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In this paper, the regular perturbation method is employed to obtain approximate solution 

of Bratu differential equations with fractional exponent. Thus, comparison of numerical 

results is done using different values of the perturbation parameter 𝜀. It is evident that 

the perturbation method is an alternative approach that should be taken into 

consideration while resolving a variety of real-life problems in differential equations. To 

show the recommended approach, three test problems were considered. The maple 18 

program was used to perform calculations. 

 

 

1. Introduction 
 

Consider the following nonlinear Bratu differential equation: 

 

                                  
𝑑2𝜑

𝑑𝜏2 + 𝛾𝑒
1

𝛼
𝜑(𝜏) = 0;    0 < 𝜏 < 1;      𝛾 ∈ ℜ, 𝛼 ∈ ℕ, 𝛼 > 1                                              (1) 

 

                                  with initial conditions   𝜑(0) = 𝜑′(0) = 0                                                                      (2) 

 

Simplifying the solid fuel ignition model allowed for the development of the fundamental thermal combustion 

theory, which explains the significance of Eqn (1). This problem is known as a one-dimensional Bratu-type 

problem. Many investigations into Bratu-type differential equations have been carried out in order to achieve 

this. Safaa Ali Salema, Thair Younis Thanoona [1] used the perturbation method to solve the problem of the 

Bratu type. M. Zarebnia and M. Hoshyar [2] employed spline technique for the solution of Bratu’s type problem. 

A.M. Wazwaz [3] used method of successive differentiation for solving Bratu’s type equations. M. Saravi, M. 

Hermann and D. Kaiser [4] used He’s variational Iteration Method for the solution of Bratu’s equation. For the 

numerical solution of second order initial value problems of Bratu-type equations, H.B. Fenta and G.A. Derese 

[5] used the sixth order Runge-Kutta seven stages technique. Bratu-type problems were addressed by A. Ezekiel 

[6] using the New Improved Variational Homotopy Perturbation Technique. Bratu's problem was approximated 

analytically by H.N. Hassan and M. S. Semary [7] using the optimal homotopy analysis technique. When 

solving the Bratu problem numerically, Y. Aregbesola [8] employed the weighted residual technique. For the 

handling of equations of the Bratu's type, A.M. Wazwaz [9] employed Adomians' decomposition technique. 

For the resolution of Bratu's problem, Y. Changqing and H. Jianhua [10] used the Chebyshev wavelets method. 

Furthermore, Otaide I.J and Ugbene I.J [11] used Taylor’s series method to obtain closed form solution to Bratu 
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equations and also derived approximate solutions to Bratu problems [12] using variational iteration method via 

Shifted Legendre polynomials. In this study, the regular perturbation method is applied to Bratu differential 

equations with fractional exponent. This is accomplished by expressing each solution in a power series with 

regard to achieving an approximation solution and then comparing the influence of the non-linear part with a 

small coefficient 𝜀 known as the perturbation coefficient. The results so far are encouraging and reliable. 

 

2. The Essential Concept of Regular Perturbation Method 

Let the perturbed Bratu differential equation (1) be written in the form 

 

                                                            
𝑑2𝜑

𝑑𝜏2 + 𝛾𝑒𝜀
1

𝛼
𝜑(𝜏) = 0                                                                                      (3) 

 

Let the nonlinear term in (3) be a small perturbation such that the solution (3) can be expressed as a power series 

solution for 𝜀 sufficiently small.  

In the sequel we have the following: 

 

                                  𝜑(𝜏) = 𝜑0(𝜏) + 𝜀𝜑1(𝜏) + 𝜀2𝜑2(𝜏) + ⋯                                             (4)   

 

Where epsilon 𝜀 represents the perturbation parameters and lies in the range 0 < 𝜀 ≤ 1.  

We now substitute (4) into (3) to obtain: 

 

(𝜑′′
0

(𝜏) + 𝜀𝜑′′
1

(𝜏) + 𝜀2𝜑′′
2

(𝜏) + ⋯ ) + 𝛾 (1 +
𝜀𝜑0

𝛼
+

𝜀2𝜑0
2

2𝛼2
+ ⋯ ) = 0 

 

Comparing like powers of 𝜀0, 𝜀1 and 𝜀2 respectively, we have that: 

 

𝜑′′
0

(𝜏) =  𝛾, 𝜑′′
1

(𝜏) =
𝜑0

𝛼
𝛾 and 𝜑′′

2
(𝜏) =

𝜑0
2

2𝛼2 𝛾. 

 

Finally, by recursive integration 𝜑0(𝜏),  𝜑1(𝜏) and 𝜑2(𝜏) are derived. 

 

3. Mathematical Applications 

In this section, three Bratu differential equations were solved using the suggested methodology.  

Example 1: 

Consider the Bratu equation (1), by choosing 𝛾 = −
2

3
 and 𝛼 = 2   to obtain: 

 

                                                                  
𝑑2𝜑

𝑑𝜏2 −
2

3
 𝑒

1

2
𝜑(𝜏) = 0,    0 < 𝜏 < 1                                                        (5) 

 

𝜑(0) = 𝜑′(0) = 0 

 

The exact solution of the system (5), is given as:     

 

𝜑(𝜏) =
𝜏2

3
+

𝜏4

108
+

𝜏6

2430
+ ⋯ 

Solution: 

Let the perturbed Bratu differential equation (5) be written in the form 
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𝑑2𝜑

𝑑𝜏2
−

2

3
 𝑒𝜀

1
2

𝜑(𝜏) = 0 

 

Substituting (4) into (5), we have that: 

(𝜑′′
0

(𝜏) + 𝜀𝜑′′
1

(𝜏) + 𝜀2𝜑′′
2

(𝜏) + ⋯ ) −
2

3
(1 +

𝜀𝜑0

2
+

𝜀2𝜑0
2

8
+ ⋯ ) = 0 

 

Comparing like powers of 𝜀0, 𝜀1 and 𝜀2 respectively, gives: 

𝜑′′
0

(𝜏) =
2

3
, 𝜑′′

1
(𝜏) =

𝜑0

3
, and 𝜑′′

2
(𝜏) =

𝜑0
2

12
. 

 

By recursive integration, we obtain the following: 

𝜑0(𝜏) =
𝜏2

3
, 𝜑1(𝜏) =

𝜏4

108
 and 𝜑2(𝜏) =

𝜏6

3240
 

 

Hence the approximate solution is given as 

𝜑(𝜏) =
𝜏2

3
+ 𝜀

𝜏4

108
+ 𝜀2

𝜏6

3240
 

 

Table 1. Comparison of numerical results for 𝜀 = 1, 𝜀 = 0.5 and 𝜀 = 0.1 for example 1. 

 

 
Figure 1. Graphical comparison of exact and approximate solutions for example 1. 

 

𝜏 Exact solution 

Absolute error based on 

the suggested method 

for  𝜀 = 1 

Absolute error based on 

the suggested method 

for  𝜀 = 0.5 

Absolute error based on 

the suggested method 

for  𝜀 = 0.1 

0.0 0.0000000000e-0 0.00000e-00 0.00000e-00 0.00000e-00 

0.1 0.3334259671e-2 1.03000e-10 4.63298e-07 8.33742e-07 

0.2 0.1334817448e-1 6.59000e-09 7.42880e-06 1.33595e-05 

0.3 0.3007530000e-1 7.50000e-08 3.77438e-05 6.77978e-05 

0.4 0.5357205597e-1 4.21000e-07 1.19888e-04 2.15006e-04 

0.5 0.8391846707e-1 1.60751e-06 2.94576e-04 5.27215e-04 

0.6 0.1212192000e-0 4.80000e-06 6.15600e-04 1.09906e-03 

0.7 0.1656048966e-0 1.21038e-05 1.15091e-03 2.04889e-03 

0.8 0.2172338041e-0 2.69696e-05 1.98395e-03 3.52040e-03 

0.9 0.2762937000e-0 5.46750e-05 3.21519e-03 5.68456e-03 

1.0 0.3430041152e-0 1.02881e-04 4.96399e-03 8.74177e-03 
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Example 2: 

Consider the Bratu equation (1), by choosing 𝛾 = −
1

2
 and 𝛼 = 3   to obtain: 

 

                                                       
𝑑2𝜑

𝑑𝜏2 −
1

2
 𝑒

1

3
𝜑(𝜏) = 0,    0 < 𝜏 < 1,                                                                                   (6) 

𝜑(0) = 𝜑′(0) = 0 

 

The exact solution of the system (6), is given as:    

  

𝜑(𝜏) =
𝜏2

4
+

𝜏4

288
+

𝜏6

12960
+ ⋯ 

Solution: 

Let the perturbed Bratu differential equation (6) be written in the form 

 

𝑑2𝜑

𝑑𝜏2
−

1

2
 𝑒𝜀

1
3

𝜑(𝜏) = 0 

Substituting (4) into (6), we have that: 

 

(𝜑′′
0

(𝜏) + 𝜀𝜑′′
1

(𝜏) + 𝜀2𝜑′′
2

(𝜏) + ⋯ ) −
1

2
(1 +

𝜀𝜑0

3
+

𝜀2𝜑0
2

18
+ ⋯ ) = 0 

 

Comparing like powers of 𝜀0, 𝜀1 and 𝜀2 respectively, gives: 

 

𝜑′′
0

(𝜏) =
1

2
, 𝜑′′

1
(𝜏) =

𝜑0

6
, and 𝜑′′

2
(𝜏) =

𝜑0
2

36
. 

 

By recursive integration, we obtain the following: 

 

𝜑0(𝜏) =
𝜏2

4
, 𝜑1(𝜏) =

𝜏4

288
 and 𝜑2(𝜏) =

𝜏6

17280
 

 

Hence the approximate solution is given as 

𝜑(𝜏) =
𝜏2

4
+ 𝜀

𝜏4

288
+ 𝜀2

𝜏6

17280
 

 

 

Table 2. Comparison of numerical results for 𝜀 = 1, 𝜀 = 0.5 and 𝜀 = 0.1 for example 2 

𝜏 Exact solution 

Absolute error based on 

the suggested method 

for  𝜀 = 1 

Absolute error based on 

the suggested method 

for  𝜀 = 0.5 

Absolute error based on 

the suggested method 

for  𝜀 = 0.1 

0.0 0.0000000000e-0 0.00000e-00 0.00000e-00 0.00000e-00 

0.1 0.2500347299e-2 1.90000e-11 1.73674e-07 3.12576e-07 

0.2 0.1000556050e-1 1.24000e-09 2.78179e-06 5.00490e-06 

0.3 0.2252818125e-1 1.40600e-08 1.41082e-05 2.53683e-05 

0.4 0.4008920494e-1 7.90100e-08 4.47012e-05 8.03137e-05 

0.5 0.6271821952e-1 3.01410e-07 1.09487e-04 1.96509e-04 

0.6 0.9045360000e-1 9.00000e-07 2.27925e-04 4.08573e-04 

0.7 0.1233427585e-0 2.26950e-06 4.24216e-04 7.59322e-04 

0.8 0.1614424494e-0 5.05680e-06 7.27546e-04 1.30008e-03 

0.9 0.2048191312e-0 1.02515e-05 1.17238e-03 2.09101e-03 

1.0 0.2535493827e-0 1.92901e-05 1.79880e-03 3.20158e-03 
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Figure 2. Graphical comparison of exact and approximate solutions for example 2 

 

Example 3: 

Consider the Bratu equation (1), by choosing 𝛾 = −
1

5
 and 𝛼 = 4   to obtain: 

 

                                                                  
𝑑2𝜑

𝑑𝜏2 −
1

5
 𝑒

1

4
𝜑(𝜏) = 0,    0 < 𝜏 < 1,                                                           (7) 

 

𝜑(0) = 𝜑′(0) = 0 

 

The exact solution of the system (7), is given as:     

 

𝜑(𝜏) =
𝜏2

10
+

𝜏4

2400
+

𝜏6

360000
+ ⋯ 

 

Solution: 

 

Let the perturbed Bratu differential equation (7) be written in the form 

 

𝑑2𝜑

𝑑𝜏2
−

1

5
 𝑒𝜀

1
4

𝜑(𝜏) = 0 

 

Substituting (4) into (7), we have that: 

 

(𝜑′′
0

(𝜏) + 𝜀𝜑′′
1

(𝜏) + 𝜀2𝜑′′
2

(𝜏) + ⋯ ) −
1

5
(1 +

𝜀𝜑0

4
+

𝜀2𝜑0
2

32
+ ⋯ ) = 0 

 

Comparing like powers of 𝜀0, 𝜀1 and 𝜀2 respectively, gives: 

 

𝜑′′
0

(𝜏) =
1

5
, 𝜑′′

1
(𝜏) =

𝜑0

20
, and 𝜑′′

2
(𝜏) =

𝜑0
2

160
. 

 

By recursive integration, we obtain the following: 

 

𝜑0(𝜏) =
𝜏2

10
, 𝜑1(𝜏) =

𝜏4

2400
 and 𝜑2(𝜏) =

𝜏6

48000
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Hence the approximate solution is given as 

 

𝜑(𝜏) =
𝜏2

10
+ 𝜀

𝜏4

2400
+ 𝜀2

𝜏6

48000
 

 

 

Table 3. Comparison of numerical results for 𝜀 = 1, 𝜀 = 0.5 and 𝜀 = 0.1 for example 3 

 

 

 

 
Figure 3. Graphical comparison of exact and approximate solutions for example 3. 

 

 

4. Conclusion 

This study has effectively produced numerical solutions for nonlinear Bratu differential equations with fractional 

exponents using the regular perturbation method. The approximate solutions for different values of 𝜀 has been 

successfully arrived at. Thus, from figures 1, 2 and 3, we can see that the results are close and accurate using 

different values for the perturbated parameter 𝜀. From Tables 1, 2 and 3 it is observed that the suggested scheme 

converges better when 𝜀 = 1. Beyond recollection, the numerical findings demonstrated that the current method 

is a mathematical strategy that works well for the class of problems being studied.     

                                 

𝜏 Exact solution 

Absolute error based on 

the suggested method 

for  𝜀 = 1 

Absolute error based on 

the suggested method 

for  𝜀 = 0.5 

Absolute error based on 

the suggested method 

for  𝜀 = 0.1 

0.0 0.0000000000e-0 0.00000e-00 0.00000e-00 0.00000e-00 

0.1 0.1000041670e-2 1.80000e-11 2.08320e-08 3.75030e-08 

0.2 0.4000666845e-2 1.15500e-09 3.33179e-07 6.00165e-07 

0.3 0.9003377025e-2 1.31630e-08 1.68573e-06 3.03937e-06 

0.4 0.1601067805e-1 7.39500e-08 5.32339e-06 9.61053e-06 

0.5 0.2502608507e-1 2.82120e-07 1.29829e-05 2.34776e-05 

0.6 0.3605412960e-1 8.42400e-07 2.68866e-05 4.87199e-05 

0.7 0.4910036847e-1 2.12422e-06 4.97349e-05 9.03398e-05 

0.8 0.6417139485e-1 4.73315e-06 8.46962e-05 1.54274e-04 

0.9 0.8127485122e-1 9.59547e-06 1.35396e-04 2.47403e-04 

1.0 0.1004194445e-0 1.80555e-05 2.05903e-04 3.77570e-04 
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