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ON APPROXIMATION PROPERTIES OF TWO VARIABLES OF
MODIFIED KANTOROVICH-TYPE OPERATORS

MUZEYYEN OZHAVZALI AND ALI OLGUN

ABSTRACT. In the present paper, we introduce certain modification of Szész-
Mirakyan-Kantorovich-type operators in polynomial weighted spaces of con-
tinuous functions of two variables. Then we research some approximation prop-
erties of these operators. We give some inequalities for the operators by means
of the weighted modulus of continuity and also obtain a Voronovskaya-type
theorem. Furthermore, in the paper we show that our operators give bet-
ter degree of approximation of functions belonging to weighted spaces than
classical Szdsz-Mirakyan operators.

1. INTRODUCTION

In 1930, Kantorovich [7] introduced the following operators for f € L [0, 1] and
z € 0,1]:

1x) = (n 3 ) gk fznfkwl s)ds, n : )
Katf) = e DY (1)et (- k/f()d, eN. ()

In many papers various modifications of operators K, (f) were introduced and
many authors studied their approximation properties in different function spaces
(see [, 15, B, (12, (13} (12, [T5} [T8]).

In papers [11 2, 8, 1T, 14, [15] [16] 17, 2T] Szdsz-Mirakyan operators

=\ (nx)*
Sn(f;x)::e’""’”z( )f<7]z>,x€Rg—[0,oo), (1.2)

k!
k=0
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were studied for f € C, where C, with fixed p € Ny := {0,1,2,...} denotes the
polynomial weighted space generated by the weight function

wo (z) =1, wy (x) == (14+2")"", p>1, (1.3)

i.e. the space C,, is the set of all real-valued functions f continuous on Ry for w), f
is uniformly continuous and bounded on Ry. The norm in C), is also defined by

I, = 11 Ol = sup wp () | ()] (1.4)

r€Ro

The degree of approximation of f € C,, by the operators (1.2]) were studied and it
was proved that

lim S, (f;2) = f (2) (15)

for every f € Cp, p € Ny and x € Ry. Moreover, the convergence in (|1.5)) is uniform
on every interval [z1, z3], 2 > x1 > 0.
In [19] Szdsz-Mirakyan-Kantorovich operators were defined as

k

n
0

| f(t)dt (1.6)

T (fi) = ne " i (Z) (n;)’“ /

k=0

for x € Ry, p € Ny and f € L [0,00)(see also some modified analogues of these
operators [3, 6, 10, 15, 21]).

In 2003, Walczak [20] introduced modification of the operators with two
variables. In the paper he considered the space C, 4, associated with the weight
function

wp,q(xay) = wp(m)wq(y)v b, q > 17 (%y) € Rg = RO X R07 (17)

and composed of all real-valued functions f continuous on Ry, for wp 4 f is uniformly
continuous and bounded on R3. The norm on C,, , is defined as

fllpq = Il g = sup wpq(@,y)|f (z,y)]. (1.8)
(z,y)€ER2

Similarly, the modulus of continuity of f € Cp, 4 is defined as usual by the formula

W(f;Cpgit,s) =wpq(z,y) = sup Ansf (5, ¥t 520, (1.9)
0<h<t, 0<6<s
where Ay, sf (2,y) :== f(x + h,y +0) — f (x,y) for (x + h,y+ ) € RZ. In addition
C’;,q is the set of all functions f € C} 4, which whose first partial derivatives belong
also to Cp 4. From (L.9) it follows that

lim w(f;Cpgq;it,s) =0

t,s—0+
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for every f € C,4 and p,q € Ny. In [20] Walczak introduced a modified Szdsz-
Mirakyan operators on C,, , for m, n, r, s € N, « >0 and (z,y) € R3

1
mon (f3 781 062, Y) = s mmn gt g T D7)

(1.10)
(m®z+1)% (n®y+1)2F j+r k+s
x Z Z (F4+r)! (k+s)! f ('mo‘w+17 n“y—i—l) ’
=0 k=0
where
oo "
tr) =S - teR 1.11
s = Y et (111)
k=0
i.e.
r—1
1 1, £
g(ovT):ﬁ;g(tﬂﬁ):F efzﬁ , 6> 0.
7=0

If feCyqyand f(z,y) = fi(x) f2(y), then
Apn ([imssiasz,y) = Ay, (frirsasz) A (f2; 805 9) (1.12)

for all (z,y) € R2 and m, n,r,s € N.

Also he gave the theorems on the degree of approximation of functions from
polynomial and exponential weighted spaces by the operators (1.10)). In his work
degree of these operators for approximation is similar but in some cases it is better
than for aproximation in [19].

The purpose of this paper is to introduce a modified Kantorovich-type of
with two variables and also study convergence properties of the operators for func-
tions on Cp 4 and C2 by using the methods in [6, 20, 21].

2. AUXILIARY RESULTS

In the sequel we shall need several lemmas, which are necessary to prove the main
theorems. Firstly we will give the moments of the operators. For this purpose we
introduce the following class of operators on Cp 4.

Definition 1. Let m,n,r,s € N and p,q € Ny and (m®),(n®) be positive se-
quences such that lim m® = lim n® = oo for a > 0. Then for f € C, ; we define

m— 00 n—0o0

the modified Szdsz-Mirakyan-Kantorovich operators as

Am,n (fir,s,a5m,y) = Am,n (f;2,y) = g((maw+1)2;:;Z((naerl)Q;s)

Jj+r+1 k4s41 (21)
(m®z+1)% (n®y+1)2F n
% Z J+T)' (k+s)! I f mazﬂ, nagTT ) dtdu,
7=0 k=0 %

where (1.11]) holds.
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In this paper we use short notation

g ((m*+1)%7) g (0% + 1*5) = g, () gn,s (y)-
Also, we will denote by My, k = 1,2, ..., the suitable positive constants depending
only on the parameters p,q and 7, s.

It is known that A,, , are positive linear operators acting from Cp 4 to C} 4 a nd
we have

Am,n (1; €T, y) =1 (22)
for p,q € Ry, m,n,r,s € N, > 0 and (x,y) € R3.
Other moments of A, ,(t*;7;s;,y) can be obtained easily for k = 1,2. From

(2.2) and (1.12)) we get the following lemmas:

Lemma 1. Let m,n,r,s € N be fivzed numbers. Then for all (z,y) € R%, f € Cp 4
and o > 0 we have

. . — 1 1 1
Amv" ((t o x) 7 T5 85 ) - me + 2me(mex+1) + me(mex+1)(r—1)gm »(x)’ (23)

m2e 6m2« (mez+1)2(r—1)!gm,r(z)

(2.4)

o 1 _ (mPz4+ 1) (r=D)!1=m** (m%z+1)° + (m®z+1)2(r—1)!
2m2e(mez+1) m2%(mez+1)%(r—1)! m2e(mez+1)* *

Lemma 2. Let m,n,r,s € N be fized numbers. Then there exist 3, ; (r) =ri-t
and 3, ; (s) = 771 depending only j,r,s such that
App (8T + 27T 2, y)

u+1

_ 1 \utl 1 Vi B,y (1)
= ($+W) Z(m"“x+1)2(1*1> (@u,j + sz T (maz+1)2(r—l)!gm)r(z))
j=1

v+1
1 v+1 1 Vi /BVT‘(S)
+ ()" | D (%a‘ e T <nay+1>2<!—1>!gn,5<y>)
j=1

(2.5)
Jorall f € Cpg, >0, 1<j<r,1<j<sand (z,y) € R§. Also 3,1 (.),3,1(.)
and @, i, ¥, ;, V; are positive constants and the others are equal to one.

Lemma 3. Let p,qg € Ny and m,n,r,s € N be fired numbers. Then for given
positive constants Ms, M3 we have

1
‘Amfﬂ < ;T,S;.,.) S Mg, m7n€ N (26)
Wp.q (t,2) P
and for all f € Cp 4 we obtain
[[Amn (f;7,85 -)||p$q < Msl|fll,, m,n€N. (2.7)
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Lemma 4. Let p,q € Ny and m,n,r,s € N be fived numbers. Then for given
positive constants My, Ms we have

2
Amn 7@ —) TS5,
Wp,q (t, 2)

for all f € Cp .

M M
<24+ 2 mneN (2.8)

- m2a n2a’
p,q

The methods used to prove the above Lemmas are similar to modified Szdsz-
Mirakyan operators for f in [14} 15, 20]. Thus their proofs are very obvious.

3. APPROXIMATION BEHAVIOUR OF OPERATORS

Our first main result is the following theorem for approximation behaviour of
A

Theorem 1. Let f € C p ¢ @ >0 bewithp,q € Ng andr,s € N. Then for a given
positive constant Mg we have

1 1
Mo (0 = £l € Mo { i 12l + o 5]} e € N2 30

Proof. Let (z,y) € R2 be a fixed point. Then for f € C
a > 0 we get

1 and (t,z) € R, t >z,

ftz)— f(z,y) /f uzdu+/f z,0) (3.2)

By linearity of A,, ., (3.2) we obtain

t
Am,n (f (t,Z),SL‘,y) —f(flf7y)) = mn <ff u, Z du xT y)

<jf xvdvmy)
y

|t—1’|, (x,y) € R% (33)

From and (| we have

/f; (u, ) dul < ||

_|_

1
P L’p,q (t.2)  wpq(a, ZJ
By (3.3) it follows that

Wp,q (@,9) [Amnf (t,2);2,y) — f (z,y)|

|t—z| |t—z| (3:4)
t—x t—x
< g 9 { e (5275,8) + A (52550))
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for m,n € N. Using the Holder inequality, by Lemmas 1, 3, 4 and ([2.2)) we obtain

1

Apn ([t —zl52,9) < {A ((t —x)*;m, y) } 2 {Aman (12, y)}%

< Mz

— mL! .
Applying for the last inequality by (1.9)), we get

1
P 2

Wp,q (xa y) Am,n (wl‘fq_(ilz) 3 L, y) < {wp,q (xv y) Am,n (%? z, y)}

1
X {Wp,q (z,y) Amn (m ay) } ) (35
< e
for every (z,y) € R% implying
t
na @) [ ([ 1L )| < 120 mne N, (30)

Analogously we have

Wp,q (T,Y)

A (ff; (fc,v)dv;m,y>‘ <Mo|pl| mneN.  (37)
Y

We combine (3.6) and (3.7)) and derive from (3.3) that (3.1) is satisfied.
Now, we compute the rate of convergence of A,,, by means of the weighted
modulus of continuity given by (|1.9). O

Theorem 2. Let f € C, p q and p,q € No, 7,5 € N and o > 0. Then there exists a
positive constant My1 such that

1 1
||Am77l (f;?",s; ) ) - f(ﬂ ')||p’q Sanl <f;0p,q; ma na) ; M,N € N. (38)
Proof. Let fp,s be the Steklov means of function f € C,, , defined by the formula
) h s
fos (,9) %/du/f(x—&-u,y—i-v)dv, (z,y) € R2, h,6 > 0. (3.9)
0 0
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From we get
h
0 / 1
sots @) = (sl (@) = g [ A of (@ uy) du,
0

)
0 /
sodns @) = (), w0) = g [ 08 oy o),
0

which imply f, ; (z,y) € C;’q for every fixed h,d > 0. Also we have

| fh,a *pr’q Sw(f;cp,q§h76)a (3'10)
sl . < 2075 (F5Cpgi 1, 0), (3.11)
()] <2670 (7 Cpaihsd). (3.12)

Hence by the last inequalities we can write
Wpq (T, 9) [(Amn(fi752,9) = f2,9))]

< Wp,q (x’y) {|Am,n (f(tv Z)) - fh,é(ta Z);:Ua y)| + |Am,n (fh,&(t7 Z); m,y) - fh,& (ZE, y)|

+ ‘fh,(s (xay) - f(xvy”} = Ll + L2 +L3
(3.13)
for every m,n € N, h,d > 0 and (z,y) € R3. For L; and L3, by using Lemma 3

and (3.10)), we get
||L1||p,q M12 ||f - fh75||p7q S Mle (f7 Cp,q; h7 5) Y
||L3||p7q w (f;Cpqihy0).

Similarly, by Theorem 1 and (3.11)),(3.12)) we have

Bl < Mia { s sl 4 2 ),

<
<

”"’} (3.14)
< 2My4w (f5Cpogi by 0) (ks + 785) » B0 >0, m,n € N.
Hence, from (3.14)) for (3.13) it follows that

1 1
[Amm (firss,05,) = f (G, < Mis (1 Ty T na5> w (f;Cp.gi hs0) -

Now, for fixed m,n € N, substitution of h = # and § = ni in the last in-

o

equality, we obtain the desired result of (3.8]). This completes the proof of Theorem
2. O

The following corollories are immediate consequences of Theorem 1 and 2.
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Corollary 1. For every fized numbers r,s € N, p,q € Ny and f € Cp, 4, we have

ml'rigooHAm7n (f;r,s;.,.)—f(.,.)||p,q =0. (3.15)

Corollary 2. For every fized numbers r,s € N, p,q € Ny and f € C;,q, we have
A iT, S; = LI 3.16

|| 'm,n(fvrasv-a')_f('a')||p7q_0 ﬁ’nia ( : )

as m,n — oo.
Now we will prove the following Voronovskaya-type theorem.

Theorem 3. Let f € Cz’q be with given p,q € Ny and r,s € N. Then for every
(z,y) € R}

lim n®{A, ., (f;r,s2,y)— f(z,y)} = g o o(x,y) + %f;/y (z,y). (3.17)

n—oo

Proof. Let (x,y) be a fixed point in RZ. Then, by the Taylor formula we can write
P = f(my)+ @) =)+ ) @) -y + 5 { £ ) -2
+212, (@) (L= @) (= = 9) + [, (2.9) (= = y)° }
1
et zzy) {t-o)'+(-p'}

for f € C7 ,, (t,z) € R§ where e (., ;x,y) = ¢ (;.) € C} , is function such that

»q?

lim  e(t,z;z,y) =0.

(t,z)—(zg,v0)

Applying (2.1) to the last equality, we get
Ann (fi2,9) = f(y) = fo(@,y) Aun (8 —2)52,9) + £, (2,9) Ann (2 — y) 57, 9)

+% {f(xvy)gz (:E?y) An,n ((t - x)z vxvy)
+2 a/cly (z,9) Apn((t —2) (2 — y) s 7,9)

Fy (@) Ann((z = 9) 2.9) |

i (2= 0+ =)
I=L1—|—L2+L3—|—L4—|—L5+L5.
From (3.2),(3.3) and Lemma 1, the limit of the Ly, Ly and L, are equal to zero as
n — oo and

lim n“Ly =z, lim n“Ls =y.
n—oo n—oo
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For the right term in the last equation by the Holder inequality we obtain

1 1
L6l < 2{Annle (6,202} {Aun (€= ) + (=) s29) }
By Corollary 1 and properties of € (.,.) we deduce that
lim A, , (52 (t,2);x, y) =% (z,y) =0.

n—oo

From this, the linearity of A,, , and Lemma 1 we have

lim n®A, <\/(t )+ (2 — )k z,y)) — 0.

n—oo

Collecting these results, we immediately obtain the desired result .

In this paper, Theorem 1, 2 and Corollary 2 show that our operator A,, »,m,n €
N, give better degree of approximation of functions f € Cp,, and f € C’;’q than
classical Szasz-Kantorovich operators.
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