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A structure theorem of left regular cyber-groups
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Abstract

An abundant semigroup S is a superabundant semigroup if each H"-
class of S contains an idempotent. We call a superabundant semigroup
a left regular cyber-group if the set of its idempotents forms a left reg-
ular band. After the investigation of the properties of superabundant
semigroups, we establish a structure theorem for the left regular cyber-
groups by using the newly defined left twist product of semigroups.
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1. Introduction

Recall that the generalized Green™ relation £* on a semigroup S is defined by
aL*b if and only if the elements a,b of S are L-related in some oversemigroup of S.
The generalized Green™ relation R* is dually defined, and also the generalized Green”®
relation H* = L* AR*. According to J. B. Fountain [4], we call a semigroup S abundant
if every L*-class and every R*-class of S contains an idempotent. Clearly, all regular
semigroups are abundant and in this case, we see that £L* = £ and R* = R, where
L and R are the usual Green relations on a semigroup S. In [4], J. B. Fountain first
introduced and studied a superabundant semigroup, which is a semigroup S in which
every H*-class of S contains an idempotent. It is easy to see that abundant semigroups
and superabundant semigroups are natural generalizations of regular semigroups and
completely regular semigroups, respectively.
In the theory of regular semigroups the class of completely regular semigroups and
some of its subclasses play a crucial role from the richness of their structures (see Petrich
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and Reilly [9]). In view of the theory of superabundant semigroups, it becomes very
natural to ask to what extent the structure of superabundant semigroups and its special
subclass can be determined by the properties of its idempotents. In particular, we call a
superabundant semigroup whose set of idempotents forms a subsemigroup a cyber-group.
A left cyber-group in the class of abundant semigroups was first studied by X. J. Guo
and K. P. Shum in 2004. A structure theorem of cyber-groups was also established by
Ren and Shum [13].

In this paper, we consider a superabundant semigroup in which the set of all idem-
potents becomes a left regular band, namely the left reqular cyber-group. Thus, a left
regular cyber-group is an analogue for abundant semigroups of left regular orthogroups
in the class of completely regular semigroups. After proving some characterization the-
orems of cyber-groups, we establish a structure theorem of left regular cyber-groups by
using the newly defined left twist product of semigroups. As an application of the above
structure theorem of left regular cyber- groups, we construct a non-trivial example of left
regular cyber-groups.

The readers are referred to the known monographs of J. M. Howie, see ([6],[7]), M.
Petrich and N. Reilly [9] for the notations and terminologies not given in this paper.

2. Preliminaries

We begin with some basic results, which will be frequently used in this paper. Let
S be a semigroup. Firstly, we give an alternative description of £* from [7] and [4].

2.1. Lemma. Let S be a semigroup and a,b € S. Then the following conditions are
equivalent:

(i) al™b;

(i) for all z,y € S*, ax = ay if and only if bz = by.

As a direct consequence of Lemma 2.1, we immediately obtain the following corollary.

2.2. Corollary. Let S be a semigroup, a € S, and e be an idempotent of S. Then the
following conditions are equivalent:

(i) aLl™e;

(ii) ae =a and for all z,y € S, ax = ay implies ex = ey.

It is clear that on any semigroup S we always have £ C £* and also for the regular
elements a,b of S, we have aL*b if and only if aLb. In particular, if S is a regular
semigroup, then we have £* = L.

The dual results for R* also hold in a semigroup S. We use H* to denote the intersec-
tion of the relations £* and R*. The L£*-class containing the element a of a semigroup S
is always denoted by L} or L;(S). In case of ambiguity. The corresponding notation is
adopted for the classes of the other relations.

Assume that S is an abundant semigroup and a is an element of S. Then we denote
an arbitrary idempotent of L} and R} by a* and a™, respectively. In particular, if S
is a superabundant semigroup, then it is clear that every H*-class of S is a cancellative
monoid and so, for any a € S, the identity of H; which is the H*-class contains the
element a is denoted by a®.

We call a semigroup S a semilattice Y of semigroups So(a € Y) if there exists an
epimorphism ¢ of S onto the semilattice Y with ap™! = S, (e € Y). In this case, we
usually write S = (Y Sa).
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Let T be a cancellative monoid. Let I and A be a left zero band and a right zero
band, respectively. Then we call the direct product I x T x A of T, I and A a rectangular
monoid; The direct products I x T and T x A are also called a left rectangular monoid
and a right rectangular monoid, respectively.

In view of the results given by Ren and Shum in [13], we give below a description for
the cyber-groups in the following lemma.

2.3. Lemma. "3 A semigroup S is a cyber-group if and only if S is a semilattice ¥
of rectangular monoids So = I X To X Aa (o € Y) such that for any o € Y and
a = (i,x,)) € Sa, we have aF{*(S)a’, where a® = (i,eq,A) and e, is the identity of a

cancellative monoid T,.

At the end of this section, we recall an interesting subclass of cyber-groups (super-
abundant semigroups), namely, the C-a semigroups. The following statements on C-a
semigroups is directly taken from [3] and [13].

2.4. Lemma. Let S be an adequate semigroup with semilattice of idempotents E(S).
Then the following conditions are equivalent:

(i) each H*-class of S contains an idempotent;
(ii) E is central in S;
(iii) for all elements a of S, a* =a™;
(iv) L* =R =H";
(v) S is a strong semilattice of cancellative monoids.
An adequate semigroup satisfying one of the above conditions is said to be a C-a
semigroup. It is easy to see that a semigroup S is a C-a semigroup if and only if S is

superabundant and E is central in S. Clearly, a C-a semigroup is a natural generalization
for abundant semigroups of a Clifford semigroup.

3. Definitions and characterization theorems

In this section, we concentrate on some special subclases of superabundant semi-
groups. We first recall the following notation for some of varieties of bands.

SL semilattices Ty = yr
LRB left regular bands Ty = xYx
RLB right regular bans YT = TYT

We formulate the following basic definition.

3.1. Definition. A superabundant semigroup S is called a left (right) regular cyber-
group if the set of its idempotents forms a left (right) regular band.

It is easy to see that a left (right) regular orthogroup in the class of completely regular
semigroups is a left( right) regular cyber-group and so a left (right) regular cyber-group
is a natural generalization of a left (right) regular orthogroup in the class of regular
semigroups for abundant semigroups. A characterization theorem of a left regular cyber-
group is given below:

3.1. Theorem. A semigroup S is a left regular cyber-group if and only if S satisfies the
following conditions:
(i) S is a semilattice Y of left rectangular monoids So = In X Ta (0 € Y);
(ii) For all @ € Y and a = (i,2) € Sa, aF*(S)a’, where a® = (i,e4) and e, is the
identity of the cancellative monoid Ty;
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(iii) For any a°,b° € E(S), a®b° = a°t°a°.

Proof. By using Lemma 2.3 and noting the fact that if F(S) is a left regular band
then every S, given in Lemma 2.3 becomes a left rectangular monoid, that is, S, =
I x To (o €Y), the proof follows directly by using a similar argument as described in
Lemma 2.3 (in detail, see [13]). O

Following the notation in Section 2, and using Lemma 2.3 and Theorem 4.3 in [13],
we now express a superabundant semigroup or a cyber-group S by S = (Y;Sa).
A fundamental property of cyber-groups can be easily observed in the following lemma.

3.2. Lemma. Let S = (Y;S.) be a cyber-group. Let o, 8 € Y be such that a < 3.
Then E(S.) is a rectangular band and for any a,b € Sy, e € E(Sg), we have aeb = ab.

Proof. Tt is evident from Lemma 2.3 that EF(S,) is a rectangular band for every o € Y.
Suppose that a,b € S, and e € F(Sg). Again by Lemma 2.3, it is clear that a’c € E(Sq).
Because E(Sa.) is a rectangular band, we immediately have ab = a(a’b°)b = a(a’ - a’e -

b)b = a(a’eb®)b = aeb. O

4. Structure of left regular cyber-groups

In this section, we establish a structure theorem of left regular cyber-groups.
We use the notation A, to denote the inner left translation on a semigroup S deter-
mined by a € S and we use the symbol End (S) to denote the semigroup of endomor-
phisms of a semigroup S operating on left, respectively.

Let Y be a semilattice. Let T'= [Y'; T,; 0a,5] be a strongly semilattice of cancellative
monoids Tu(a € Y), that is, T' is a C-a semigroup. Now, let [ = [J ., I« be a semilattice
decomposition of a left regular band so that I is decomposed into some left zero bands
I, for each a € Y. Now we form the direct product S, = I, X T, and assume that
1o € Io. Define

o:T — End (I)

by t — o+ to be the mapping satisfying the following conditions:

(C1) Forallt € T, and B €Y, 0¢(I3) C ILup;

(C2) 0ey = A1, Where (1a,e€q) is a given element of S, for each a € Y

(C3) For all s € To,t € T, i € Iap, AiTs0t = AiOst;

(C4) For all (i,a) € Sa, (j,s) € S, and (k,t) € S3, if i0a(j) = ioa(k) and as = at,
then we have io.,, (j) = ioe, (k) and eas = eat,where e, is the identity element of Tj,.

On the set S = S«, we define a multiplication “o" by the following equation.

acY
(4.1) (i,8) o (4,t) = (i57¢, st)

for any (i,s), (j,t) € S, where j7° = 05(j). To see that the multiplication “o" given by
the formula (4.1) above is well-defined, we assume that (i,s) € Sa, (j,t) € S for some
a, 8 € Y. Then, by the condition (C1), it is clear that j7° € Io3 and so ij7° € I,g. Since
T is a strong semilattice of cancellative monoids T, (« € Y), it is evident that st € T,g.
Thus, the product (ij°*, st) belongs to Sas C S.

We first state the following lemma.

4.1. Lemma. The above binary operation “o" defined on the set S = |J Sa s

associative.

acY
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Proof. Suppose that (i,s) € Sa, (j,t) € Sg and (k, g) € S, for some «, 8,7 € Y. Then, it
is clear from the condition (C1) that j7¢ € I,s and so ij7° € I,3. Now, by the definition
of “o", we immediately deduce the following equality:

[(i,s) 0 (4, )] o (k,g) = (if°*,st) o (K, g)
(i79°k°=t, (st)g)
(g% - 1- k¢, stg) (some [ € Ing)
(337 - Mk7=t, stg) (since I € Inp)
(17 - Mk stg)  (by (C5))
(g% - 1- k7=, stg)
(
(
(
(
(

175 - k75t stg) (since 1,457° € Ip)
i j% - (K71)7, stg)

= (i(jk°*)7°, s(tg)) (since os € End(I))
i, 8) 0 (K77, tg)

[(4,) o (K, 9)].

This shows that the multiplication “o" is associative. ]

By Lemma 4.1, we have already known that the set S under the multiplication “o" is
precisely a semigroup. Now, we give the following definition.

4.1. Definition. The semigroup constructed above is called a left twist product of a
left regular band I = |J .y Ia and a C-a semigroup T = [Y; T ; 0ap] with respect to the
semilattice Y, and is denoted by I xy T.

We now state the following main theorem of the paper.

4.2. Theorem. Let Y be a semilattice. Let T' = [Y'; Ta;04,3] be a strongly semilattice
of cancellative monoids To (o € Y) and let I = {J, .y Io be a semilattice decomposition
of a left regular band I into left zero bands I,. Then, a left twist product I xy T of
and 7" with respect to the semilattice Y is a left regular cyber-group.

Conversely, every left regular cyber-group S is isomorphic to one so constructed.

To prove the necessity part of Theorem 4.3, we need Definition 3.1 and also the
following lemmas.

4.3. Lemma. Let E be the set of all idempotents of the semigroup I xy T. Then
E ={(i,ea) | i € Ia, e is the identity of T, for each o € Y} and F is a left regular
band.

Proof. We first check that every idempotent of the semigroup S = I xyT can be expressed
as the type (i,eq) for some a € Y, where e, is the identity of the cancellative To. To
see this, let (i,s) € Sq for some a € Y. If (4,s) € E, then by definition, (i, s) o (¢,s) =
(ii°,s?) = (i,s). Consequently, s> = s in T, and so the element s must be the identity
eq of the cancelltive monoid T,. Hence, (i,s) = (i,es). Conversely, by the condition
(C1), it follows that (i, eq) o (i, eq) = (1%, e2) = (i,eq) and so (i,eq) € E.

It remains to prove that E is a left regular band. We consider a mapping ¢ : B — I
given by (i,ea) — i. It is evident that ¢ is a bijection. In fact, the mapping ¢ is also a
homomorphism, for if (i,e.), (j,es) € E, then we have the following equalities:

[(Z7 ea) o (.77 eﬂ)](ﬂ = (.i.jo'ea 5 eaEB)QD
= 1,_70‘30
=ila-j  (la € La,by (C2))
= 7’.7 = (Za ea)@(jv EB)QD'
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This shows that ¢ is an isomorphism and so F ~ I. By hypothesis, £ become a left
regular band. O

4.4. Lemma. The semigroup S = I Xy T constructed above is a superabundant semi-
group.

Proof. To see that S constructed above is superabundant, we let a = (i,s) € S, for
some a € Y. We only need to prove that there exists an idempotent a® € E such
that a3(*a®. Putting a® = (4, es), we will verify that al*a® and aR*a". Assume that
u = (j,9) € Sy and v = (k,h) € S). If aou = aow, then it can be easily verified
that (i57°,sg) = (ik°*, sh), which implies that ij7° = ik°* and sg = sh. By applying
the condition (Cy), it follows that ij9°¢ = k¢« and eng = esh. Hence, a®ou =
(i,ea) 0 (4,9) = (ij7°,eag) = (ik%°c,eqh) = (i,es) o (k,h) = a® o v. Furthermore, we
have a o a® = (4,5) o (4,eq) = (i37%, s¢0) = (4,8) = a. It follows from Corollary 2.2 that
al*a’.

Similarly, notice the fact that T = [Y;Ta;0as], we can easily check that aR*a® and
so a® is precisely the identity of H,*-class for every a € S. This shows that S is indeed
a superabundant semigroup.

O

Using Definition 3.1 and summing up Lemma 4.1, Lemma 4.4 and Lemma 4.5, we
have already proved the first part of Theorem 4.3.

We now turn to prove the sufficiency part of Theorem 4.3. we first observe the fol-
lowing properties of a left regular cyber-group.

Suppose that S is a left regular cyber-group. By virtue of Theorem 3.2, there exists
a semilattice Y such that S = (Y;Sa), where each So = Io X Ty is a left rectangular
monoid, that is, S is a semilattice Y of left rectangular monoids So = Io X Ta(a € Y).
It is easy to see that

E(S) ={(i,ea) | © € I, eq is the identity of Ty, for every a € Y}.

Now, we choose a fixed element us = (la,ea) € E(S) for every o € Y. Furthermore, we

let
I= Uaeyla and T = UaeyTa.
We now prove the following lemmas.

4.5. Lemma. Let S = (Y;S4) be a left regular cyber-group. If a multiplication on the
set I =J_ .y Lo is defined as follows: for any i € I, 5 € Ig,

=k < (i76a)(j,€g):(k,eaﬁ)7
where (i,€eq), (j,e3) € E(S), then I becomes a left regular band.

acY

Proof. Consider the mapping ¢ : E(S) — I given by (i, ) — 4. It is easy to see that ¢ is
a bijection. By Theorem 3.2, for any (¢, ea), (j,es) € E(S), there exists some k € I,g such
that (¢,ea)(4,e3) = (k,eap). Hence, By hypothesis, for any i € I, and j € Ig, we define
ij = k if and only if (i,eq)(j,es) = (k,ean) for (i,eq),(j,eg) € E(S). Consequently,
[(1,ea)(d,ep)]0 = (k,eap)P = (ij,eap)p = ij = (i,ea)P(J, €3)¢. This shows that ¢ is an
isomorphism and hence I is a left regular band because E(S) is a left regular band. O

4.6. Lemma. Suppose that S = (Y'; Su) is a left regular cyber-group and T' = ey To-
Let 6,5 be the mapping from T, to T defined by the rule that for any a,8 € Y with
a > f:

Gaﬁ LS 8904,5 =4 (15,65)(1a,5) = (13,590475)
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where (1g,e3) € Sg and (1la,s) € Sq. Then T' = T(Y;Ty; 6a,5) becomes a strong semi-
lattice of T, with homomorphisms 6, 3. Furthermore, for any (,s) € Sa, (j,t) € S, we
have the following equality:

(4.2) (4, 8)(4,t) = (k, st)

for some k € I,g.

Proof. Suppose that S = (Y; Sa) is a left regular cyber-group, (15,eg) € Sg, (1a, s) € Sa.
Let T = U,eyTo, 1 € Ip, and 14 € I, such that 1,15 = 15 for a > 3, by Lemma 4.6.
Now define a mapping from T¢ to Tg by the rule that for a > 3,

90(7;3 IS Seaﬁ =4 (15,65)(1(1,8) = (15,890“5).

It is easy to see that O, is the identical automorphism of Ti, for each @ € Y. Let
a, B €Y be such that a > 8 and let (1a,5), (1la,t) € Sa. Then, we have

(16765)[(1!173)(10&775)} = (15765)(1075t)
= (1, (st)0a,p)

and

[(15765)(1(1,8)](1(1,15) = (137500 5)( )

= (1p, 80a, 6)(16766)( 1)
= (1, 80a,5)[(15,e5)(1a;t)]
= (1g,500,6)(15,t0a,8)

= (1[3,89a,5t9a,5).

Hence, (st)0q,3 = $0a,8t00,8 and so 04,5 is a homomorphism from T, to Tg.
Let a, 8,7 € Y be such that a > 8 > v and let (1a,s) € Sa. Then,

(1y,80ay) = (1y,ey)(1a;s)
= (1y,e4)(18,€8)(la,s) (by Lemma 4.6)
= (14,ey)(18, $0a,p)
= (14, (80a,8)08,7)-

Consequently, the mapping 0, 3 defined by the formula (4.2) satisfies the properties
0o,y = 0a,308,~. We have proved that T = T(Y;Ta;0aq,8) is a strong semilattice of
cancellative monoids T, under the multiplication given by st = $0a,qst03,a5 for any
s €Ty, teTp.
To complete the remaining part of the proof, suppose that for any (i,s) € So and
(jv t) € Sﬁv
(iv 3)(]’ t) = (kvu)

for some k € I3, u € Top. Then,

(k,u) = (k,eap)(k,u)(k, €ap)
= (k,eap)(i,s)(J, t)(k, eap)
= (k,eap)(Lag, eap)(i, 8)(4,t) (K, €ap)
= [(k, as)( aps €ap) (i, s)](Lap, €ap)[(4 1) (k, €ap)]  (by Lemma 3.3)
= (k,eap)[(las, eas)(la, €a)](i, 8)[(1as, eas) (15, €8)](J, t) (K, €ap)
(by Lemma 4.6)

= (k,eap)(las; €ap)(la, €a)(i, 5)](Las, €ap)[(1, €5) (4, t)](Kk, €as)
= (k,eap)[(1ag, €ap)(La, 8)|[(Lap; €as) (15, )] (K, €ap)

= (k,eap)(Lag, 80a,08)(Lap, t08,a5) (K, eap)

= (k, 800,a5t05,05)

= (k, st).
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The proof is completed. O

For any s € T, and « € Y we define a mapping o, : I — I given by the rule that for
any j€ Igand S €Y,

(4~3) (1a75)(j, 66) = (O'S(j)v_)

where eg is the identity of a cancellative monoid Tj.

4.7. Lemma. Let S = (Y;S,) be a left regular cyber-group and let o5 be the mapping
as given above by the formula (4.3). Then for any i,j € I,0(ij) = 04()os(j), that is,
os € End (I).

Proof. Suppose that S = (Y;S,) be a left regular cyber-group. By Lemma 4.6 and
Lemma 4.7, I = U,y 1o and T = UaeyTa forms a left regular band and a strong
semilattice of cancellative monoids T., respectively. For any s € T,, let o5 be the
mapping as given by the formula (4.3). Then for any ¢ € I, and j € Iz it follows by
Lemma 4.6 that (1, e4) (4, ea) (4, e) = (1447, easy). Moreover, since T is a C-a semigroup,
it is clear from Lemma 2.4 that seq = eqs for any s € T and e € E(T). Hence, by the
formula (4.3), we deduce the following equities:

(0s(ij), seap) =
~,8)(3,ea)(d,€e8) (by Lemma 4.6)

,67)(i,6a)(j, 65)

(
(
(14 vy
= (14, 8)[(1y, €) (i, €a) (4, €5)]?
= (1y,8)(4,€a) (4, €8)(1+ij, €apy)  (by Lemma 4.6)
= [(14, 8) (i, €a)](4; €8) (14, €apy)
= (05(1), s€a)(J,€8)(1yij, eapy)  (by (4.2) and (4.3))
= (05(1), €av)(Lav, s€a)(d, €8) (143, €apr)
= (05(1), ear)(Lay, €as) (4, es) (144, eaﬁv)
= (05(1), €ay)(La, €a)(1y, 8) (4, €8) (145, €ap~)

(by (4.2))
(Lo, ea)(ly, ey)](1y, 8) (4, €5)(14i], eapy)
avs €av)[(1y )(J,eﬁ)](l i, €apy)
Us(j)vseﬁ)( 72‘7760457)

(by (4.2) and (4.3))

= [(05(2), €an ) (05(5), e48)][(Lys s€5) (1425, €apy)]

I
Q
3
—
S
Nt
Y
Q
3
N
—_ =
—

= (0s5(1)0s(j), €apy)(—, S€ap) (by (4.2) and Lemma 4.6)
= (05(1)0s(5), seap)-
Hence, 04(ij) = 0s(i)os(j) and so o5 € End (I), as required. O

4.8. Lemma. Suppose that S = (Y;Sa) is a left regular cyber-group. Let I and T =
T(Y;Ta;¢a,8) be a left regular band and a strong semilattice of cancellative monoids
T,, respectively. Then the mapping o : T — End (I) defined by s — o satisfies the
previous conditions (C1)-(C4), where o5 is given by the formula (4.3).

Proof. By the formulae (4.3) and (4.2), it follows directly that

(44)  (la,s)(d,ep) = (05(), sep)

for any s € Ty, j € Ig, and any «, 8 € Y. From the formula (4.4), it is easy to see that the
mapping o : T'— End(I) given by s — o satisfies the condition (C1) and (C2). To see
that the condition (C3) is satisfied by the mapping o, suppose that s € To,t € Tg,i € Iap
and j € I,. Then, by Lemma 4.6 and Lemma 4.7 we have
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(9) €apr) (95t (4), stey)[(Lagys eapy) (=, €ar)]
i0st(f), stey)(Lagy, €apy)
105t(j), stey).

(Ai
= [, €a6)(UsUt(J) eapy)](—, stey)
= (i,€ap)(0s0:(]), s€s+)(—, teay)
= (1, eap)[(la; $)(01(5), ey)](—; tear)
= (i,€ap)[(La; $)(0t(§), €87)|(0105(f), tear)  (010s(f) € Lapy)
= (i,€ap)(la, s)(0w(d), €87)[(15,1)(0s(5), €ar)]
= (i,eas)(la, 8)[(0c()), e8y) (15, 8)](0s(7), €ar)
= (i,€ap)(la, s)[(0¢(5), €87)(15v, €8v) (15, )] (05 (4), €ar)
= (i,€ap)(la, s)[(0c(5), €8y) (= tesy)](05(5), €ay)
= (i,eap)(la, s)(0+(4), tesy)(05(4), €ary)
= (i,eap)(la, s)(ow(4), tey)(0s(4), €ar)
= (i,€ap)(la,s)(1p 7t)(376w)(0s( ), €ary)
= (i,eap)[(1 a,s)( 8, 0)](J, €4)(05(5), €ar)
= (Zveaﬁ)( Oéﬁfst)(]veﬁ)( ( )76 )
= (i,€ap)[(Lap, st)(J, e4)](—; €ay)
= (i,eap)(ost(s), stey)(— eav)
= E%ea 8)(ose(5), ean)(Ust(j):Stew)(_veav)
(
(A

This shows that X\;os0:(7) = \igst(j) and so the condition (Cs) is satisfied by the mapping
.

To show that the mapping o satisfies the condition (C4) , we notice the fact that for
any u = (i,a) € Sy = Io x Ta, there exists a unique element u® = (i,e,) € E(S) N S,
such that w.L*u® and uR*u® in the left regular cyber-group S. Suppose that (4,s) € Sg =
Ig X Tg, (k,t) € Sy = I, X T such that (i,a)(j, s) = (i,a)(k,t), that is, i0,(j) = ioa(k)
and as = at. Then, since uL*u?, it follows by Lemma, 2.1 that (i,eq)(j,s) = (i, ea ) (k, )
which implies ioe, (j) = ioe, (k) and eas = eqt. Consequently, the condition (Cy) is
satisfied. This complete the proof. O

The Proof of Theorem 4.3 Finally, we return to the proof of Theorem 4.3. Suppose
that S = (Y; Sa) is a left regular cyber-group. Then, by Lemma 4.6, Lemma 4.7, Lemma
4.8, and Lemma 4.9, we have already known that there exist two semigroups I and T,
where [ is a left regular band and T is a strong semilattice of cancellative monoids, and
also there exists a mapping o from T to End (I) given by the formula (4.3) satisfying the
conditions (C1)-(C4). Thus, by our definition, we directly obtain the left twist product
I xy T of I and T with respect to semilattice Y. To complete the proof of the second
part of Theorem 4.3, we only need to show that the multiplication of S coincides with
that of the left twist product I xy T so that S ~ I xy T. Hence, we let (i,s) € So and
(j,t) € Sz. Then, using Lemma 4.6, Lemma 4.7, and the formula (4.4) we deduce that

(ivs)(j7t) i76ﬂ)(1&73)(j565)(157t)
i,€a)[(La; 5) (4, €8)](15,1)
irea)(0s(5), ses)(1p,t)

(

(

( (j

Eiye (05(4)s eas)(Llag, ses)(1s,1)
(
(

a)
.Us(j)v eﬂt,@)( 7St)
10s5(7), st)
157, st)

I
=

where 05(j) = j°. Consequently, the proof is now completed.
Remark: In the construction of a left regular cyber-group S = I xy T, if we let
T = [Y;Tu;0q,8] be a strongly semilattice of groups To(a € Y), that is, T is a Clifford
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semigroup, then we can modify our requirement condition (Cy) — (C4) to (C1) — (C3).
In this case, the semigroup S = I xy T will become a completely regular semigroup in
which its idempotents is a left regular band, that is, a left regular orthogroup (detail,see
[9]). Thus the known structure theorem given by M.Yamada and M.Petrich of left regular
orthogroups now follows as a direct consequence of our Theorem 4.3.

5. A constructed left regular cyber-group

In this section, we construct an example of a non-trivial left regular cyber-groups
by using the method given in the above section.

Let Y = {«, 8} be a semilattice such that o > 8. Let I = I,UIg be a left regular band
with the following Cayley table, where Io = {e1,e2} and Ig = {es,eq} are respectively
left zero bands.

* el €2 €3 €4

€1 | €1 €1 €4 e4
€y | €2 €2 €4 €4
€3 | ez e3 e3 e3
eq | e4 €4 €4 eg
Furthermore, assume that To = {so, s1,s2} is a group with the identity element sg
and A is the matrix 1 8 . Then Tg = {t, =2"A | n >0 & n € N} under
the matrix multiplication forms an infinite cancellative monoid. Let T' = T, U T and
define a multiplication on 7" which extends on T, and T as follows : zy = yz = y for
all x € T,y € Ts. It is routine to check that T is a strong semilattice of cancellative
monoids To (o € Y), that is, T' = T[Y; Ta;0a,8], a C-a semigroup.
By using the above constructed I and 7', we form the set
S =5,US8s ={a,b,c,d,e, f,u0,00,Un,vm | m,m € N}, where the elements have the
following expressions:

a= (617‘90)7 b= (62780)5 c= (61581)7 d= (62781)5 €= (61782)
f = (62782)7 Uo = (637t0)7 Vo = (647t0)a Un = (e3atn)7 Un = (647t’ﬂ)

forn=1,2,---.
As described in Section 3, to obtain the left twist product I xy T of the left regular
band I and the C-a semigroup T', we need to define a mapping

o:T — End (I)

by s+ o, as follows:
er ez e3 eq €1 €2 €3 €4
Osqg = ; Osp = 5
€1 €1 €4 €4 €1 €1 €3 €4
er ez e3 eq €1 €2 €3 €4
) Jio - )
€2 €2 €4 €4 €3 €3 €3 €3

( €1 €2 €3 €4 >
Ot, = ’
€4 €4 €4 €4
where n =1,2,--- .

It is easy to check that the mapping o : T — End (I) satisfies the conditions (C1)-
(C4) in the left twist product of semigroups I and 7. By using the left twist product of
I and T, as described above, we put the product of the semigroup I xy T as follows: for
any (1,s), (5,t) € 5,

(ivs) © (Jv t) = (ijas,St)

Q

o

[V
Il
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where j7° = 05(j). Consequently, by using the above defined multiplication, we obtain
the following Cayley table for the semigroup S = I xy T, the left twist produce of
semigroups I and 7.

* a b c d e f w v w Um
a a a c c e e Vo Vo U Um
b |b b d d f f w v Um
C C C e e a a Vo Vo U] Um
d |d d f f b b v v w Umn,
e e e a a c c vo Vo U Um
f1f f b b d d wvo wvw w U,
U uo uo U uo uo U uo uo uy Um
Vo Vo Vo Vo Vo Vo Vo Vo Vo U1 Um,
Uk | Uk Uk Ur Uk Uk Uk Uk Ug Ukl Uk+m
Un | Un Un Un Un Un Un Un Un Untl Untm

where k,I,m,n=1,2,3,--- .

By Theorem 4.3, it can be verified that the above constructed semigroup S = I xy T
is an infinite left regular cyber-group. It is worth to note that, in our verification that
S = I xy T is a semigroup, there is no need to check that the associative law holds in
the Cayley table. The associativity follows from the definition of left twist produce of
semigroups.

In the above Cayley table, we can see that E(S) = {a,b,uo,v0} is the set of all

idempotents of the semigroup S. By Lemma 2.1 and its dual for R*, we can easily verify
that L*-classes of S are the sets {a,b,¢,d, e, f} and {uo,v0,Un,vn | n € N}. The R*-
classes of S are the sets {a,c,e}; {b,d, f};
{uo,un | n € N} and {vo,vn | n € N} respectively. Hence, the H*-classes of S are the
sets {a,c,e}; {b,d, f};{uo,un | n € N} and {vo,vn | n € N}. Clearly, each H"-class of
S contains an idempotent and so S is a superabundant semigroup. In fact, by definition
S is precisely a left regular cyber-group because the set of all idempotents of S forms a
left regular band.

It is easy to see that S1 = {a,b,¢,d,e, f,uo,v0} is a subsemigroup of S, which is
completely regular and in which the set of all idempotents forms a left regular band.
Also we know that every element of S\ S is non-regular. This shows that S is a left
regular orthogroup (see [9]) and also the class of left regular orthogroups are a proper
subclasses of the class of left regular cyber-groups. More complicated left regular cyber-
groups can also be constructed by using this method.
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