4) and (2.5) at the nodal points, one obtains the following 

approximate solutions: 

𝑢𝑖  = 𝑢𝑁(𝜉𝑖, 𝑡) = 𝑎2𝑘−1𝐻1𝑖 + 𝑎2𝑘𝐻2𝑖 + 𝑎2𝑘+1𝐻3𝑖 + 𝑎2𝑘+2𝐻4𝑖
ℎ𝑢𝑖

′  = 𝑢𝑁
′ (𝜉𝑖, 𝑡) = 𝑎2𝑘−1𝐴1𝑖 + 𝑎2𝑘𝐴2𝑖 + 𝑎2𝑘+1𝐴3𝑖 + 𝑎2𝑘+2𝐴4𝑖

ℎ2𝑢𝑖
′′  = 𝑢𝑁

′ (𝜉𝑖, 𝑡) = 𝑎2𝑘−1𝐵1𝑖 + 𝑎2𝑘𝐵2𝑖 + 𝑎2𝑘+1𝐵3𝑖 + 𝑎2𝑘+2𝐵4𝑖

 

where 𝐻j𝑖 = 𝐻j(𝜉), 𝐴j𝑖 = 𝐴j(𝜉)and 𝐵j𝑖 = 𝐵j(𝜉) for 𝑖 = 1,2. 

 

In the proposed method, temporal discretization is performed using the forward finite difference scheme, 

followed by spatial discretization through a finite element collocation approach based on cubic Hermite 

B-spline basis functions. These B-splines offer computational efficiency due to their compact support, 

ease of manipulation, and low memory requirements. Additionally, the resulting algebraic systems are 

well-conditioned, stable, and less prone to numerical instabilities, with sparse and banded coefficient 

matrices that are well-suited for efficient digital implementation. 

 

3. IMPLEMENTION OF THE METHOD 

 

To facilitate the implementation of meshless methods, the original equation (1.1) is rewritten by 

introducing an auxiliary variable 𝑢𝑡 = 𝑣 . Substituting this into the original form yields the following 

first-order system: 
         𝑢𝑡 + 𝛼𝑢𝑣 − 𝛽𝑣𝑥 + 𝛾𝑣𝑥𝑥 = 0,

𝑢𝑥 − 𝑣 = 0.
                                                               (3.2) 

System (3.2) is discretized by using a forward difference rule for 𝑢𝑡 and a Crank–Nicolson scheme for 

𝑢 between successive time levels as follows 

𝑢𝑛+1 − 𝑢𝑛

Δ𝑡
+ 𝛼

[(𝑢𝑣)𝑛+1 + (𝑢𝑣)𝑛]

2
− 𝛽 

𝑣𝑥
𝑛+1 + 𝑣𝑥

𝑛

2
+ 𝛾

𝑣𝑥𝑥
𝑛+1 + 𝑣𝑥𝑥

𝑛

2
= 0, 

𝑢𝑥
𝑛+1 + 𝑢𝑥

𝑛

2
−
𝑣𝑛+1 + 𝑣𝑛

2
= 0 

 where 𝑢𝑣 is a nonlinear term and by using Taylor’s formula we obtain its linear form [23],  

 (𝑢𝑣)𝑛+1 = 𝑢𝑛𝑣𝑛+1 + 𝑢𝑛+1𝑣𝑛 − 𝑢𝑛𝑣𝑛. 
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Thus, we get following linearized difference equation by substituting these linear forms: 

2𝑢𝑛+1 + 𝛼Δ𝑡𝑢𝑛+1𝑣𝑛 + 𝛼Δ𝑡𝑢𝑛𝑣𝑛+1 − 𝛽Δ𝑡𝑣𝑥
𝑛+1 + 𝛾Δ𝑡𝑣𝑥𝑥

𝑛+1 = 2𝑢𝑛 + 𝛽Δ𝑡𝑣𝑥
𝑛 − 𝛾Δ𝑡𝑣𝑥𝑥

𝑛 , 

𝑢𝑥
𝑛+1 − 𝑣𝑛+1 = −𝑢𝑥

𝑛 + 𝑣𝑛. 

For each time iteration, by substituting 

 

𝑢(𝑥, 𝑡) = ∑  

𝑁+1

𝑗=1

𝑎𝑗+2𝑘−2(𝑡)𝐻𝑗𝑖,         𝑖 = 1,2.                                                  (3.3) 

and  

𝑣(𝑥, 𝑡) = ∑  

𝑁+1

𝑗=1

𝑏𝑗+2𝑘−2(𝑡)𝐻𝑗𝑖,         𝑖 = 1,2.                                                   (3.4) 

 following form of linear equations system is obtained: 

(2𝐻1𝑖 + αΔ𝑡𝑣
𝑛𝐻1𝑖)𝑎2𝑘−1

𝑛+1 + (2𝐻2𝑖 + 𝛼Δ𝑡𝑣
𝑛𝐻2𝑖)𝑎2𝑘

𝑛+1 + (2𝐻3𝑖 + 𝛼Δ𝑡𝑣
𝑛𝐻3𝑖)𝑎2𝑘+1

𝑛+1

+ (2𝐻4𝑖 + 𝛼Δ𝑡𝑣
𝑛𝐻4𝑖)𝑎2𝑘+2

𝑛+1 + (𝛼Δ𝑡𝑣𝑛𝐻1𝑖 −
𝛽Δ𝑡𝐴1𝑖
ℎ

+
𝛾Δ𝑡𝐵1𝑖
ℎ2

) 𝑏2𝑘−1
𝑛+1

+ (𝛼Δ𝑡𝑣𝑛𝐻2𝑖 −
𝛽Δ𝑡𝐴2𝑖
ℎ

+
𝛾Δ𝑡𝐵2𝑖
ℎ2

) 𝑏2𝑘
𝑛+1 + (𝛼Δ𝑡𝑣𝑛𝐻3𝑖 −

𝛽Δ𝑡𝐴3𝑖
ℎ

+
𝛾Δ𝑡𝐵3𝑖
ℎ2

) 𝑏2𝑘+1
𝑛+1

+ (𝛼Δ𝑡𝑣𝑛𝐻4𝑖 −
𝛽Δ𝑡𝐴4𝑖
ℎ

+
𝛾Δ𝑡𝐵4𝑖
ℎ2

) 𝑏2𝑘+2
𝑛+1

= 2𝐻1𝑖𝑎2𝑘−1
𝑛 + 2𝐻2𝑖𝑎2𝑘

𝑛 + 2𝐻3𝑖𝑎2𝑘+1
𝑛 + 2𝐻4𝑖𝑎2𝑘+2

𝑛 + (
𝛽Δ𝑡𝐴1𝑖
ℎ

−
𝛾Δ𝑡𝐵1𝑖
ℎ2

) 𝑏2𝑘−1
𝑛

+ (
𝛽Δ𝑡𝐴2𝑖
ℎ

−
𝛾Δ𝑡𝐵2𝑖
ℎ2

) 𝑏2𝑘
𝑛 + (

𝛽Δ𝑡𝐴3𝑖
ℎ

−
𝛾Δ𝑡𝐵3𝑖
ℎ2

) 𝑏2𝑘+1
𝑛

+ (
𝛽Δ𝑡𝐴4𝑖
ℎ

−
𝛾Δ𝑡𝐵4𝑖
ℎ2

) 𝑏2𝑘+2
𝑛 ,   

𝐴1𝑖
ℎ
𝑎2𝑘−1
𝑛+1 +

𝐴2𝑖
ℎ
𝑎2𝑘
𝑛+1 +

𝐴3𝑖
ℎ
𝑎2𝑘+1
𝑛+1 +

𝐴4𝑖
ℎ
𝑎2𝑘+2
𝑛+1 −𝐻1𝑖𝑏2𝑘−1

𝑛+1 −𝐻2𝑖𝑏2𝑘
𝑛+1−𝐻3𝑖𝑏2𝑘+1

𝑛+1 −𝐻4𝑖𝑏2𝑘+2
𝑛+1

= −
𝐴1𝑖
ℎ
𝑎2𝑘−1
𝑛 −

𝐴2𝑖
ℎ
𝑎2𝑘
𝑛 −

𝐴3𝑖
ℎ
𝑎2𝑘+1
𝑛 −

𝐴4𝑖
ℎ
𝑎2𝑘+2
𝑛

+𝐻1𝑖𝑏2𝑘−1
𝑛 +𝐻2𝑖𝑏2𝑘

𝑛 +𝐻3𝑖𝑏2𝑘+1
𝑛 +𝐻4𝑖𝑏2𝑘+2

𝑛 ,     𝑖 = 1,2.                                                (3.5) 

The recursive system (𝟑. 𝟓) consists of 𝟒𝐍 equations and 𝟒𝐍 + 𝟒 unknown parameters. By applying 

the boundary conditions, we are able to eliminate the four parameters. This reduction results in a solvable 

𝟒𝑵 × 𝟒𝑵 matrix system, which is given by: 

         𝐋𝐱𝐧+𝟏 = 𝐑𝐱𝐧                                                                           (𝟑. 𝟔) 
where 𝐋 and  𝐑 coefficient matrices and 𝐱𝒏 = (𝐚𝟏

𝐧, 𝐚𝟐
𝐧, . . . , 𝐚𝐍

𝐧 , 𝐛𝟏
𝐧, 𝐛𝟐

𝐧, . . . , 𝐛𝐍
𝐧  )𝐓 are time dependent 

unknown vectors to be determined. In order to start the iterative process, the initial vectors 𝐚𝟎, 𝐛𝟎 are 

needed. These vectors are calculated by the initial condition presented by the governing equation. 
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Figure 1.  Patterns of nonzero elements of banded matrixes L and R. 

 

4. NUMERICAL EXAMPLES  

 

In this section, we solve three examples to check performance of the method. Accuracy of the results 

are computed using the 𝐿2 and 𝐿∞ error norms given by 

𝐿2 = ‖𝑢
exact − 𝑢𝑁‖2 = [Δx∑  

𝑁

𝑗=1

  (𝑢exact − 𝑢𝑁)2]

1/2

(4.1)

𝐿∞ = ‖𝑢exact − 𝑢𝑁‖∞ = max
𝑗
 |𝑢exact − 𝑢𝑁| (4.2)

 

Example 4.1. Consider KdV-Burgers equation (1.1) with 𝜀 = 1 and the initial condition 

𝑢(𝑥, 0) = −
6𝛽2

25γ
[1 + tanh (

𝛽𝑥

10γ
) +

1

2
sech2 (

𝛽𝑥

10γ
)] (4.3) 

The exact solution of Eq. (1.1) having initial condition (5.3) is given by [46] 

𝑢(𝑥, 𝑡) = −
6𝛽2

25γ
[1 + tanh (𝜉) +

1

2
sech2(𝜉)] (4.4) 

where 𝜉 =
𝛽

10γ
(𝑥 +

6𝛽2

25γ
𝑡). To facilitate comparison with certain previous studies, the parameters were 

chosen  𝛼 = 1, 𝛾 = 0.1, ℎ = 0.5, Δ𝑡 = 0.001 and 𝛽 = 0.004, 0.04, 0.1 in Eq. (1.1). We run the 

algorithm in the finite problem interval −20 ≤ 𝑥 ≤ 20 and the time interval 0 ≤ 𝑡 ≤ 10. In Table 1, 

the 𝐿2 results reported in [18] are presented together with those of the current study. Similarly, Table 2 

compares the 𝐿∞ values from studies [18] and [34] with those obtained in this work. The findings 

demonstrate the effectiveness and accuracy of the proposed method. Figure 2 illustrates the solution 

profiles corresponding to various values of 𝛽, while Figure 3 displays the error distributions of the 

solutions obtained using CHCM-L and CHCM-C, respectively, at 𝑡 = 1. As the results from both 

methods are almost the same and cannot be visually distinguished, only one method's results are shown 

in the figure. These graphs clearly indicate that, as the viscosity parameter 𝛽 increases, the solution of 

the KdV-Burgers equation gradually approaches the behavior of the Burgers equation solution.  
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Table 1. The error norm 𝐿2 of numerical solutions of KdVB for 𝛽 = 0.004.  

 𝑡   CHCM-L  CHCM-C MQ[18]  GA[18]  IQ[18] 

 1  7.328e-10 5.883e-10 8.845e-09 5.378e-09 2.574e-07 

 2  7.278e-10 5.883e-10 1.652e-08 3.488e-08 4.982e-07 

 3  7.230e-10 5.846e-10 2.338e-08 1.199e-07 6.709e-07 

 10  7.174e-10 5.932e-10 6.046e-08 3.706e-06 8.858e-07 

 

Table 2. The error norm 𝐿∞ of numerical solutions of KdVB for 𝛽 = 0.004. 

𝑡 CHCM-L CHCM-C EX-B-SPLINE 

(𝜆 = 0)[34] 

EX-B-SPLINE 

(𝜆 = −1.969)[34] 

MQ[18] GA[18] IQ[18] 

1   6.008e-10 4.536e-10 9.441e-11 7.271e-11 6.822e-09 7.913e-09 4.077e-07 

2 5.958e-10 4.546e-10 - - 1.150e-08 5.128e-08 7.475e-07 

3 5.896e-10 4.500e-10 - - 1.485e-08 1.677e-07 9.830e-07 

10 5.461e-10 4.174e-10 1.269e-10 9.509e-11 2.479e-08 3.294e-06   1.270e-06 

 

Table 3. The error norms 𝐿2, 𝐿∞ of numerical solutions of KdVB for 𝛽 = 0.04. 

𝑡 CHCM-L CHCM-C MQ[18] GA[18] IQ[18] 

 𝐿2 𝐿∞ 𝐿2 𝐿∞ 𝐿2 𝐿∞ 𝐿2 𝐿∞ 𝐿2 𝐿∞ 

1 1.910e-06 5.499e-07 1.913e-06 5.477e-07 3.727e-07 2.936e-06 2.865e-06 1.482e-06 2.842e-05  3.925e-05 

2 3.790e-06 6.445e-07 3.805e-06 6.946e-07 2.207e-08 4.204e-06 9.908e-06 8.668e-06 2.251e-04 2.465e-04 

3 5.695e-06 1.091e-06 5.714e-06 1.243e-06 1.928e-06 4.126e-06 2.575e-05 2.665e-05 4.205e-04 3.567e-04 

10 1.909e-05 4.923e-06 1.912e-05 5.086e-06 1.297e-05 5.800e-06 4.084e-04 2.987e-04 1.878e-03 1.669e-03 

 

Table 4. The error norms 𝐿2, 𝐿∞ of numerical solutions of KdVB for 𝛽 = 0.1. 

𝑡 CHCM-L CHCM-C MQ[18] GA[18] IQ[18] 

 𝐿2 𝐿∞ 𝐿2 𝐿∞ 𝐿2 𝐿∞ 𝐿2 𝐿∞ 𝐿2 𝐿∞ 

1 1.470e-04 3.063e-05 1.470e-04 3.062e-05 1.004e-05  1.540e-05 2.564e-05  1.540e-05  1.169e-04   1.314e-04  

2 2.942e-04 6.134e-05 2.942e-04  6.132e-05 1.732e-05 3.076e-05 8.394e-05 6.794e-05 3.476e-04 2.330e-04 

3 4.415e-04 9.212e-05 4.415e-04 9.210e-05 2.874e-05 4.604e-05 1.864e-04 1.622e-04 3.315e-04 1.741e-04 

10 1.475e-03 3.093e-04 1.475e-03 3.093e-04 1.342e-04 1.498e-04 1.058e-03 4.886e-04 1.218e-03 4.436e-04 
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Figure 2. KdVB-type solutions corresponding to different viscosity values (𝛽 = 0.004, 0.04, 0.1) are 

presented from left to right, illustrating that the solution vector of the KdVB equation 

increasingly resembles that of the Burgers equation. 

 
 

Figure 3.  Errors at the time t= 1 for various values of 𝛽 using the CHCM-L and CHCM-C. 

 

Example 4.2. By taking the parameters as 𝛼 = 1, 𝛽 = 0.1 and 𝛾 = 0 in the Eq. (1.1) we get Burgers 

equation 

 

𝑢𝑡 + 𝑢𝑢𝑥 − 𝛽𝑢𝑥𝑥 = 0                                                                    (4.5) 
subject to the initial condition 

𝑢(𝑥, 0) =
{𝛿 + 𝜀 + (𝜀 − 𝛿)𝑒𝜏}

(1 + 𝑒𝜏)
                                                                (4.6) 

 

where 𝜏 = (
𝛿

𝛽
) (𝑥 − 𝜆) and 𝛿, 𝜀, 𝜆, 𝛽.  are the parameters. The exact solution of the above problem is 

given by [46] 

𝑢(𝑥, 𝑡) =
[𝛿 + 𝜀 + (𝜀 − 𝛿)exp (𝜁)]

{1 + exp (𝜁)}
                                                                (4.7) 

 

where 𝜁 = (
𝛿

𝛽
) (𝑥 − 𝜀𝑡 − 𝜆). To ensure consistency with the results presented in [18], the numerical 

parameters are set as 𝛿 = 0.4, 𝜀 = 0.6  and 𝜆 = 0.125,   ℎ = 0.5, Δ𝑡 = 0.001. The CHCM-L method 

demonstrates consistently low and stable errors in both 𝐿2  and 𝐿∞ norms across all time steps, indicating 

reliable accuracy. In contrast, CHCM-C exhibits significantly higher errors, suggesting lower precision 

for this problem. Overall, CHCM-L provides a balanced and stable performance, outperforming CHCM-

C and showing competitive results compared to existing methods, especially in terms of maximum error 

control. Figure 4 shows the solution of the Burgers equation, while Figure 5 presents the error norms 

for the CHCM-L and CHCM-C methods. CHCM-L produces slightly lower errors. 
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Table 5. The error norm 𝐿2 of numerical solutions of Burgers equation. 

𝑡 CHCM-L CHCM-C MQ[18] GA[18] IQ[18] 

0.1 2.495e-05 1.871e-04 1.926e-05 1.338e-05 2.597e-06 

0.3 3.511e-05 4.360e-04 3.979e-05 7.503e-05 1.254e-05 

0.5 4.141e-05 5.907e-04 5.523e-05 2.028e-04 2.865e-05 

0.8 4.662e-05 7.309e-04 7.480e-05 5.464e-04 6.361e-05 

1 4.864e-05 7.891e-04 8.654e-05 8.601e-04 9.321e-05 

 

Table 6. The error norm 𝐿∞ of numerical solutions of Burgers equation. 

𝑡 CHCM-L CHCM-C MQ[18] GA[18] IQ[18] 

0.1 3.780e-05 1.940e-04 1.064e-05    1.220e-03    1.220e-3    

0.3 5.079e-05 4.107e-04 1.292e-05    3.686e-03    3.686e-3    

0.5 6.574e-05 5.579e-04 1.449e-05    6.166e-03    6.166e-3    

0.8 7.001e-05 6.903e-04 2.082e-04    9.956e-03    9.956e-3    

1 5.511e-05 6.938e-04 2.497e-05 1.251e-02 1.251e-2 

 

 
Figure 4.  Solution graph of Burgers equation. 
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Figure 5. Errors at t = 1 for the CHCM-L and CHCM-C, respectively. 

 

 

Example 4.3. If we put the parameters 𝛼 = −6, 𝛽 = 0 and 𝛾 = 1 in Eq. (1.1) we get KdV equation 

 
              𝑢𝑡 − 6𝑢𝑢𝑥 + 𝑢𝑥𝑥𝑥 = 0             (4.8) 

subject to the initial condition 

𝑢(𝑥, 0) = −2sech2(𝑥) (4.9) 
Exact solution [20] of the above problem is given by 

𝑢(𝑥, 𝑡) = −2sech2(𝑥 − 4𝑡) (4.10) 
To ensure consistency with the results presented in [18], we choose ℎ = 0.1, Δ𝑡 = 0.001 as the spatial 

and time steps, respectively. As seen in Table 7, the proposed CHCM-L and CHCM-C methods provide 

consistent and reliable results in comparison to the existing methods. In particular, CHCM-L tends to 

produce the lowest 𝐿2 and 𝐿∞ errors across all time levels. Although CHCM-C is slightly less accurate 

than CHCM-L, it still shows favorable performance, especially at early times. Figure 6 presents both 

the numerical and exact solutions of KdV equation on a single plot, illustrating a very good level of 

agreement. The figure clearly indicates that the solution shifts to the right at a constant speed as time 

progresses. Figure 7 presents the error norms for the CHCM-L and CHCM-C methods. CHCM-L 

produces slightly lower errors. 

 

 

 

Table 7. The error norm 𝐿∞ of numerical solutions of Burgers equation 

𝑡 CHCM-L CHCM-C MQ[18] GA[18] IQ[18] 

 𝐿2 𝐿∞ 𝐿2 𝐿∞ 𝐿2 𝐿∞ 𝐿2 𝐿∞ 𝐿2 𝐿∞ 

0.1 4.358e-05 2.557e-05 1.442e-03 9.111e-04 9.966e-07   2.024e-03   1.152e-05   2.023e-03   6.275e-05   2.024e-03     

1 8.607e-05 6.203e-05 2.549e-03 1.421e-03 1.088e-04   9.855e-04   1.688e-04   9.512e-04   1.077e-03   9.730e-04 

2 1.619e-04 1.042e-04 2.459e-03 1.132e-03 3.405e-04   1.096e-03   2.842e-04   1.194e-03   3.607e-03   1.270e-03   

3 2.393e-04 1.418e-04 2.380e-02 1.688e-02 3.445e-05 9.016e-04 4.844e-04 8.000e-04 1.026e-02 2.688e-03 
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Figure 6. Solution graph of KdV equation. 

 

 

Figure 7. Errors at t = 3 for the CHCM-L and CHCM-C, respectively. 

 

 

5. CONCLUSIONS 

 

In this paper, the Cubic Hermite Collocation Method has been successfully applied to obtain numerical 

solutions of the nonlinear Korteweg–de Vries–Burgers (KdVB) equation. The method demonstrated 

excellent accuracy and stability in capturing the combined effects of nonlinearity, dispersion, and 

dissipation inherent in the equation. Numerical experiments confirm that the proposed scheme 

efficiently handles the boundary conditions and produces smooth approximations with a relatively low 

computational cost. Compared to other numerical techniques reported in the literature, the Cubic 

Hermite Collocation Method offers a flexible and reliable alternative for solving nonlinear evolution 

equations. Furthermore, due to its general formulation, the method shows great potential for extension 

to solve other nonlinear partial differential equations with similar characteristics. 
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