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GROWTH ESTIMATES OF ENTIRE FUNCTIONS WITH THE
HELP OF THEIR RELATIVE L*-TYPES AND RELATIVE L*-
WEAK TYPES

SANJIB KUMAR DATTA AND TANMAY BISWAS

ABSTRACT. In this paper we attempt to prove some results related to the
growth rates of entire functions on the basis of relative L*-type and relative
L*-weak type of an entire function with respect to another entire function.

1. Introduction

Let C be the set of all finite complex numbers. For any entire function f =
>~ apz" defined on C, the function My(r) is defined as

n=0

My (r) = max|f(2)|

|z|=r
To start our paper we just recall the following definitions:

Definition 1. The order py and lower order Ay of an entire function f are defined
as

loglog M

r—00 logr r—00 logr

An entire function for which order and lower order are the same is said to be of
reqular growth. Functions which are not of reqular growth are said to be of irreqular
growth.

Definition 2. The type o; and lower type G5 of an entire function f such that
0 <oy <1 are defined as

log M log M
of = lim sup()gpif(r) and oy = lim infM.

r—00 rtf r—00 ’]"pf
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GROWTH ESTIMATES OF ENTIRE FUNCTIONS 137

Datta and Jha [6] introduced the definition of weak type of an entire function of
finite positive lower order in the following way:

Definition 3. [6] The weak type Ty and the growth indicator Ty of an entire function
f of finite positive lower order Ay are defined by

_ . log My(r) . log My(r)
Ty = TILHQOSUPT and Ty :rlggome'

Let L = L(r) be a positive continuous function increasing slowly i.e., L(ar) ~
L(r) as r — oo for every positive constant a.

Somasundaram and Thamizharasi [9] introduced the notions of L-order and L-
type for entire functions where L = L(r) is a positive continuous function increasing
slowly. The more generalized concept for L-order and L-type for entire functions
are L*-order and L*-type. Their definitions are as follows:

Definition 4. [9] The L*-order pJI:* and the L*-lower order )\f* of an entire function
f are defined as

* loglog M . log log M
o8 = lim sup BIBMIT) i sne gy g 108108 (1)
r—00 log [reX()] r—oo’ log [rel()]

An entire function for which L*-order and L*-lower order are the same is said
to be of reqular L*-growth. Functions which are not of reqular L*-growth are said
to be of irreqular L*-growth.

Definition 5. [9] The L*-type a? and L*-lower type EJL»* of an entire function f
such that 0 < p%* < 1 are defined as

. log M . log M
U]Lc = lim supo(rL)* and 7% = lim info(r)

T—00 [TGL(T)]pf 7—00 [T@L(T)]p%* '

In order to determine the growth of two entire functions of same non zero finite
L*-lower order, one may define the L*-weak type in the following way:

Definition 6. The L*-weak type ch‘* of an entire function f such that0 < )\JLc* < 00
are defined as
« log M
7']Lc — lim inf 22 f(;)*.
T el

Likewise the growth indicator Fjlz*of an entire function f such that 0 < )\]Lc* < 00
can be defined in the following manner :
. log M
?Jé = lim sup e h A f(;)*.
r—00 [TeL(T)} I
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If an entire function g is non-constant then M,(r) is strictly increasing and
continuous and its inverse M, ! : (|g(0)|,— oo exists and is such that

lim M, " = oo
In the line of Somasundaram and Thamizharasi [9] and Bernal [I] one may define
the relative L*-order of an entire function in the following manner :

Definition 7. { [, [7] } The relative L*-order pg* (f ) and relative L*-lower order

)\5* (f ) of an entire function f with respect to another entire function g are defined
as

" log M1 My(r)
_ . L _ . . g
py (f) = lim Supﬁ and Aj (f) = Tlglgolan

In order to determine the relative growth of two entire functions having same
non zero finite relative L*-order with respect to another entire function, one may
define the concept of relative L*-type and relative L*-lower type in the following
manner:

Definition 8. The relative L*-type 0'5*(]0 ) and relative L*-lower type Eé*(f) of

an entire function f with respect to g such that 0 < ng*(f) < 1 are defined as
follows:

. log M1 M (r . log M1 M (r
05 (f) = lim supgg—“f() and 65 (f) = lim inf gg—“f().
7—00 [T‘GL(T)] Py (f) T—00 [TGL(T)] Py (f)
Analogously, in order to determine the relative growth of two entire functions
having same non zero finite relative L*-lower order with respect to another entire
function, one can define the relative L*-weak type in the following way:
Definition 9. The relative L* -weak type 7'5* (f) of an entire function f with respect
to g of finite positive relative L*-lower order /\5*(]”) is defined as:
. log M1 My(r
L (f) = lim inf —o—e S wf( ),
T—00 [reL(T)] g

Similarly the growth indicator Fg* (f) of an entire function f with respect to another

entire function g 0 < Ag*(f) < 1 can be defined in the following manner:
_L*

log M1 M (r)
T = lim su g—*
9 (f) r—00 P [TeL(’")]AQL (f)

In the paper we study some relative growth properties of entire functions with
respect to another entire function on the basis of relative L*-type and relative L*-
weak type. In fact some works on different relative growth indicators have also
been explored by Datta et al {[3], [4]}. We do not explain the standard definitions
and notations in the theory of entire functions as those are available in [10].
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2. SOME EXAMPLES

In this section we present some examples in connection with definitions given in
the previous section.

Example 1. (Order and L* Order) Given any natural number n, let f(z) =
exp(nz). Then Ms(r) = exp(nr). Therefore

log log M log log M
ps = lim sup BIBMIT) g s i g 1081082 ()
el logr r—00 logr
Further we take L(r) = logr ; then

=1.

* * 1
L _ _
Example 2. (Type, Weak type, L* Type and L*weak Type) Let us consider
f(z) = exp(nz) for any natural number n. Then
log M s log M ¢
op = lim sup OB 0T i, — i g 2B
r—00 7"pf r r—00 Tpf r

since py = 1. Similarly

log M log M
Ty = lim infiogx 1(r) - _a and Ty = lim supiog )\f(r) - _n.
7—00 rof r r—00 f r
as Ay = 1. Further if we take L(r) = logr, then p}%* = )\%* = % and therefore we
get that
GJI{ :EJLC*:T? :?Je*:oo.

Example 3. (Relative Order and relative L* Order) Suppose f = g = expz. Therefore

py(f) = Ag(f) = 1.
Further if we take L(r) = logr, then

PE(f) =2 (f) ==,

Example 4. (Relative Type, relative weak type etc.) Suppose f = g =
expz. Therefore

log M, My(r) log M, My(r)

Ug(f)ZTILH;OSUPT:1 andﬁg(f)zrllngoinf —oa D =1,
since p,(f) = 1. Likewise
. log M, ' My(r) _ o log M Mg(r)
74 (f) :TIEEOSUP# =1and 7y (f) = Tll)rgomf# =1,

as Ag(f) = 1.Further if we take L(r) = logr, then pé*(f) = Ag*(f) = 1 and
therefore we obtain that

ol () =T (=" (H=F(H=1L
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3. LEMMAS

First of all let us recall the following theorem due to Datta et al. [2] :
Theorem A Let f and g be any two entire functions such that 0 < )\JI? < pJLc* <
ooand()g)\ggpggoo. Then

)\L* . )\L* L* )\L* L* . L*
L <A (f) < min S0 PE N Cmax {0 BT < p} (<
pg >\g pg >\Q pg

Now From the conclusion of the above theorem, we present the following two
lemmas which will be needed in the sequel.

Lemma 1. ([2]) Let f be an entire function with 0 < )\JI?* < pJLc* < oo and g be an
entire function of regular growth with non zero finite order. Then

. p]Lc* . )\?*
Pé (f)=— andA,? (f) = BV
pg g

Lemma 2. ([2]) Let f be an entire function of regular L*-growth with non zero
finite L*-order and g be an entire function with 0 < Ay < p, < co. Then

. Af . Pk
Y (f)ZT and Ay (f) = ——.
g pg

4. MAIN RESULTS

In this section we state the main results of the paper.

Theorem 1. Let f be an entire function with 0 < )\JLc* < p]%* < 00 and g be an
entire function of reqular growth with non zero finite order. Then

1 [ [
1 o cand [ [
— 0y Sming¢ [=—| ,|——
Og ’ Og Og

1 1 1
—=L* ] pg L™ pq L* 7 2g
o g o g * o 9
< max lf ] ,[f ] Sag (f) < lf ] .

Og Og Og

IN

Proof. Let us consider that (> 0) is arbitrary number. Now from the definitions
of O'I]?* and EJLC* , we have for all sufficiently large values of r that
L

. p
M/(r) <exp (0% +¢) |:T‘6L(T):| s

, (1)

My (r) > exp [(UJLC* —€) [reL(T)}p%*] (2)
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and also for a sequence of values of r tending to infinity, we get that

- s

My (r) > exp (ajfi* —€) [reL(T')rf

L
. p
My(r) <exp (E% +¢) [reL(T)} !

e

141

3)

(4)

Similarly from the definitions of o, and @, it follows for all sufficiently large values

of r that
My(r) < expl(og+e)-7P9]
e, < Mg_1 lexp [(og + &) - 779]]
. _ log r 7
i.e., My 1(7") > [((Ug +6)> 1 ,
My(r) > expl(gg—e)-rPs]
ie,r > M;l [exp[(G, — &) - 779]]

M) < K(O_l;’g_g))]

and for a sequence of values of r tending to infinity, we obtain that

My(r)

1.e.,T

exp [(oqg —€) - 7P9]
My [(og —e) - 7P9]

()"

exp[(7y +) 17

My [exp[(@g +e) - rPa]]

e My (r) > [((Jﬁl)) ;g] .

2
>

e, M7 (r) <

g =

My(r)

i.e.,T

ININA
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Now from and in view of , we get for a sequence of values of r tending to
infinity that

. ok
My '"Me(r) > M;! lexp [(afc —¢€) {reLm} ! H
L* -
* P
log exp {(Uf —¢) [ret ™)™ } !
ie, MM (r) >
g My(r) = )
:( L* ) r ”%*
ok —g)| e -
ie, M Mp(r) > 5 - . {reL(T)] !
I (0g+¢)
1
b, M Mi0)  JloF O} o)
€., = >
rE (0g+¢)
[reL(T)] Pg
As g(> 0) is arbitrary, in view of Lemma [1]it follows that
MIMs(r ok’ %
lim supgifL(*) > | L
r—00 [T@L(T)]pg (f) Og
. ok |7
> | — 10
ieao! (f)_[gg] (10)

Analogously from and in view of ,for a sequence of values of r tending to
infinity we get that

.
_ _ _r* n1Pf
My 'My(r) > M;! lexp [(afc —¢€) {reL( )} H
1
L O
logexp |(@f —¢) [reX("]
e, M ' M >
e My"My(r) - 2 @ +e)
:(7L* ) r ”%*
ok —¢ ;
i.e.,M_le(r) > ji {reL(T)] g
7 (@g+¢)
1
M My (r k" —e)|e
i.e., —2 f(L*) (j ) (11)
it (@ +¢)
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Since (> 0) is arbitrary, we get from above and Lemma (1)) that

. My My(r)
im sup

[T‘GL(T)]pgx(f)

1
—L*7] pg
O‘ g
> | L
Og

(12)

Again in view of @, we have from for all sufficiently large values of r that

My My (r)

IN

-1
M, [exp

* P
(JJI? +e) {re“”} !

* pL,k P
log exp [(JJLC +¢) [rel™])™ }

L*

|

N

i.e., My My (r)

IN

. [(oF +e)]"
M, _(Eg_g)

i.e., M,

"My (r)

Pg

(UJ%* +e)

(@ —¢)

.
°f

: {mur)] T

1
Pg

i.e.,

My le(Z? - [
[reL(T)]PfT

(@g—¢)

(13)

As e(> 0) is arbitrary, in view of Lemma [1| it follows that

lim sup
T—00

[TGL(T)]Pﬁ*(f)

My My(r)

1

L*| pgq

o g
< |
Og



144 SANJIB KUMAR DATTA AND TANMAY BISWAS

Again from (2) and in view of (), we get for all sufficiently large values of 7 that

-
_ _ _L* ~n]Ps
M, "Mp(r) > M, ! lexp [(JJI? —¢) [reL( )} H
L* o
* Pg
) log exp [(af —g) [reL(T)]pf }
e, MM >
b My Miln) 2 (05 +9)
- 4 L L*
—L* P Pf
of —€ g e
i.e.,M;le(r) > M {reL(T)] ho
(0g+¢)
1 [ (=L* 75
M Ms(r of —¢g)|’
i.e., —2 f(L*) > @ ) (15)
o5 (0g+¢)
[TeL(r)] rg L
As e(> 0) is arbitrary, it follows from above and Lemma [I] that
- 1
M M (r k] v
lim inf 97];(*) > I
r—00 [TeL(T)]Pg (f) | 79
L7 79
* o i
ie..of <f>z[ . (16)
Tg

Also in view of , we get from for a sequence of values of r tending to infinity
that

.
My 'Ms(r) < M;l lexp (oJLc* +e) [TeL(T)rf H
1
* pL* Pg
log exp {(cr]% +e) [relM]™ }
e, MM <
rea My M) A
:(UL* _|_5)_ i i
Qe M7 Ms(r) < |L——1 . {Teur)] 7
I (0g—¢)

MMy (r) _ (cr]]?* +€)

i.e., o= < —
[reL(T)] :T - (Ug 5)
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Since (> 0) is arbitrary, we get from Lemma (|1)) and above that

MM (r ok’ 7
im sup gifL() < |25
r—00 [reL(T.)]ﬂg (f) o

ok 7
i.e.,ag*(f)glf] . (18)

Og

Similarly from and in view of @, it follows for a sequence of values of r tending
to infinity that

.
_ _ _L* nN]Pf
M, "Mp(r) < M, ! [exp (JJI? +¢) [reL( )} H
L* -
* Pg
1 log exp |:(J]% +e) [reL(T)]pf }
e, M~ M <
He M f(r) - (69_5)
- 1 L
—L* P °f
of +¢g)|" e
ie, M7TMp(r) < y . {TeL(T)] ho
I (@4 —¢)
M My (r ok 4 o))
e, M MI0) (07 ) (19
2 (@4 —¢)
[reL(T)} Pg
Since ¢(> 0) is arbitrary, we get from Lemma ([I) and above that
1
MM k] ee
lim supgijl(f) < |=L
r—00 [TGL(T)]pg (f) Og
—L* =
ool ()< | 2] 20
it <f>_[0 (20)

g
Thus the theorem follows from , , , , and . O

Theorem 2. Let f be an entire function of reqular L*-growth with non zero finite
L*-order and g be an entire function with 0 < Ay < pg < 00. Then

1 1 1
L* 7 xg L™ Xy [=L"1]%g
T * . T T
[] 21 (f) < min [f] [f]
g

Tg Tg

IN

IA
=)
)
54
| — |
4l
S =
| IS
>
<@
|
‘Q\” il
—_
>
i<}
A\
Q
L
N
—
SN—
IN
S
o
| I
>/‘,_\
L)
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Proof. Suppose (> 0) is arbitrary number. Now from the definitions of ?? and
T]lc‘*, we have for all sufficiently large values of r that

. T
My(r) < exp (?? +e) [reL(T)} ! ,

N AF
My(r) > exp (T}% —e€) [reL(T)} !

T

and also for a sequence of values of r tending to infinity, we get that

- T
My(r) > exp (?]Lc —¢) [reL(T)} ! ,

L
AY

Mg(r) < exp (T}%* +e) [reL(T)}

T

Similarly from the definitions of 7 and 7, it follows for all sufficiently large values
of r that

IN

exp [(Fg +e)- r’\g]
. M, [exp [(Fg +€) - 179]]

e |(E)

My(r)

S
I
=

IN

s
>
v

)

My(r) > exp[(ry—c) ]
ie,r > My " [exp[(1y —¢) 1]
i.e., M, > l((Tg_E)> ]

and for a sequence of values of r tending to infinity, we obtain that
My(r) > exp[(Tq—¢) ~7")‘9] ,

r.e., v > ]\49_1 [eXp [(?g —¢) 'r/\gH

e, M, < l((:;{l)) Alg]

exp [(Tg +e)- r>‘9]
My [exp [(rg +¢) - 177]]

1

1 g

ie, M;1 > <Ogr )g
(Tg+5)

=
=
A

=
o
5
IA
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Now using the same technique of Theorem , one can easily prove the conclusion of
2)

the present theorem by the help of Lemma (|

and the above inequalities. Therefore

the remaining part of the proof of the present theorem is omitted. O

Theorem 3. Let f be an entire function with 0 < )\JLc* < p]%* < 00 and g be an
entire function of reqular growth with non zero finite order. Then

1 1 1
L*7] > L*71 > [=L*7%
i L ~ TP i
S < () < min |z
Tg Tg Tg
1 N N
A RVICD R ES AN Y =L* 7 %9
< -t L <7 < |-
< max y | = STy (f) <
Tg Tg Tg

Theorem 4. Let f be an entire function of reqular L*-growth with with non zero
finite L*-order and g be an entire function with 0 < Ay < p, < co. Then

(1]
2]

(3]

(8]

(9]

1 1 1
L™ ] Pg L™ ] g L™ »pg
oy < L*(f)< . o oy
— S Ty < min — , | —
Og Og Og
a1 W L
< maxq || | <7L(f) < | 2
Og Og Og
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