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ON THE BINOMIAL SUMS OF HORADAM SEQUENCE

NAZMIYE YILMAZ AND NECATI TASKARA

ABSTRACT. The main purpose of this paper is to establish some new properties
of Horadam numbers in terms of binomial sums. By that, we can obtain these
special numbers in a new and direct way. Moreover, some connections between
Horadam and generalized Lucas numbers are revealed to get a more strong
result.

1. INTRODUCTION

For a,b, p,q € Z, Horadam [1] considered the sequence W, (a,b ; p,q), shortly
W, which was defined by the recursive equation

(1.1) Wi (a,bs p.q) =pWpo1+qWyo  (n>2),

where initial conditions are Wy = a, W7 =b and n € N.
In equation (1.1), for special choices of a, b, p and g, the following recurrence
relations can be obtained.

e For a =0, b =1, it is obtained generalized Fibonacci numbers:

(1'2) Un =pUpn_1+ qUyp 2.
e For a =2, b= p, it is obtained generalized Lucas numbers:
(1.3) Vo =pVho1+ qViu_o.

e Finally, we should note that choosing suitable values on p, ¢, ¢ and b in
equation (1.1), it is actually obtained others second order sequences such
as Fibonacci, Pell, Jacobsthal, Horadam and etc. (for example, see [16] and
references therein).

Considering [1] (or [4]), one can clearly obtain the characteristic equation of (1.1)
as the form t? — pt — ¢ = 0 with the roots

(1.4) a=PEVP A g g P VP T
. - ! - -
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Hence the Binet formula
(1'5) W, =W, (a»b y by Q) = Aa" + Bﬁnv

boj_“g , B= ‘ff_’ﬁb, can be thought as a solution of the recursive equation

where A =
in (1.1).

The number sequences have been interested by the researchers for a long time.
Recently, there have been so many studies in the literature that concern about
subsequences of Horadam numbers such as Fibonacci, Lucas, Pell and Jacobsthal
numbers. They were widely used in many research areas as Physics, Engineer-
ing, Architecture, Nature and Art (see [1-16]). For example, in [7], Taskara et al.
examined the properties of Lucas numbers with binomial coefficients.

In [3], they also computed the sums of products of the terms of the Lucas se-
quence {Vi,}. In addition in [2], the authors established identities involving sums
of products of binomial coefficients.

And, in [8], we obtained Horadam numbers with positive and negative indices
by using determinants of some special tridiagonal matrices.

In this study, we are mainly interested in some new properties of the binomial
sums of Horadam numbers.

2. MAIN RESULTS

Let us first consider the following lemma which will be needed later in this
section. In fact, this lemma enables us to construct a relation between Horadam
numbers and generalized Lucas numbers by using their subscripts.

Lemma 2.1. [38/For n > 1, we have
(2.1) Wiiti = ViWni — (=)' Whii.

Theorem 2.1. Forn > 2, the following equalities are hold:

n—1
Whivi = V" Wy — (—q)' Z Vin_l_jWij-

j=1
Proof. Let us show this by induction, for n = 2, we can write
Ws; = ViWai — (—q)' Wi

which coincides with equation (2.1). Now, assume that, it is true for all positive
integers m, i.e.

m—1
(2.2) Winigs = V" Wai = (=)' Y V" W
j=1

Then, we need to show that above equality holds for n = m + 1, that is,

(2.3) Wmtnyirt = V" Wai — (=)' >_ V"I W5
j=1



ON THE BINOMIAL SUMS OF HORADAM SEQUENCE 117

By considering the right hand side of equation (2.3), we can expand the summation
as

m m—1
V" Wai — (—q)" Z VTIWy o = VMW — (—q)' Z V"I Wi = (=q) Wi
Jj=1 j=1
m—1 ]
— ‘/1 ‘/inz—lW% 1 Z m Jj— 1 o (7q)1 sz
Jj=1

Then, using equation (2.2), we have

V"W — (—q)" Z VI Wiy = ViWisi — (=)' Wi
j=1
Finally, by considering (2.1), we obtain

VI Wa; — (—q)" Z V"I Wi = Winyira
j=1

which ends up the induction. O

Choosing some suitable values on a, b, p and ¢, one can also obtain the sums of
the well known Fibonacci, Lucas and etc. in terms of the sum in Theorem 2.1.

Corollary 2.1. In Theorem 2.1, for special choices of a, b, p and q, the following
results can be obtained for well-known number sequences in literature.

e For a =0, b =1, it is obtained generalized Fibonacci numbers:
n—1
Uniti = V" Uz — (—q)' D At o
e For a =2, b= p, it is obtained generalized Lucas numbers:
n—1
Viivi = Vi Wy — (—q)’ Z Vinflijvij-

e By choosing other suitable values on a, b, p and ¢, almost all other special
numbers can also be obtained in terms of the sum in Theorem 2.1.

Now, we will show the relation between Horadam numbers and generalized
Lucas numbers using binomial sums as follows.

Theorem 2.2. Forn > 2, the following equalities are satisfied:

2] y Bl IR
(NI, a3 (I g, s odd
i=0 j=0
2] =] A o
(n]J)( 1) V2w, — gla S ("I (-1 VITHET G G s even,
i=o i=0

<.

Whivs =
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Proof. There are two cases of subscript .
Case 1: Let be 7 is odd. Then, by Theorem 2.1, we can write

n—1
Waivi = V"7 "Woi+4' Z VinilijWij
j=1
= VT Wa + VI TPW VT W -+ ¢ Wy
We must note that the proof should be investigated for both cases of n.
If n is odd, then we have

(2.4) Waivi = V"2 (ViWai + ¢'W5) + @'V (ViWa; + W)
++q'V; (VviW(nf?))i + W(n72)i) + qu(nq)i-

Hence, it is given the binomial summation, when the recursive substitutions equa-
tion (2.4) by using (2.1),

n—1 n—1
3 o o 2 —_i—-1 Con 4 s
(25)  Woiri= Y (n ‘J)Vin qIWitqlay (n j )Vin g
° J ° J
j=0 7=0

If n is even, then similar approach can be applied to obtain
Whivi = V72 (ViWsa; + qui) + ¢V (VWi + Way)
+o gV (ViWino2)i + Win—1)i) -

and
n n—2
~ (= 3\ n2j ij o (P =0 = D\ ne2i—1
(2.6) Wni+i:Z( i )VZ ]q”Wi+qlaZ< ; )Vl T g
iz =0

For the final step, we combine (2.5) and (2.6) to see the equality
N
Whiti = Z ( ; j)Vin_QJC]“Wi +¢'a Z ( .7 )V;n—%—lqz]’

=0 =0 J

as required. Now, for the next case, consider
Case 2: Let be 7 is even. Then, by Theorem 2.1, we know

n—1
Waivi = V" "Wa—¢' Z V;nilﬂwij
j=1
— Vvinflwzi _ qivvin72Wi _ qiv;nfi’)W% L qlW(nfl)i
and therefore, we write
2.7
3 o . o i 2 _ _1 . oa ..
Wi = Z (n . ]) (_l)j Vln 2qu]Wi _qzaz (n J ) (_1)J Vln 27 lqw
— \ J — J
J J
if n is odd. And we get
(2.8) B
2 . P R —j—1 P n—2i—1 i
Whiti =) (nj ]> (—1 V"W = gla )y (n j ) (=1 V"2 g

Jj=0 Jj=0
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if n is even. Thus, by combining (2.7) and (2.8), we obtain
L) n—Jj j 2j n-— J—l i n—2i—1 4j
Wi =3 (") (v g qaz( )i,

i=o N/

Hence the result follows. O

Choosing some suitable values on i, a, b, p and ¢, one can also obtain the
binomial sums of the well known Fibonacci, Lucas, Pell, Jacobsthal numbers, etc.
in terms of binomial sums in Theorem 2.2.

Corollary 2.2. In Theorem 2.2, for special choices of i, a, b, p, q, the following
result can be obtained.

e Fori=1,
* For a =0 and b, p, g = 1, Fibonacci number

15] ‘
n—7
Fn+1z< .>a
PN
* For a = 2 and b, p, g = 1, Lucas number
) R
b =3 () 2 ()

§=0 3=0 J
*Fora=0,b=1, p=2and g =1, Pell number
EIPNN
P, = ( , )2"—23.
n=> ("

§=0
*Fora=0,b=1, p=1 and ¢ = 2, Jacobsthal number
P
Jpt1 = 27
A= ("))

§=0
e Fori=2,
* For a =0 and b,p,q = 1, Fibonacci number
TR
Fonto = Z ( , ) (—1)7 3%

i=o » J
* For a = 2 and b, p, g = 1, Lucas number
|2] - ‘ ot i '
L2n+2 _ Z ( ; ]) (_1)3 gntl=2j _ o Z ( .7 ) (_1)] gn—1-2j

J=0

*Fora:07b:1,pz?andqzl,Pellnumber
EI
P2n+2—22( . >(—1)J6n2j.

=0\ J
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* Fora=0,b=1, p=1 and g = 2, Jacobsthal number
I
Jont2 = Z < _ ) (—1)7 27.

i=o N/
e By choosing other suitable values on i, a, b, p and ¢, almost all other special
numbers can also be obtained in terms of the binomial sum in Theorem 2.2.
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